







































































































RamseyTheory BondyMurty 7.2

and TheProbabilisticMethod Alon Spencer

QUESTION If there are 8 people in a room

must there alwaysbe

either 3 mutual acquaintances red K below

or 3 mutual strangers blue K Edbelow

amongthem

1 2 1 2 1 2

8 3 8 3
8 3

1
aug

4 aug 4
t

g
4

allacquainted allstrangers no 3 mutual acquaintances
but e g 41,23 allstranger

When only 3 or 4 people are in the room

a montichionatic Kz can be easily avoided

e g I 2

4 1
ACTIVE LEARNING
a Can you avoid it for n

5 I
b Can you avoid it for n 6



DEFINITION For s t 23,4
the 2 color Ramsey number R Sit is the

smallest n such that any edge2 Editing
of Kn

either contains a red Ks or a blue kt

EXAMPLE R 3,3 6 fromaboveACTIVE LEARNING

We will soon see that suchRCst exist

and get some upper lower bounds forthem

EXAMPLES

R 2 t

R 2 f t since either some edge is red to 02

or alledges are blue iffy
t.sk

3Rkit

st 1 since

one can color K all blue It
Hence R 2 t t

RCs f RC s byswappingrolesof
red blue



PROPOSITION
Ramsey 1930 Foreverysit 22

1a R s t exists

b in fact R sit R s t 1 R 5 1 t forsit 3

c implying RCs
t SE

proof Let'sprove all
three byinduction on stt

BASE CASE 5 2 or t 2 by symmetry

We saw Rattt
and SE t t

INDUCTIVE STEP S t 3

So assume R s 1 t exists and is SE
R s t 1 exists and is s 3

Let n RCs 1 t R s t 1

E
Pascal'striangle
recurrence

a He



We'll show R s t n by showing that any
red blue edgecoloringof Ken

contains either

a red Ks or a blue Kt
Consider vertex n which has n t neighbors and

hence either touches R s 1 t red edges
or touches R s t 1 blue edges

CASE 1 Vertex n touches R s 1 t red edges

Label some of its rededgeneighbors X X2 Xrcsnt

n o
ox

0 XRs t t

and notethattheyform a Kpis edge 2 colored

so by induction it must contain either

a red Ks whichforms a redKs togetherwith a

or italreadycontains a blue Kt

CASE 2 Vertex n touches R s t blueedges

Similarly label some blueneighbor Xi X2 XR s t i
whose Kris 1 either contains a red Ks or a

blue kt 1 making a blue Ke with vertex n



Notverymany R s t with s
t 3 are knownexactly

t 3 4 5 6 7 8 9 10

5 3 611 pageon 74
8 23 28 36 40 47

4 18 25 36 40 49 58 5979 73105 92
135

5 4346 59 85 80 133

See theWikipedia plage on Ramsies'stheorem

PROPOSITION R 3 4 9

proof R 3,4 8 via this coloringof kg
1 2 1 2 9 2

8 3 8 38 3

7
g
y 7

6 547
6 5

4

no K s no Ky's
To show R 3,4 q note that in anyredblue

edge coloring ofkg every vertex hasdegree9 7
so it either

bunchesat least4 R 2,4 rededges ms done as before

ortouchesatleast 6 R 3,3 blueedges usdoneasbefore

Or elseevery EV touches
3 red 5 blue vertices

which is impossible since then the redsubgraphH CK

hasLED I'degulx 9.3 21FV



AllegedPayErdos paraphrasedquote
If aliens demanded humans to calculate R5,5
or face attack we wouldprobablymobilizethe

resources to do it If theyaskedfor R 6,6
we should consider attackingthem first

Peoplehave instead focussed
on asymptotic

upper and lower
bounds e g

COROLLARY R s t SE
RCs s

2 1
Ramseynumber as s 0

proof Apply Stirling'sapproximation
n FE as no

t n.FIff fI



Whatabout lower bounds on R s s

For that Erdo's 1947 introduced

TheProbabilistic Method Ref ThePraful
byAlon Spenier
onsyllabuspage

Afterquicklyreviewing some easyprobability
we'll show R s s Era F

s
for s large

5 10

byshowing that for 5 30 if n F
s then

a random 2 coloring of the edges of Kn

has its expectednumberof
monochromatic k s

red or blue

lessthan 1 so one of these 2 colorings with

zero monochromatictriangles exists B

DEFINITION A finite probability space I

is a set D wa wa Wn with a function

P I Rzo suchthat Σ Pla 1

W H IP w wed



EXAMPLES

The uniformdistribution probabilityspace on N
makes all IP w equal so IP a 1
In particular if I alledge 2 coloringsofKa

then IP w for each coloring a

There is a probability distribution onÉÉÉ f ÉIsÉÉphÉÉÉffj.FI
gn

graphwithedgeprobabilityp
where one includes or excludeseachedge i j

afterflipping an unfair coin having kiaj.sn

IPheads p includefi in G

IP tails 1p exclude i j
in G

I
IP G

pleld tp
Ecoll e.g IP

p pj



DEFINITION Anevent is anysubset A ER

and itsprobability is IP A EaPla

Initiation
EXAMPLE For I edge2 colonings of Kn

with uniform distribution the event

A vertices 1,2 __ s form a redKs inside Kn

has IP A L 2 2

n 8 5

85 That inks

I
E e edges

outside

Ks

DEFINITION
A random variable is a function X R IR

and its expectation
expectedvalue

EX IP w w

mean



EXAMPLES

For anyevent A E R the

indicator random variable 11 I 0,1

sends Wh if WFA
if w A

Hence it has 1a aEzP a Mala

Eco PCA

For D edge2 coloringsof Kn

the random variable X I 0,112

w ofmonochromatickg
inside Kn

can bewritten as sum of indicator randomvariables

Xn A 1A t tl
Apy B B Bc

where Ai w havingall red k on the ith v
1 2

13 B w havingallblueks on the its
8

54



Aneasy butimportantfact

PROPOSITION If X R R has

linearityof
expectation X cX IN

for some cier and Xi D IR

then EX c EX CNEXN

proof EX Ipa w

Epa six a

Ella Xik ÉeiEX

COROLLARY For D edge2 colorings ofKn with

uniform distribution Xn ofmonochromati

has EXn 2 27
18 Ks's

proof Xn ait Bi

EXn If a E 11,3 9 2
1 2
3 21 1 1



THEOREM For 5 30 whenever na Es fil then
Endo's1947 Xn monochromatickg's in Ku

has EX 1 and hence some edge2 coloring

w of Kn with no monochromatic Ks's
exist

In particular RCs
s Er E

Hence
2
F RCSs

take EFi 7
then list

5 111RCss s 4

REMARK

Nobodyknowswhichof 5 Else.to hefmth

proofofTHEOREM

Assuming use F 2 one has

EX 5 2 E mÉIÉI FE 21 E

127



I 2ˢᵗ
ˢ
2 E 2 2 E 2sincewe

agree s 21 s 25 s

Egan sincesoso.tkappstiliation

F E
S

REMARK We saw R at t

For R 3,4 the asymptotics are known better

than the situation for R s s

c It RCA c

for some constants c c

Lower bounds were againprovenfirstby

Erdo's probabilistically

Anotherof Erdos's earlyapplications of
the Probabilistic Method



Highgirth and chromatic number Briggs

We'venoted X G w G
chromatic HFuesize
number

and the inequality can be strict

e g X Cm 3 2 w Cm

m odd 1ft
31 102

0T

Onemight wonder whether one can bound

G in terms of w G but this

construction shows that can't happen

THEOREM Mycielski 1955 There exist

triangle freegraphs G G Gy with An n

so wOn 2

proof Let G K 012

and if Gn has vertices X1X2 Xm

then construct Gnti on V ftp Ym z



withedges lxi.gl from Gn
y z for 1 1,2 im

yi Xj for
each5 1,2 m

and neighbors X ofXi in G

EXAMPLES

G my G 8 I C

y lya Ed

G my Gy

750 0
3 750 49

543
0
3yP

y

It'snot hard to show Gui sn Gn since

a proper k coloringof Gn leads to one for Gut in
which Xi yi getthe same color as Xi before and Zgets

a new k t color
1 0 02 10 02

8 02

30 07 30 30 01 01
2

0 02
2



Onthe other hand one can show XOnt 1 a

since a proper k coloring f of Gut
leadsto a proper

k 1 coloring f of Gn in which fixi fly i This

only uses b 1 colors since
itavoids using f z fly i

This Mycielski constructionproducesgraphs
Gn

with XOn n but qtgtgnitestto.nu
cycle

So onemight still hope to upper
bound X G

when girth G ishigh Also hopeless due to

THEOREM Erdo's 1959 For everykid

graphs G with girth G
k

and X G l

Hisproof is again a probabilisticargument

and uses one more very common

and easy to prove estimate



PROPOSITION Marckystematity
1884

A nonnegative random variable X A Rzo
so w 20 WE 2

has for any t 20 this tailestimate

IP XI EI
proof IEX IIP w w

Wes

IPad.IE iEEifEEft

t.EE
co t P X2t

1 P X

proof of Erdo's'sTheorem
Given k l we'llfindGwith X G 2k girth G21

by picking itrandomly from

D G n p Erdo'sRényi randomgraphon 1,2 _n
with edgeprobability p



so P G p
ECG

n p
E G 1

We'll consider two randomvariables
on D

X Sh 0 1,2

G G an.gs eG

α I 1 2,3

G α G max artist

The dever idea is to pick later both

theedgeprobability p p
n as afunctionof n

AND

an independent size lowerbound function f
n

in such awaythat three things 0
occur

IP X G for no

IP G fin for nso

met

Min 0 for u so

Then IP X G or α G A

and hence P X G AND G A 0

so there is at least one such G



Removing one vertex from each cycle of size l in G

yields a graph H with girth H l

IV H m a n 1 1
H G fin

This leads to a lower bound on X H usingthe

inequality H α H V H validforallgraphs

proof A proper H coloring gives

VCH V WV24 W Vx witheachViindep

IVCHI 114 H H

So XCH a

k foranychoiceofk

Now we show to choose p p
n and f n to get00,0

For choose p no
1 where or Oat

and let's bound EX for

G cyclesofG of length e



Note I Xc where Xc Get a

EX FEE I

giggy

E

2

5 pie
npi 1

If If
i

3
Markov'sInequality

IP X E E Éf
If tn 9

I approach 0 as n so since ocoat
0 as no so IP X 2 1 1



For once we have chosen f f n we'll have

P α G f IP U S isstablein G

Sc 1,2 in
1stf

Éfp
Sisstablema

7 Cap
n yE

o
P for pso

Ñié
spent e p

net If Yap

Erdos suggestschoosing f flu log n 3nt logn

so that IP G fin ne El login
1

ne
Zlogn E

fin

form ne logn
n.rs

ᵗ

singspan
n puffing

o as m n

so IP G f n for naso



Lastly note thesechoices alsomake happen

F stoon 5En
0 as m

since Q 0

REMARK

Erdos Rényi 1960 initiated
thestudyofthe

expected structure of a graphG
in Gln p

as p grows in
therange Oap

1 as n o

e g when does it start to
have

largeconnected
components

A around p
Howlarge are those components

girth G
Max clique size w G

indepset size α G
D

SeePart II of thebookbyAlon Spencerfor
lots on thesetopics


