







































































































Exploring planar duality BondyMurty 9 2

Recall from our discussion of planarmaps

DEFINITION For a planegraph G
V E

Ci e aplanarmultigraph
togetherwith a

choiceofembedding
into IR withoutcrossings

one defines its planedual G
V E

aefsseiE.ienE
To
For

tot
There are a fewsubtleties about Gus
and lots of coolproperties

EXAMPLES

G is alwaysconnected and henie

sometimes G I G if G was disconnected
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G reallydepends on theplaneembedding ofG
not just on the isomorphismtype ofG

e g
G 20 04 20 0 G2

0

tomorphic

05

t.DE
ig

05 05
1 33

of I D
not
isomorphic

Why



Even when G is simple G maynot be
e g G 02above are simple
but Gt haveparalleledges

ACTIVE LEARNING

In thisexampleof G
and G

a

00
d
fogjbgoho.iq

e

G G G G

a who are the loopedges e in G andwhatspecial

propertydotheir dualedges e have in G

b who are the cutedges e in G andwhatspecial
isthmuses

property dotheir dualedgesex have in G

and I



Cycles and cuts

ACTIVE LEARNING
In thisexampleof G

and G

G G G G

64 c 0 0

iy
relate to thesehow dothese
partitions ofthe

cycles C in G vertices V S.WS inG
C 5,5

a c d FnFa FsFu

b c e f EFs FFu

b c d 523 F F F

howdothese
cycles in Gt

relate tothesepartitions
of V SW 5 in G

C 5,5
a d e u.nu v2V33

a b d e v va.rsVa



PROPOSITION
For a planemultigraph G V E

CEE forms a cycle inG
C a eec forms the

cut S 5 ee É e F F for
bond some FES F 5

associatedto somenontrivialpartition SW5
Σ both 5

51 0

5

it

C so
m 8 1

inG
and R

S as facesof GinsideC
5 any facesof G outsideC



This leads to an interestingsymmetry for
spanning trees of G G

COROLLARY
For a connectedplanemultigraph G

V E

TEE is a spanning tree for G

T E EEE T CE

is a spanningtreefor G

EXAMPLES

a

or

G G

itT a d e

6
9
5 hadspanningtrees

i it Is
so G has
spanning trees

T bYdYe b e aide ate cdiet

9

lig Fij
1

at



proofofCOROLLARY assumingPROPOSITION

Becauseof the Proposition

T contains acycleCinG
T omits all oftheedgesECS5
of some nontrivial at SWS

disconnecting S from 5 in G

T does not connect V

Symmetrically T does t IfT contains a

Henie T is a tree in G T is atree in G 1

This leads to a pleasantly symmetric

2ⁿᵈproof of Euler's Formula

Given a planegraph G
V E with

andplanedual G V Ex

with

FEET LET
f facesof G V1



pickanyspanningtree TEE
for G so that

T ex ee E T is a spanningtreefor G

But then these two trees have IT N I n 1

I 14 1 1 f 7

and e IT IT by construction

So e 1 f 1

ntf 2

i e n e f 2

G G G
G

T a d e 4b c f



Deletion contraction duality

ACTIVE LEARNING Explainwhythisholds

PROPOSITION Forplanederalmultigraphs G G
14 W

and an edge e xy in G that bounds the faces F F

one has

a G e Glex

titis I
b G e G next

0É

Piti ex



Orientations and duality
When a planegraph G

V E isgiven some

orientation 1 to form a digraph D V A

one can also induce a corresponding orientation

It to form a digraph D V A via thismle

if int is oriented as 09 in 2
F

then oriente

jy
so a a are

like this

rjthice
EXAMPLE

G G G

a
at

s A
PROPOSITION
Given a planemultigraph G

V E and an orientation s

a cycle CE forms adirectedcircuit in 2

the corresponding cut C Get ee c ECS5

is directed in as ACS5 a F F EA FES F e5
or A 5,5



I

proof Picture 5

q.dk
C

o
ms
0

0 810
inG
ands ME

PROPOSITION Forplanedual multigraphs G G
with corresponding orientations 2 I

R is an acyclicorientation

is a totallycyclicorientation

Geryare a
lies inatleastone directedcycle

EXAMPLE
G

G G G G

E Eli
stayalic totallycyclic



proof If S2 isacyclic foreveryedge
e 8 D in G directed as a Bins

the sets S ZEV apack 2 in 2 a

5 ZEV apathy Zina a y

give a
nontrivialpartition V SW5 becauseR isacyclic

Furthermore everyedgegoing
from S to5 inG

must bedirectedfrom S to 5 in 2 again
because

Ris acyclic This means A S 5 in Non G
is dual to a directedcycle in Dton G

that contains e So I istotallycyclic

If 2 is notacyclic a directedcycleC in

Don G leads to a directed out C A s 5

in St on G Since G is connected at least

one are a A S 5 whichcannot lie in a

directedcycle in It thecyclecouldn't get

back from 5 to S in 2 Ie



Likeacyclic orientations thetotally cyclically
orientations have a deletion contractionrecurrence

Let TC G totally cyclicorientations D of G

and to G TC G 1

PROPOSITION For any multigraph G V E

to G can be computed via this recurrence

to G if E
to G 0 if G contains a cut edge

If e is a non cut edge then

to G to G e to Ge

Thetakehomefinal exam for the class suggests_

a proofof this similar to partof the proof

earlier that as G acyclicorientationsofG

G T G 1


