







































































































Coloringgraphs on surfaces Bollobas YqemGraphTheory

Planar multigraphs are the same as those

that can beembedded
in the

2 dimensional sphere
2

e g usingstereographic projection 5 0 1R

fromanypoint
to

2 G

aeria
A

1R

In the late1800 s P.J.fiEat andothersconsidered

graphs G embedded on other

compactsurfaces orientable non orientable

along with their vertex colorings



A few rough definitions fromMath 5345 8301 8302

DEFINITION Two topological spaces X Y

are homeomorphic X Y if a

bijection 7 Y with both f f continuousmap

e g

0
circle 1 dimensional

sphere

7
3 holed
torus

A subset S C Rd is a surface 2 manifold

if every xeS has
a neighborhood homeomorphic

to theopendisk x y2 in IR



S is compact if every infinitesequence
Xi Xa in S has a convergent subsequenie

Xin Xia too in S equivalently Sis ilosed
and bounded in IR

inciza

EXAMPLES

not compact

IIIA
closeddisk

x y CIR
0

7

are
allcomtpact.butnotFI.su ese

due to boundary points whereneighborhood A



DEFINITION Acompact surtales is orientable if

it embeds in IR 0
Jordan BrouwerSeparation Everyorientablesurfaces
THEOREM

divides 1123 S into two
connectedcomponents

one bounded the interior of S

one unbounded theexteriorof S

THEOREM Riemann Poincaré and
others

1 5 s
takeswork

1851

There are twofamilies of
connected compact surfares

ORIENTABLES So51,5253 Sg tongshwithdies

0

So SF T 2 toms S2 T T

n connected

sum

a



NON ORIENTABLES NoNoNs
whichdon'tembedin 1R but doembed in 1124

NFR P2 N P P P

realprojective
N2 P P2

plane
Kleinbottle

T I QQ

jiffif
REMARK This classification of

surfaces 2 manifolds

should becomparedwith the simpler
classification

ofconnected 1 manifolds
compact non compact

7manifold
1 IR

1 manifold
withboundary 0,0

0,1



In thinking aboutthetopology of graphsG
embedded on surfaces andvertex colorings ofG

they realizedit sometimes helps
to imposeconstraints

DEFINITION Anembedding of a multigraph
G V E on a surface S is called a

2 cellembedding ifeveryconnectedcomponent

of S G is homeomorphic to the open disk
225 1

EXAMPLE

G embedded as b a

in T is a 2 cellembedding

but embedded in T as
b a

it is not

Th G has 3 components
one inside C
one inside d
and one homeomorphic to this a



THEOREM a Anyembeddingof a multigraph
not hard

G on a compait surface
S can be made

into a 2 cellembedding byadding more edges
but no new vertices

b It can even bemadeinto a 2 cell
embeddingwhereeachcomponentof
SIG is boundedby 3 edges

c Inparticular if G is simple it can

bemade into a triangulation ofS
every

componentof S G
boundedbyexactly

3edges

EXAMPLES not a 2 cell

G embedding

a 2 cell
embedding

intangulation

a

Gt for
a triangulation

0

b 85



G a 2 cellembedding on
not a triangulation0 0

0 0

a triangulation
O O

O O

O O

THEOREM a homeomorphism invariant S

relatively of a compactsurface S called its
sophisticated Enter inaracteristic such thatevery
2 cellembedding of anygraph G VE ons

has n m f XS

where v Ul
M E

f offaces 2 cellcomponents
of S G



EXAMPLES

X 2 s 0 N 1

sphere tomsT2 P2projestiveplane

to ox

ist init Init
ACTIVE LEARNING

a Prove this

PROPOSITION X S S 5 s 2

by considering this picture

Em
b Deduce that Sg 2 29 for9 0,12

c and that Ng 2 9 for 9 12,3
ph p

in
tt



COROLLARY If G is a simplegraphwith a

2 cell embedding on a compactsurface S

then m 3 n X S

withequality it is a triangulation

proof Justslightlymodify our proof
from the

planar graph discussion
Asbefore

show 2m 37 with equality triangulation

12
et Felt bounding

3

2m

since G issimple
equality
triangulate 3f

So f 3m andthen use the Entercharacteristicrelation
n m f X S
n m 5m x s

4 2 15
3u m 3X s
m 3 n X s 1



This constrains which completegraphs Kn
can be embedded on surface S in termsof X S

EXAMPLES

Wesaw on So 2sphere with 5 2

one can embed K C Ka K C Ky Lol
8 8

but not Ks since it has m E 10 3 n 2

f 3 5 2 9

On N P projectiveplane with Ni 1 one can

s l a minantulation
embed K 1 Kc KsCky C KEKE I I eiatyee.ee
but not K7 since it has m 2 21 3 n 1 3 7 1 18

On S T a toms with 1St iiembed K 1 kcksckyckscka.tk i

nt not kg since it has m 21 21 3 n 3 80724



These are examples of the following
DEFINITION For a compactsurface S

the Heawoodnumber h S is the upper

bound on n in kn for it to have a chanceof

triangulating S i e

h s max net 2,3 2 3h s

in forkn

12 3m 3 15 0 y 7 6 15

I 1

m An ax 5 so

111,1JÑ
n 71 724WS xs h s

thatis
so 2 24 4
P 1 6 6

415 17 Taxi
s.itie 171 72

Ng 1 77 7

N3 2 1271 8



THEOREM Heawood1890

For agraphG embedded on any
surface S withXS

thechromaticnumberofG is at most h s

excludesthe toughcaseX S 2
i e S or planargraphs

even thoughh s 4

proof By induction on n V1 We'll show that the

ideaunderlyingtheproof ofthe 6 color
theorem

works whenever X S 1

BASE CASE n h S

Noproblem giveeachvertex
a different color

INDUCTIVE STEP n2h 5 7

without lossofgenerality G is simple and
2 cell embedded on S so

let m 3 n x s

average
and degree Idegalx It_27

in G
6 15 6 6145



We'llshowthat this alwaysforcesexistence of avertex to

of degree h x 1 since thenbyinduction G 4 0
has a proper

h x coloring whichextendson to tooneforG

CASE 1 8 1 so h S 6

average
Then degree 6 6

5 6
in G

so avertexofdegree 5 h X 1 as desired

CASE 2 X s E 0 1 2 i e 5 0

If there is no vertex ofdegree h S we'll

reach a contradiction since it implies

h s anger 6 6 6 9 1
in G

because X 5 0and n h s 1

i e he6 61 where h hls
multiply by 4 1

h hit 64 6 6 15

h 5h 6 151 6 so

n I
2 contradiction 1



Heawood also conjecturedhis theorem was tight

in the sense that for everycompact
surface S

there is at least one graph G embedded
on S

with chromatic number h S

This turned out to be notquiteright
but close

THEOREM Franklin 1930

Graphs G which are 2
cellembedded on

theKlein bottle N2 P P having N2 0

and Heawoodnumber h N2 7

actually have
chromatic number atmost 6

including G Kg havingchromatic number exactly
6

THEOREM Ringels Youngs 1954 19702manypapers
treating various 5

For every compact
surfate orientenentable

S Ny Kleinbottle

one can give a
2 cell embeddingof

the completegraph Knes on S



REMARK
The classofgraphsembeddable on a surface S

is easily seen to be closed under taking
minors

vertex deletions
edge deletions
edge contrations

Hence the GRAPH MINORS THEOREM
of Robertson Seymour implies this
class is always characterizedby a

finite list offorbidden minors G Ga Gr

This list is known only for two surfaces

for S
2
i e planar graphs

they avoid the minors Ks Ks 3

for S P i e projective planar graphs

theyavoid a list of 35 graphs found

by Glover Huneke Wang1979

For the toms S peopleexpect thousands

and forthe KleinbottleN2 tens ofthousands P


