
 

Math 5707 GraphTheory

INTRODay 1
Go over syllabus items

e.g 6 HW's 40

3B.tt
arrange office hours

free old text byBondy Murty

doingmuchof Chapters
7 5,89,17

some other material

Higherlevel lesscountingthan Math 4707
Some optimization as in Math5711 IE 5531

DEFINITION A simplegraph G V E
vertices edges

has a vertex set
and an edgeset E

nonerepeated where eachedge ee E

is a pair u u ofvertienYI.tv Tou
EXAMPLE 20103

564 7 Y E

112,34,567,83 32,3393,4334,5

35,2353,7354,77
5,6394,6314,8



DEF N Amultigraph G V E allows E

Bondy to contain loops self loops De
Matty graph

and parallel multiple edges v
repeated

EXAMPLE
309

G

so ph
v

11,233 a b c d e f g h

42 4 42 Yas 43,33
33

12,23

BondyMurty uses notations
2 G V1 ofverties inG
E G E of edges in G

We'll mainly care about propertiesof agraph
G that don't depend on the labelingsets

for V E called isomorphism invariants



DEF N Say G V E

and G2 V2 E two graphs

are isomorphic written G G2

if there are bijections f V V2
f injection g E 2sugetation

suchthat e su u E E

one has g e flu fw E2

EXAMPLE 06

e EE
Ik

8 i 7 8 B β

II
9 9 9 B

ineI is if
I



Some importantEXAMPLES

Completegraphs Kn V G
9112 allpairs

9.9 K 01 i j with
ki j u

K2 9 2
Ks 985

7

ka i

K

Paths Pm IV E with m edges

D
4011121m s so

for mao

Ps
P and

Print
Pa ive 1



Cycles Cm with m edges for my

V E

12 im
51,231331 m m 3m73

c P
C 0792

say
Eat
y 3

Co Eats 9 9
5 9

DEF N Agraph G V E is called bipartite

withvertex bipartition XLY
disjoint union

V XUY
if everyedge eef

and XnY p

has e 1 83 for some X
get



PROPOSITION

easy
EXERCISE

a all paths Pm for mzo are bipartite

3 63 0 5

Ps
X Y

ÉʰÉ
b cycles Cm are bipartite miseren

a
formal Cg

Y 770



Continuing EXAMPLES

Completebipartitegraphs
V EKmin 11

form n Y allpairs i y

xm syn yng Eff

Kp K2 K2
0

bed

Knately Pa x y

1
2,3

91

Ks kin p xp
yz

9 091

05
Knin Kni

2,4 0 0

0Kmin kmin
0

O
O

O



A

13,3 9
097 091

oy
3 7

ox92
30 93

seems impossible to draw

13,3 in the plane 1R without

some crossingedges
not planar similar to Ks

We'll return to this with more tools later

ACTIVE LEARNING hill pair share
Bondy Murty Exercise 1.2.3

Prove that no pair ofthesemultigraphs G G G

are isomorphic that is G 02 G Gs 62 Gs

EY Ey I
0 to

Gp 2 3

Need to think aboutpropertiesisomorphisms preserve



Degreesequences

DEF N In a multigraph G V E

the degree dg for xeVvalence
is the number

ofedges ee E with xee x incident be

and self loops at x
count twice

EXAMPLE
309

Ash
70 02

has has

3 3 2 6
4 5

832 TOTALI
7 2

Tot
What are thesetotals



PROPOSITION In
any multigraph

Ef dolx 2 El

Inparticular Eudox is always even

so thenumberof xeV having delx odd is

always even

EXAMPLE 0 2,35,32,2 7
46,6

fpg
ofthemareod

1fygaQfhrneodd.o at event

proof of PROP Count the half edges
of

I
G e xtvieetwith.at
in 2 ways

Ifdegf

1

EE a.IE

1



COROLLARY
Amultigraph G V E has

averagevertexdegree

Edom 21

in particular if G is d regular
meaning dfx d xeV

then d 21
EXAMPLES

2 regularmultigraphs have

24 2 so IE v1

What cantheylook like

PROPOSITION A finite 2 regularmultigraphG
is a disjoint union ofcycles i e

G Cm isCman WCme for some M Me27

e g G Cy n CanCan CanCy

ong 0 to

ACTIVE LEARNING

Prove this PROPOSITION



3 regulargraphs are sometimescalledcubicgraphs
Theyhave 4 3 so

y 2

714 1150K 3 cube graph

HI It

o_0
dodecahedron graph off

EIII.fiiiit O O O O
O O

151 30 Petersengraph
101 20 giveslots of

counterexamples

30 3 IE



Similarto Indalu 2 IE

PROPOSITION In anybipartitemultigraph

G V E one has

Y

Exon let Edl
EXAMPLE proof Count IE in twoways

doe dots

Fits day

it evenseaseesmbhasaToF8unique end
vertexinX If

E 8

COROLLARY In any bipartite
multigraph

G VE averagedegree forxin

average degree foryingXWY

proof LHS
lefthandside es



REMARK

compare
thiswiththe discussion in the

NYTimesarticle Ang 12,2007 byGina
Kolata

TheMyth theMath theSex

In recent U.S British surveysasking

people their of lifetime heterosexual

sex partners of oppositegender
averagefor averagefor
women
X ex

Britishstudy 6.5 12.7

U.Sstudy 4 7

Note 1 1 14 in bothstudies so

women men somebody is lying

Amusingly Kolata interviews renowned

expert on bipartitegraphs andmatchingtheory

David Gale His name will come up in
Gale RyserTheorem
Gale ShapleyAlgorithm



What can one say about the

vertex degreesequences d G dad data dan
d da du

that can appear for multigraphs G
for simplegraphs G

Byrelabelingthevertices 1,2 in one can

assume died edu

fkga
1023513227

46,6

ps
d G 15,332,221,0 dkphdG 6,64

catnip
meson

di 20 conditions

ford dis dn
d G for someG

PROFÉPTION d divida has

Brits d d G dizoand
EXERI5.5 for somemultigraph

di and

onHW1 Iid even



Thequestion becomes much trickier
for d d G of simple graphs G

EXAMPLE

d 2 2,0 3,1 are

impossible as d d G forsimplegraphs G

achieved d G 33,22210

ACTIVE LEARNING
Canyouachieve

d 515,412,2 2 d G

for a simplegraph G

The followinggives a fastalgorithmic test

PROPOSITION
Have Hakimi

d di.dz 2dn d G for
a simplegraph G

BondyMarty
EXER 1 5 74 D da7,11 iddfddiaidd.tt don HWI

DG
for a simplegraphG



The backwardimplication E is easy
if d dG then d d G where G has an extra
vertex 1 connectedto vertices 2,3 d 1

8 3
3
4 d 2,1 1,0 am d 3 3,22,0 6

3274

One can applythis PROPOSITION repeatedly
until

either all di O so answer is YES

or some diso so answer is NO

EXAMPLES

1 15,332,221,0 1 5,54,212,2

d 2,2177770 d 4,3 1,7 1

d 2,0 0,0
1 1,9 110

reTrt 1111110 at 1 1,0

0,170 NO

re o er 1,7 0,0

0,010

YES



There are some other more explicit and

algorithmicallyfaster criteria

THEOREM d d.dz 2dn dG for asimple
Erdos Gallai graph G
1960

die and
dizo and

Edi even and
k 1,2 in didt.idr.sk k 1 EEminldik

EXAMPLE d 5 5,42,2 2

has at k 1 d 5 1 0 1 1 77 1

k 2 ditdy 5 4 2.1 2 2 2 2

1 3 d dad 5 5 4 3.2 2 2 2 NO

proof of
backward implication takeswork

Fixing k let's count
half edges x e Eve xÉ



They are the half edgesinsidepink andgreenedges below

ignoring the black ones
I

DE il

n

1k Eki

There are exactly did desuchhalfedges x e

by classifyingthem according to x i for i 1,2 k

We can upperbound
them byfirstboundingthe

pink ones where e x y hasboth ye 1,2 k

by k k 1 as there atmost k 1 suchpink

half edgesemanatingfromeach x 1,2 _k

The green ones x y emanatingfrom some y kits
n

have size atmost di butalsoatmost k since

e 72 k Hence there are atmost min kdi

Thus dit du k k 1 If min kidi



Here is anotherexplicitalgorithmicallyfast criterion

that first views d d.dz 2dn asa

Ferrersdiagram with di squaresflush left
in now

7dÉÉ332,221,0 1 5,54,212,2

E III

and compares them
withtheir transpose I

obtainedbyflippingthediagram across the
450 diagonal

If
dt 7,613,77 dt 6,63,3 2

EFFI f



THEOREM
Rush Gutman d d.dz 2dn

d G for a
1979 simplegraphG

d EI and
dizo and

Eidieven and

dis date ditdat dk
for k 1,2 rankd max i Xizi

We'llskipthe proof but again is easier
is harder

EXAMPLE
Both d abovehave rankd 3

d FIs.sa a.o FF s 4.2.22

dt 7,613,71
d 6,633,2
5 1 6

5 7 7 5 1 5 1 6 6
5 1 13 1 7 6 5 1 5 1 4 1 5 5 4

151 131 1
5 7 6 3 NO



Forbipartitemultigraphs G V E
WY

andtheir bipartitedegreesequences d d
Y

1713,5 3,211,777IE Iaman
there is asimilar but somewhatsimplerstory

PROPOSITION d d weaklydecreasingsequences
easy come from a bipartitemultigraph

dY dy EZ 20

Ted Edi
THEOREM d d weaklydecreasingsequences
GaleRyser come from a bipartitesimplegraph
1963

dY dYE 2 20 andEid Id
dit di d It d k b m



7

Again the G implication is easier toprove

but let's skip it The E implication is

alsonot as hardto prove in thebipartite
case

EXAMPLES However
02 d d

G 20802 14,33 4,4717
30

222 A
is impossible for a

d simplebipartitegraph

3 2 22,2 1 since d Eff
4,22,2uE

dyp
and

dX 4 4 dy
but

satisfies FI di d2 4 3 4 2 dY

dYIdY3 4
dYJsdYtd3 2 4 3 dFlat
FtdÉd 3 2 2 4 3 0 d Ild I a


