
 

Euler tours circuits and walks trails
Bondy Marty54.7

EXAMPLE The 7 bridges of Konigsberg
north Konigsbergmainland

11 11 11

mainland

ThepeopleofKonigsberg askLeonhard
Euler

whythey can't find
a tour circuit a walk with

same starting andendingpoint
that crosses

everybridgeexactly
once And they can't

can't even seem tofind a walk trail
i e withpossibly

different start endpoints that does this

Eulerexplains it byabstracting down to amultigraph
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DEF N In a multigraph G V E an Euler walktrail
is a walkfrom vertex to vertex alongedges
usingeachedgeexactly once It's called an

Euler tour circuit if it starts and ends at same verle

Whichgraphs havethem

Arethey unique inany sense
If not can we count them

EXAMPLES
Yes it has Euler tours

p
They are notunique in any sense

III FEE



No Euler tours
but yes some Euler trails1
so not unique

v
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THEOREM Let G V E be a multigraph
withño isolated vertices Then

G has an Eulercircuit

a G is connected i e F x y V atleast

onepathfrom x to y
alongedges of G

AND

b every vertex x eV hasdegg x even

EXAMPLES Konigsberggraph
N

KEYNO NO s



proofof THEOREM
Let C be a directed Enter circuit

through G Then Fx gEV a path from

x to y inside C because both x y ton
in some

edge s and uses every edge So G
is connected proving a

Also for all xEV theedges e incident to x

are pairedoff entering exiting as C

passesthrough exactly deff times
0

7

no
To c

E Assuming a b hold here is an

algorithm to produce an Entercircuit C

Start at anyvertex xofV
Since xo is not

isolated one can move along an incident

edge e and erase ee E then repeat



this until youget stuckat some isolated
vertex x all of whoseincidentedges were

erased We claim that necessarily to

since every y xo has even degree

maintained as youenter
and exit it

IEEE feet

Thus one has created a circuit C ofedges
If C E we are done Elserepeat this

with G V E C1 creating a circuit

Eventually one exhausts E
C wGw WC



Whenever Ci Cjshare a vertex they can

be sewn together into asinglecircuitCj CiuCj
Cj A

Ci

U.EE

And sine Gis connected one can

eventually sew all of the C together
into one Euler circuit Ie

what about Euler trails

COROLLARY Let G V E be a multigraph
with no isolated vertices Then

G has an Euler trail but no Enter circuit

AND

b every vertex x EV hasdegg x evenIII item mini
be the start and end of every Enter trail



EXAMPLES

r.EE 8s518
Konigsberggraph NO

K

NO s

proofof COROLLARY
An Enter trail TCE again connectsall

thevertiles in G since none are isolated

And adding an extra edge e 40,90 to

gives an Enter circuit C Tuteo
in

Guse V E W e 1 that proves b

CE.is EEs



F Conversely if G V E satisfies

a b then Guleo V E who

will have an Euler circuit C and then

T C Leo willbe an Euler trail in G Me

Directed Euler circuits and deBruijnsequences

DEF N A directedmultigraphD V A
or digraph verkes ares

haseach are a A an orderedpair a
x y

thoughtof as a directededge

EXAMPLES

D

1 v D

ftp EE D EE

DEF N A directed circuit C in a digraph is a set

of arcs to 17 Xe Xe to that is forming
a circuit that respects the arrows

CEFEE.IE



A directedEuler tour in a digraph D V A

is a directed circuit usingevery are at A

exactly once

EXAMPLES

D
g

D
of D 8 11 1 1

has none has one has one has none
namely
A Ces

if
ACTIVE LEARNING

Which of thesedigraphshas
a directedEulertour

EEK EEK
D D



THEOREM LetD V A be a digraphwith

no isolatedvertices Then
a theunderlying

undirected

D has adirected
Entertour

top V

pay
is connected

AND
b xeV one has

indeg
out

fi EgnaisKDEF'NKaresy x inA3I

x

EXAMPLES with indeg11 outdesx labeled

iii EffEiii
no GBI

pref Essentially the same proofas for
Euler'sTheorem onundirected Euler

tours D

REMARK Laterwe'll learn how to countdirectedfulertours



DeBruijnsequences
it's notapparent thattheyrelate to directed
Euler tours but we'll see howtheydo

DEFIN A deBruijnsequence
on k letters 0 1,2 __ k i k arg
of order n

is a circularly readsequenceof
k letters a.az apr

in whicheachpossiblewordof length
n appears

exactly one as a consecutive subword

EXAMPLES
k 2 so letters 0,1 binary

letters301,2 ternary

17 3 can921 193ft 1911921 felt
6 1191

11 E1
wraparound

Ero insentia consecutivesubwords

0

101
010 12700



EXAMPLE with k 2 and n 5 stolenfromWikipedia

1110000070007100AS.IOC 45 7D 5H 4D JD KH 7C JD 8H QD AC 65 7H AH

f5 88ttsls dFT.to Is

Themappingto 32 cards from a deck with Edadard
lets one do a trick of Parsi Diaconis

Hetossesthe 32carddeck prepared in

this circular order boundwith a rubber
band into

the audience asks a fewpeopleto do a few usualcuts
breakdesk in 2 putbottom half on top thenasksnext
5 people to take the next card off the top Heasks
thoseamongthe5holding

blackcards to stand up
and thenguessesall 5 peoples cards

Do deBruijnsequences on k lettersof order n

exist for all k and n

If so how to construct them



THEOREM If wedefine the deBmijudigraph
N.deBmijn1996 Dr n V A

where 0,12 k i allseventies b barbn i
with bit 0,1 2 k t

A arts bba ibn bas ibni.ba
forall length n sequences b ba brbn

Eloi k i

then a Dan is connected and has

indegp.tl outdeg
k xV

so it has directedEnter tonus and

c EEEE

are in bijection with

dentijusequences

of ordern



EXAMPLES
2 2
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3
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e.ie120 22
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i
for QQ

90010221722

700011701 frombefore
frombefore



proofofTHEOREM

TbyEXAMPLE
In Ds 4 one hasthese 2 kindsof vertices x

1511 Goyder
0222 N

y 2220
2240

024 2241
12

224 322217224 2240732242 3222
2223

22247 32243 4222
2224

32247

4224 2294

indeglxl outdeglxl.be
in bothcases

AndDrin is connected because one can alwaysget
from toy in n steps e g inDs 6

902012 02012

22102 5210202 50201 02072 7201212
0

01210

y

1



Hamilton cycles and paths
Sound very

similar to Euler tours and walks

but behavesurprisinglydifferently

DEF N In a simple graph G V E

a Hamiltonpath is a walk from vertex
to vertex

alongedges e
in E that visits everyvertex

x EV

exactly once
but not necessarilyeveryedge

If one can complete itby one last stepalong
an

edge to start
and end at the same vertex

it's called a Hamiltoncycle and G is called

Hamiltonian in this case

EXAMPLE W R Hamilton 1857 introduced

his Icosian game asking
one to find a

Hamiltonian cycle in thedodecahedrongraph
aHamiltona Hamilton gale b

arine safetyKIF F
6 of



EXAMPLE The Petersen graph has a

Hamilton path but has no Hamiltoncycle
although this is not

so easy
to prove

0 0 0

0

EXAMPLE Even forsimplegraphs existence of

Hamiltonpaths cycles is almostcompletelyunrelated

toexistence of Enter trails circuits

e.g K2,6
o has an Eulercircuit

why
0 8

butnot even a
8 Hamiltonpath

why
Meanwhile

Ky
o

1
has a Hamiltoncycle

but not even an Enterwalk
why



How can wedecide whether G VE
is Hamiltonian

It's not so easy
There are some sufficientconditions that sometimes

help based on havinglargevertexdegreesdelx

PROPOSITION

Bondy Chuatal
a simplegraph G v E has

1976 y E but delx dgy
V1

then Gis Hamiltonian

Gulag is Hamiltonian

EXAMPLE

To 0

Hamiltonian Hamiltonian
Hamiltonian

ask.mil ii n I
0

0

K6
definitely

Hamiltonian HamiltonianHamiltonian



COROLLARY If G V E has deg x xeV
Dira 1952

then G isHamiltonian

proofof PROPOSITION

The forwardimplication GHamiltonian
Gu x y

Hamiltonian

holdssince a Hamiltoncycle in Gpersists
in Gu x y

7519 75ft Guess
y y

For the backwardimplication
assume

Gu xy is Hamiltonian
andthere is a

Hamiltoncycle that uses xy elseit'salready
in G and we'redone labeled like this

son v1

y

Considerthe indices i inthesesets

In
i x it E E 1,2 n a kda

YF.in i x y EE c 2,3 in 1 Mkdaly



If MY then we'redone since any
if MY gives us this constructionof aHamilton

cycle C inside G

But we claim that cardinalities
will indeed

force XnY i e Any 21 This is because

UY 51,2 m n so XUY En 1

but Any 1 1 M 1 041

egg test
made

A

DEF N Say a simplegraph G V E is

BondyChiatalclosed if x yeV
with

dgx daly WI one alreadyhas
xy e

E

Say is aBondyChiatal closure of G

if G is B closedand graphs onvertexsetV

G Go CG C CGe GEG
with Gii Gio x y havingdafxiltde.ly V1



PROPOSITION The B Cclosureof agraphG isunique

proof consider B closures G ofG

Go G E Gc
I G G

HoF H 2C Hs

with and as minimal

Since f couldbeaddedto G Ho it
couldalsobe

addedto G Ga and hence f mustbe an

edgeof G which is B closed This means

f e for some i and we can create a shorter

picture omitthestepaddingei

Guff
9044 Gulf t Gulf Gruff G

H 429 Et's

Thiscontradicts rts beingminimal

COROLLARY Asimplegraph G is Hamiltonian
its B Cclosure G is Hamiltonian

C9 had B closure G K which is
G 0 Hamiltonian



But this is notreallyeffective in deciding

whether a simplegraph G is Hamiltonian

There are plentyof interestinggraphs G

whose B C closure G G itself

but G is non obviously Hamiltonian

EXAMPLEcubegraphs Q Y E
for v22

0,13 96,1 it b b
differ inexeat

allbinarydegof
strings g bn

one position

V1 2n of lengthn

Q 8
QF93 800

Q 18

18
Qn is Hamiltonian for n 22

but Qn its own B closure for 423


