
 

Abriefdiscussion of complexity
and P vs NP vs NP complete

not in our book seeWikipediapage on P versusNP

As our graphs G V E getbigger saywith14 IEgrowing

large mostoftheYESNo questions calleddecisionproblems
wehaveaskedaboutG takelongerto answer e g

Planarity Is Gplanar
connectivity Is G connected

Eulerian ness DoesG have an Eulercircuit

Hamiltonian ness DoesG have anHamiltoncircuit

Graphisomorphism Do G ViEn and G V2 E
have G E G

Degreesequenceness Is d d dn d G forsome
simplegraph G

As largescalecomputation
became feasible

in themid1900s peoplestartedthinkingcarefully
abouthow much longer itworld take called
computational complexity for various algorithms

to

answer those and other decisionproblems



Nongraphtheory EXAMPLES

Primality Is an integer n prime

Booleansatisfiability
Does some given Boolean

formula like

f x X2 X X Xs 6

11111

no ncinsu
Cor

ANI
y anyy xxy not x ̅

E E II
haveanyassignments of

Xi Xn T F

that satisfy it i e thatmake flx _xn T

Haltingproblem Given a computer
program that takes certain inputs

and a

particular instanceof thatinput
decidewhether the programwill

run forever versus
terminatingafterfinitelymanysteps



Some complexity HISTORY

936 Churchshowsthe Haltingproblem is not

even decidable there is no algorithmtodecide
it

1950s People like Nash VonNeumann start formalizing

the notionofinputsize N for various problems

e g N IV or IE or max NI El

for various graphdecisionproblems

N log n numberof binary digits
for numbertheoreticproblems

like primality of n

N lengthofBooleanexpression
f x x

for satisfiability

Andthentheystartasking aboutcomplexity

boundsfor of stepsto decide them

e g exponential
C bNsteps for some

constantC
baseb

P polynomial p N ata Nt aN adNdsteps

Polynomial boundsgenerally mean the algorithms
remain feasible forbigN as computingspeeds improve



EXAMPLES in complexityclass P
Connectivity if G Vit one can

check connectivity in CN steps

where N V1 via breadthfirstsearch

Eulerian ness again lettingN V1
can check connectivity in cm steps

and then checkdegg x even xeV
in IN steps

a total of CNZN steps

Planarity somewhatsurprisingly the
Hopcroft TarjanAlgorithm 1974
can decide this in linear time
i e CN steps where N 141

Degree sequence ness any of the criteriaby
Havel Hakimi or Erdo's Gallai orRush Gutman

give rise to algorithms
thattake c N steps

tocheck if d d d dn dG for asimplegraphG

Primality Verysurprisingly the

AgrawalKayal SaxenaTest 2002decidesprimality
of n in

C N8steps whereN log n



1971 Cook

1973 Levin
introducethe complexityclass

NP
decision problemswhere an algorithm
exists to checkpurported certificates

efyiommi.fi
for a YES answer in PCN steps
for somepolynomialplN

time

Onehas P NP because any problem
in P

has an algorithm that produces avalid
certificate

and checks it in p N steps for a
YES

orsimilarlyproduces andchecks a certificate for NO

But NP also contains
Hamiltonicity given G V E letting N V1

if someone purports that a givenordering

x1 x2 Xn of gives aHamiltoncycle you
can

verify itscorrectness in N steps

Graphisomorphism given G
V E G V2 E

can check if f V V2 E give an isomorphism
in N steps where N IV I V21

BooleanSatisfiability given a Booleanformula

f x Xn of length N if someone purports

that a particular x x2 x E T F makes

flxin Xn T you can verifythat in
N steps



Moreimportantly theyshowed

Cook LevinTheorem Boolean satisfiability is actually
19771 1973

NP complete if one had
a polynomial time

algorithm tosolve
it one could convert that to an

algorithm tosolve any
otherproblem in NP

in polynomial time

Henie if Boolean satisfiability lies
in P

then all of NP lies in P so P NP

Cook even showed NP completeness for
thespecial case called 3 satisfiability where

f x Xn F a Fan AFN
and each Fi looks like Xav Xb UX

or Fav Tsux
or xa̅vxb̅VX
or Tvxvt

Karp'sListof21 NP completeproblems 1972
showedmanyimportant problems

in graph
theory and elsewhere are also NP complete

e g Hamiltonicity



1,000,000 dayMathPrizeQUESTION
Is P NP

Whensurveyed many computerscientists

think NO ie the known NP completeproblems

will probably never have polynomial time algorithms

so they are inherentlyharder than those in
P

Surprisingly Babai's Theorem 12015 showed

GraphIsomorphism is quasi polynomial i e
it

can bedecided in b logan steps for some
base b

andconstants

All decision problems
Halting

Decidableproblems

NP
NPcompletePriPmality
satisfiability

Pianility Graph 3 Satisfiability

menian
isomorphism

nthaitekit.itrnected
DegreeSeq


