
 

Trees Chapters

These are the simplestgraphsto understand
but also

form the backbonefor understanding
allgraphs

DEFINITION A multigraph G V E

with no cycles is called acyclic
or a forest

a tree if it's a connectedforest

forests arealways
NONEXAMPLES simplegraphs 2

7 47 ET
not a forest not a forest not a forest

oneofitscomponents
hasacycle

EXAMPLES

Effie feet
a forest

a forest and also a tree



There are otherusefulways to definetrees forests

PROPOSITION AmultigraphG V E

a is a forest xyeV 1 path from x toy

b is a free xyeV exactly1pathfrom toy

ME Two distinct paths P P from x to y wil

contain a cycle in PUP namelybetween
their

firstdivergence to their next re convergenie

A cycle C givestwopaths P P between

any twoof its vertices
X y

ÉÉÉi IF
y

b follows from a sinie the definition of

G connected is having 27 path from toy xgerty



Two more useful characterizations of trees

PROPOSITION For a multigraph G V E

a Gis a tree G isminimally connected
Gis connected but eeE

thedeletionG e V E se
is disconnected

b Gisatree G is maximally acyclic forest

G is acyclic but xyeV
theadditionGu3xg V EW x y
contains acycle

ACTIVE LEARNING

Prove the abovePROPOSITION which

really means proving 4 implications
ca F

e

A common proof technique fortrees isleafinduction

DEFINITION A leaf in a tree or forest is a

vertex x eV with deg 1 1 1 Éffff 8
leafed 15



PROPOSITION Every tree T V E with

at least one edge has at least 2 leaves

o.tt ittIves leaves 9 leaves

proof start at any vertex xoeV
andwalkalong

edges to new unvisited vertices X X2 until

youget stuck at some vertex Xt
Note that 21 i e xo else yougotstuck at xo
which forces T with noedges

Fifty
CLAIM Xp is a leaf in T otherwise it has another

neighbor y Xt as noparalleledgeto Xt 1 no loopon Xt

Soy was previously
visited sayy Xi for some o i t 2

and one has twopaths from Xi to

8T tt tFEot
Havingfoundone leaf use it as xo torepeatandfind a21



Here's an example of a proofby leafinduction

10 ROLLARY

Trees T V E have I E V1 1

proof Induct on V1

Base case v1 1 Then E
so El 0 V1 I

Inductive step
Given T with IV 2 connectivity

implies it has at least one edge andhence

it has a leaf vertex x saywithunique
neighbor y in T CLAIM F V E xy

T IFF aye
This is because is stillacyclic and

stillconnectedbecause theuniquepath in T
from y toany ZE V couldnot passthrough

else its next stepisy so itpersists in

Henceinductionapplies to
and EG Iv T 7

so E T at ECT Ivell IVG1 1 1



REMARK Here's another useful
characterization of trees that is not
too hard to prove but we won't prove it here

PROPOSITION Fora multigraph G V E

anytwoofthese
three properties

togetherimplies the third

and hence implies that G is a tree

i G is connected

ii G is acyclic forest

iii E v1 1



Minimum cost spanning trees

DEFINITION In a multigraph G V E

a spanning tree for G is asubset TCE

for which V T is a tree

EXAMPLE G has 5 spanningtrees

e

ii Ix Ei
Aspanningtree is a way tominimallyconnect V

and one can even find a cheapest tree quickly

if one has a cost function c E Rzo
e m ele

where thecostof T is c T Eice This is

called a minimum cost spanningtree MST for G C

EXAMPLE

ems t
hamster É

c t 2 3 5 T2



There areseveral fastalgorithms tofind an MST for G c

Twogreedy ones are Kruskal's and Prim's algorithms
Given G V E and 1 E Rzo

one g G c
26 feb
abdd

both algorithms build a sequenceof forests FICE
Fo Fn Fa Fs Five 2 Fu an MST

where Fil i byadding in oneedgeat a time

so Fi Fi Hei so taking N steps

Theychoose ei to beanyone oftheedges e that
achieve

the minimum cost a e amongthesesets ofedges

Kruskal ee E F w e isacyclic

Fi w e isacyclic
Prim

eeE
AND

V Fi hasonlyisolated

verticesand one tree
as connectedcomponents

equivalently e high Fi andhas atmost oneof xy isolatedinFi
when i 2



EXAMPLE 01010
For 26 1 12

added 01010
Kruskal Prim both produce Fs 2 En

80
3

and both start with Fo F 11312 11.23 but then

Kruskal Prim
F F

β o o o

Fy FEE
and o o o

F p
and

Foand

L F E
and around

a 11

FI Et



THEOREM
a BothKruskal's andPrim'salgorithmsfind

anMS

b If i E Raohas a e ele e e in E

then auniqueMST foundbybothalgorithms

proof Let Tmin beany MST
for G c

Tgreedy beeither the tree produced

byKruskal or byPrim

Wewillshow thefollowing

If Twin Tgreedy then

two edges ee Tmin Tgreedy

lie Tgreedy Turin

forwhich T Tmin he w Sei is an

MSTsharing more edgeswithTgreedy

that is I Tngreedy TminnTgreedy

ACTIVE LEARNING
We claimthat this boxedassertionwouldproveboth a and b

Explainwhy



So let'sshow the boxedassertion

First choose ie 1,2 N n to be the earlieststage

where thegreedy algorithm chose e Fi Fi
KenskalorPrim with e Tmin

SinceTmm is atree on vertexsetV it ismaximallyacyclic

and so Tmin toheil contains a cycle
C

e g i no Fi_ Fg eyes __ Eg C Tm in ATgreedy

but eno Fro Tmin

e

entree
Sine Tgreedy isacyclic C 4Tgreedy and so

some edge ee C Tgreedy

Choosethis as e todefine T in se in Sei

In fact inPrim'salgorithm sinie e has atleast one

endvertex non isolatedinFi one canchoose e toalso

havethis property



We CLAIMthat T Tmin e w.se is

again a spanning tree Here
is a sketch proof

Thin he is a forestwithtwo free components
is the one VxTx containing
and the one VTy containingy

Since Tminn e C Sei one knows

that e hasoneendpoint

of
e

in Tx and one in Ty
so that F min le use

Yoe is connected

Tx and acyclic
hence a tree

Onealsoknows that a e cle bythedefinitions

ofthe greedyalgorithms since e competeswith
e at the ithstep

Hence T Twin Se3 w.se

Tmin e clei

sTmin LEED
c Tmin So T is anotherMST II


