
 

Countingspanningtrees 2 4

anddirected Euler tours not in book

Recall that we already defined for
a multigraph G V E a spanningtreeforG
is asubset TCE for which V T is a tree

EXAMPLE we saw G

e

has 5 spanningtrees

We'll learn how to count these and

some slightly fancierthings
DEFINITION
In a digraphD V A withxoEV

aspanning tree directed toward to
is a

subset T CA whose underlying undirected

graph G V T is a tree and everyyell
has a uniquedirectedpath y to

to Xo in D



EXAMPLE
4
8
has 9

D a ftp.sspanningtreesdirected
toward
70 4

1 4 1 5 4 4 8 1 4

fakes a felt fat I
ach bch cdh cde adf areactbeebet

We'll compute these treeenumerators

DEFINITION
For G

V E an undirectedmultigraph

G spanningtrees T for G
eg t 5

to I
spanning te.g.tl abcideM treesTforG

alistof
abtadtbdtaetbevariablese.atefrseinE



For D V A a digraph and not V

D xo spanningtreesTimD
directedtowardto

s.tf.fi foi.x
9t

D xo a spEgate
ed

a

M
alistof toward to

variables.ie ainA

t.EEfii
ach bch cdh cde cdf are act bee bet

c a b d def

Notethat G GE e Use

D x t D xo 9 a afA

so computing t G e carries more infothan G

D xo a carriesmoreinfothan t D xo



But for any G VE one can alsocompute

Gie from Exo a bybuilding

V A with one pairof antiparallel
aris E E

for each non loop undirectededgeeeE

and then Ge Exo a

regardlessofthechoiceofxofV

EXAMPLE

G my
β

20 2 3 1
e

y 20 03 70
Ti
20103 as E

o

UP

20703 bd pigo 8 03 70



One compute G t G e D xo a via

certain recursions althoughnotvery
computationallyefficient taking2Nsteps if N El Al

usingtwo fundamentaloperations

DEFINITION Given G V E multigraph

or D V A digraph
and ee E or aEA

the deletion G e V E he
D a V A 493

e g
1 I 4 8 1

D fi HtD
a yE.ft

and non loop G
E or A so x y

thecontraction
Y

E 3

A 493

Eiko
I

D tl tttsDla g



PROPOSITION One can compute G Ge Dx a via

these recursions and initial
conditions

a 1 F
t e a

b If f G withallloopsremoved
D D withall loops

removed

then G G t G e LE e

D a Dia

c 0 G t G e wheneverGisdisconnected

0 t D Xo a whenever yerwith
nodirectedpath y Xo in D

d If ee E is non loop then

DELETION

G tCG e flag
t G e Gre e e t Ge

CONTRACTION

RECURSIONS If aEA is
nonloopandpointsafford to then

D a Dia xo a a t Dla a



soot a b c are all prettystraightforward

For d one decomposes the setoftreesT as follows

1 i

In Tifton
1 EE1 EEeor

Da.xog

EXAMPLE
0 Ge ab ad bd

tG A
w

e

tone e e t Ge e

4 b

ACTIVELEARNING
compute t e ie via deletion contraction



1 4

D EE
ach bch adh edf act bet Δ fade are bee

D a achtbshtedh adf acttbitt fffflng
tlDne.xo a e t D e xoy a

1 I 4

t.EE afIEii
g

As an algorithmfor computing t G Gis D xo 1

deletioncontractiontakes 21E or 2141 steps
so it bogsdownquickly But it helps us prove afaster
methodusingLaplacianmatrices

DEFINITION Given G V E or D V A the
N x V Laplacianmatrices L G D aredefinedby

Ʃ a

471
artifactedges it x y

areEssay if x y



EXAMPLES 1 2 3

atb a b

4 li s iii
G

1 2 3 4

L FEE.it
ico

2 faib atb dod30he fth etf
D 4 o o g g

THEOREM Kirchhoff'sMatrixTreeTheorem

For anymultigraph G VE or digraph D VA
and anyvertexx.EU

G e detL G where EL IT
Dxo a def D 00

EXAMPLE 2 310

4 es l iiiifatai etl ia b atd e a

G A ad ae abbdbeat

It



is

LEE 2 fatb atbed o d
o n un p

D o o g g
c o o

def LD def
cab atbed o catbed e f h
o h eifth

ACTIVELEARNING
Explainwhy defLD 0 detLG always

proofof Kirchhoff'sMatrixTreeTheorem

We'lldotheprooffor D VA andthen itfollowsfor

G V E via the construction Gms frombefore

Theproofwillshow t D xo a def LCD

by induction on Al bycheckingthat def LCD
satisfies alltheinitialconditions a b a and the

deletion contraction recursion d thatcomputes t Dxo a

For a 1 El a det iscorrect

For b D xo a D xo a ifD Dwithloopsremoved

this is consistent sine LCD LCD it ignores loops



For c if yell with no directedpathy xo

considerthe setV'ofallsuchy and the square
submatrix L'of LCD indexedby rows columnsinV

Notethatsiniex.EU thissquaresubmatrixL'is
contained

in LCD and onehas a blockdecomposition

next

1 0 whyare
D
p

arethese
entries
allo

nil
EXAMPLE 4 5

go
ÉÉÉF D V f al É 8

O O

3 D 4 o d o die e

5 0 0 0 f f

Then det L 0 because every row ofL'sums to 0
so the all 1 s vector is in itsmullspace

Thereforedef LD def det
LCDJvtxon

ut.to 0



This checks c b c fordef D N completingthe

base casesfor the induction on IAI In the inductive

step one may assume
some are e yXo

Consider LCD LCD e LCD e
709109

D PI ex De

1

an.fiftxoyiffi 1
1 a 3 4

70 8 1
0

a
344709

lababd tab abed o d 1

4 ety.ge
Yi4 ohIh gt glth td

def LCD
I

dat LCD e e det L D

byexpansion
alongtheycolumn

t D ex.ie e.t D e xo e

byinduitiodonlAIbycd

Ft D xoie



Consequencesof the Matrix TreeTheorem

Computing theintegers HG or D

can bedone in c N stepswhere N N

via linearalgebra One can use

Gaussianelimination row
reduction to

compute def G 01 0 or defLCD

recalling that

addingmultiples of a row
of A toanother

leaves defA unchanged

swappingtwo rows of
A negates detA

scaling a cow ofAby c also
scalesdetAby c

EXAMPLE subtract 21 Ifm permute 20ns

d.tl fdet Faet d
2det hn 1f aci ttx o

stalerows 6



Occasionally one can evaluate t G

theoretically via eigenvalues of G
0

since if LG p ffxa.Q.JP

then def G detp detfin detP
XX2 An

EXAMPLEHEOREM

Gyles Borchardt
kn n

2

e g Ks 1 3 33 2

do

Ky t 1 16 44
2

T.MN
c

Lt



proof Find theeigenvaluesof L Kn

Ii
want iiiJan 1

Iii
Note Jn has an eigenvector

I liftD en El

11
111,1fipiyfjgiiiggy

gun.net

lies in themillspace 0 eigenspace
of Ju i



HenceJun1 has eigenvalues 71,72 In 2Xu i
0,0 0 n t

andtherefore

L Ka nIniJue haseigenvalues
n Xi n 72 n Tu 2 h Tur
n n n 1

and def LCK
IgE

m 1

proofIThere is abeautifulbijection calledPyg coding

spanningtreesT ink 1,2 _n

T act CnCa en 2

definedby letting c uniqueneighborofsmallestlabeled
leafl of T

S neighborofsmallestleafof T 11

neighborofsmallestleafofT 1,12

Cn 2
andstoppingattheedge T l.la In 2 Yo Yo



EXAMPLE
7

he8

t.fiann10 C T 4,95Cy CsCa 57 18

9,9 5,9 3 2,5 3

The inversemap I takes advantageof this

FACT d iÉ occurrencesof iinc t

In particular
i is a leaf vertexofT

i doesnotappear in a T

One uses this to recover the edges
of T by

creating li Ci edges and crossingoff leaves

Vertices disappearingfromthecode

getadded to the leaf list



EXAMPLE
T 91,12 id leavesof T lilandi

190,9 5,93 2,5 3 04,6 7,8 10

6,718,10

3 10

6 Mable
hedges

4 4 7
totomT 30 50,10

1 T
y

ACTIVELEARNING
Someone picks a random

CnCa 7 1,2 937

andwe'll allcompute T E E



pref thatPhifercoding is
a bijection

One canseethat CCT T but howdo

we know that forany e 1,2 __ n
2 the

multi graph G producedby
it from really

is a tree This follows byworkingbackwards

adding in edge5 0,90 then Cnalmab

then n s lust en l At eachstage

can check li getsconnected to the treecontaining

xo yo being built up and was isolatedbefore

that So every vertex has
a path to 1 0yo

and no cycleseveryget
created 11

COROLLARY toPritercoding
Thenumberofspanningtrees Tin Ku with

d T dada d whereditdat tdn gp
is the multinomial coefficient

and am ca.nl cami

Equivalently gnEgteisf.EE xndm xig xaxpxat xu
h



EXAMPLES
213 213

2 49 xxx xxx 7523

Feeling
7,2 3 x xxx

Howmanyspanning
trees T in kg have

d T i 2,7 3 1,1 21,71,31

1,5
3

0103,92
2 3 3

2

001 21
4 4

1.7 2 3

ctheirPritercodes CnCaCs
will berearrangementsof zero

one3
Zero4s

two5 s

i e 3 5,5 513,5 5,513


