







































































































NetworkFlows Menger'sTheorems

BondyMartyChapter17

This is a vast generalization of Kuhn's

Hungarianalgorithm that augments
flow in a

network rather than size of a matching

DEFINITION Let D V A be a digraph
with 2distinguishedvertices s t EV

sourie testic
and call f A IRzo an s t flow if

xeV sit one has Ifla Esfla
Fox 8

0

EXAMPLE flow values
5 9 fla shownD 143 7

5 27

DEFINITION Given a capacity function c A 11220

say that a flow f obeys c if fla cla fae A

The value of the flow f is f Isatta affla
e g f above has v1 f 5 2 7 got so so










































































































ROBLEM Given D V A with site and IA Rzo
want tofind a flow f A 1120maximizing v f

There are some fairly easy constraints

DEFINITION For SCV define the

cut ACS a A yes

and call it an s
t ont if ses 5

Thecapacity of the cut c 5,5 Ears

76
0

3

9 1
A R o

3

57 c 51,5 3 1 2 3 9

52 52,52 1 7 2 3 7

D
546 530 51 f obeys C

21L 2 11 0

2 2 0
3 30 3

6
t with f 7










































































































PROPOSITION Forany ScVwith
SES tes

and any s t flow f A IRzo one has

i v f Eatta Eatta afar Fists

Yes 5

and if f obeys c A Rao then

ii v f c 5 5 withequality

t.EE s EtE.s
AND

fla 0 at A 5 s
no backflow

proof For
i we rewrite

f Etc Etc
to E.tk l EEil

NOTE TES










































































































Es Eta
Eata IE Esg

970

Eta if a Als5 wA5,5

Eats.si East's

But then ii follows from i Ie

EXAMPLE
s 5 3 1 2 3 9 Vlf

f obeys C
52,52 1 7 2 3 7 f

µ
546

0 530 54 fmustbeD 0 114821 1 achievingthe
5 222 0 3 30 3

6 max flow
whileobeying a










































































































How to find a max valued flow f obeying

Ford Fulkerson's augmentingflowalgorithm
1956

Given D V A with an s t flow f obeying c

create a digraphDf V Af as follows

foreach are in A create

the same are 09 inAf if fla sla

theopposite are in Af if 0 fla
a

bothares 0 0
y
if o fla i a

Then do a breadth first search for a

directed s t path P in Df
If such a P exists augment the flow along P by
where min a f a for of in P

f a for pay in P
Fca

by adding to f a for f a c a of a inP

subtracting from f a for 0 fla ofa in P
Repeat until no such P exists in Df




































































This works because of
THEOREM Ford Fulkerson's Maxflow MinCut Thm

In a digraphD V A with siteV and C A Rzo

an s t flow f A Rzo obeying 1 maximizes v f

Df V Af has no directed s tt paths

theset S xeS adirected s x

path in Af
gives a cut ACS5 which is saturated
with no backflow i e v f c S 5

In particular
max v f f an s t flow min r S 5 V

obeying
max flow min cut
fvalue capacity

Also one can find a maxflow fma algorithmically

in polynomial time if c A Q o
rational capacities

and v fmax 220 if C A 220



EXAMPLE starting with D and C A Raoas before
6 0

3

7 9 1

1 0

s
t
0207 at2 0
3

one can augmentthe zero flow to three times toreach

34 539 0.4

0 01L 2
7 1 f 5

5 222 0 230 74
6

Xe
LrDfg so
go

t

augment along P

456 5 39 ya

fy 0 01L 42
11 f 6

5 222 0 230 74
6

Pu 0
r

Dy so t



augment fy alongPy

556
0 5

3

9

L t v43 7
5 5 222 0 72 3

S Yes gives am

r
o
ACS5 which is

Dfs go
02oLtsitatifnwit.h

so v45 fol
ACTIVELEARNING

For this D with
C A 1130 as shown

920ᵗʰ 0

so 0 o of

1 7 0 3052 0
1

and the given flow f

i createthe digraphDf

ii use it toaugment theflow f



proofofFordFulkerson

IfDfcontains an s t pathP then one can

augment f by so v f is not maximized

IfDf has no s tt pathP then

S xeV x has apath s x inDf
gives a cutACS5 whosecapacityissaturated

with no backflow so f c5,5 and

f achieves the max v f

Therestfollows

REMARKS

Ford Fulkersongavethisexample of

D with C A Rzo having one irrationalcapacityela Q

leading to bad behavior in their algorithm

My 1
0 M C A Rao

D
s In 011 m t

with r 11
so v2 1 r

r
M

and M 2
M o

f



One can reach a flow f afterwhichrepeatedlyaugmenting
Pi PaPaP here FREE

createsflows withvalues
É ftp rs

notterminating converging to 1 2 r r r3r t 3 2r

and there is a validfmaxwith Vfmax 2M 1 3 2

MEM 1,0 MM
fmay s 12m 14 24 t

roMET AM

For G XWY E bipartite

creating D Y
553WXWYW.LY

A
shownbelow

with capacities as shown belowgives a networkwhere

augmentingflow
algorithm

Kuhn's miffian

malt went Konig Egervary
Theorem

Theorem

met Entities



EXAMPLE

Y
D c 0

1G
so

O O O
1 0 1

30 0 D

G 7 i iiiM

0 0 0

WIIEE.is

Schrijuer 54.6 describes a common

generalization of Kuhn's maximum weight

bipartitematchingalgorithm
and the

Ford Fulkersonaugmenting
flow algorithm

that finds a max flow with minimum cost

given some cost function
k A Rao

and where cost f 1k a f a



Connectivity Chap3 Menger's Theorem's 811.4

Tryingto answer the question of
how many

vertices or edges must one remove from

a connectedgraph G to disconnect
it

DEFINITION For k 0 1,2

a multi graph G V E is k edge connected if

10122 and

onemust remove at least kedges to
disconnect G

The edge connectivity

K G max k G is k edgeconnected

min ofedgesneededto remove todisconnectG

EXAMPLES

k 8114 0 and same wheneverG is disconnected

K 85 08 1 K 00000 K 7 5
Pn trees Twith 10122

Cn n 2 kn M22

Effi 2 k Eod FIE
n 1



DEFINITION For 12 011,2

a simplegraph G V E is k vertex connected if

either G Km for some maktl

or G Km Fm and

it requires removingat
least k verticestodisconnectG

The vertex connectivity

K G max k G is k vertex connected

min ofverticesneededtoremove todisconnectG

EXAMPLES

K o Fx o and same wheneverG is disconnected

K 85 08 1 k app
K 7 7
trees Twith 10122

Cnn 3
kn m22

orEtfs 2 K Ed K EEE
n

But KG K G in general e.g
0

G o
o o has K G 1

K G k
Kk o Kk



ACTIVE LEARNING Let S G min do x XV
min vertexdegree in G

a Prove K G 8 G multigraphsG V E with10122

b Prove K G 8 G simplegraphsG V E with10122

We'll see later fromMenger'sTheorems how
to

compute K G K G andalso that K G K G

DEFINITION A multigraph G V E is called

b connected

2 connected
when it is 2 vertex connected

abitck i e connected and containing

no Enthetices x EV
1 vertices forwhich
G hasmorecomponentsthan

When G is connectedbut not 2 connected K G 1

one definesthe blocks G Vi E ofG byremovingeach

outvertex X X2 Xe andcreating a new copyof Xi togo

ineach new componentthat removing it
creates Onethen

records how the blocksGi attached atthecutvertines

withthe bipartite blockcutvertex tree of G



EXAMPLES
G IF

a block

G
is not itself a block

EXIY.iq on
cutvertices
XX2XzX4
creating

44 6 blocksG.GGGPs

block cut vertextree

7 Gy
G

eyzi I if
4



ACTIVE LEARNING

Explainwhy the block out vertex bipartitegraph
is always a tree

Manygraphalgorithms as their

firststep use breadth firstsearch on G

to finditsconnectedcomponents

within eachconnected component find
its blocks

and block cut vertex tree

Analgorithm of Hopcroft Taijan 1973

doesthe latter quickly



THEOREMS Menger 1927

2 Areedge versions

Fix a digraphD
V A

ormultigraph G
V E withchosenvertices s t EV

Then itrequiresremoving atleastkarges
to destroyallheated s t paths

k are disjoint paths s t

edge

Yoyo of
2 Vertex versions
Assume samehypotheses excepts t and

s t nonadjarent

Then itrequiresremoving atleast
kvertices

to destroyalldirected s t paths
undirected

k vertex disjoint paths s t

0g
k 3

o o
t

Yoyo of



COROLLARY

For k 2 G V F is k vertex connected
k edge connected

10122 and between any site
k vertexdisjoint paths set

In particular K G K G since

vertex disjoint paths are alwaysedge
disjoint

proofof Menger'sTheorems

Digraph are version

Given D V A and s tev assigncapacities

c a 1 a EA andapplythe MaxFlow Min
CutThem

S ng 5 g g
to a maxHow f
withallflat 2

7

01 vo 17 gsoHalth.is
A flow f obeying c with ulf k is the same as

k are disjoint s t paths

An s t cut 5,5 with 5,5 k is the same as

a choiceof k aris whoseremovaldestroysall sit paths

Hense MaxFlow MinCut is Menger in this case



Undirectedgraphedge version

Given G V E create D VA
via 09 my 70 09

a'e

andagainassign capacities a aeA
One can checkthat a max flow f obeying c never

uses flowalongboth arcs aread that camefromsome e

andhenceagainMaxFlow MinCut is Menger
here

EXAMPLE S
o ot r

t
G

o

so 0
7

Digraphvertex version

Given D V A ands teV create D Vt At

havingfor eash x V sit two
vertices Xin out as

follows

iii



Againassigncapacities a at At
and applyMaxFlow MinCut to DJ
to any max flow f with values fla e40,73

EXAMPLE 1 1

D D in

its

g yi you I Zini

It's still easy to see that such a flow f with
u f k

corresponds to k are disjoint set paths
in Dt

whichcorresponds to k vertexdisjoints paths in D

Onehas to be a bit more careful to check that

an s t cut A 5,5 in Dt with a S5 k v4 can be

altered to give one that only uses ax
are Son

bypushing
theother aris forward or backward

Then the s tantsACS5 usingonly ax avis

correspond toverticeswhose removaldestroys
all s t paths



EXAMPLE

5push

my
www

whichcorresponds to x y whoseremovalfrom

D so t destroysall s t paths

y z

Graphvertex version

This version follows from
the construction

of 09in

ms m

type if
G D D

similarlyto the arc edge versions Ty



COROLLARY For a multigraph G V E

thevertex andedge connectivities

K G K G

can becomputed in polynomial time

as K G 1Ev EatT.gg prffGs.t
K G r metastasis fast

using V instances of Ford Fulkersonalgorithm


