







































































































Vertex edgecolorings and perfectgraphs
Bondapi.MYchop6

Schrijver57.4

DEFINITION Given G V E a simple graph

an assignment f 11,2 ok

is called a proper vertex
k coloring if

A fly edges e hxig eE fly

G chromatic number ofG

min k a proper b coloring
ofG

EXAMPLES

FEET 3

f
n for mar

5
Kn completegraph

Gap

if n is even

3 if nisodd cg



X G X G V1 for my V'EV
vertex indued subgraphofG on V

e g V E
G It

where E e xy E x.ge E

hasG 5112341 254

In particular X G w G max cliquesize

max k KE G V for
some Ev

For fixed k 3,4 5

deciding whether X G k is NP complete

In fact deciding G 3 was on

Karp's 1972 list of 2 NP complete
problems

ACTIVE LEARNING Prove these

a G 1 G has no edges i e E

0

b X G 2 G is bipartite

G VE contains no oddcycles

oE E ie Cake E



One can get an easy upper bound on G

in terms of vertex degrees from the greedycoloring

algorithm Order V x x2 Xn

and then for i 1,2 n assignvertex x color

f x min 2,3 __ fix ÉÉ

I e xi gets assigned the smallestavailable color

not usedbyanyof itsneighbors among x x2 i i

EXAMPLE

G 1
with V ordered 1,2 3 4,5

gets greedy coloring

III cases

COROLLARY

G i max degaqxma.fi y
i ta in

t.EE vertexdegree in G



We saw kn n 1 1 Ka EFI is
Ca 3 Δ a if c

Surprisingly in all other cases one can doslightlybetter

THEOREM
For a connectedsimple graph G

Brgf
unless G kn or G Cn for n odd

G Δ G wax vertexdegree

proof Assume GFK and G Cn for a odd

We'll show G G by induction on V1

CASE1 Δ G 1

Then G connected G 00 K2 so G 2

CASE G 2

Then G connected G is a path or even cycle

an D
G G



CASE 3 Δ G 3

SUBCASE 3A non edges x y E

the graph G ly is still connected

Pick ZEVachieving degg z Δ G and

thenfind 2 neighbors x yof z in G with g E

suchxy exist or
else G Kacan
x X1

20 0Y 72
o d o o

0

Color G via greedycoloringusing order
like this

X1 X2 73 Xy 7 Xu t Xyz

connected lumber so that each of
byassumption thesefinalsegments isalso

connected in G
picka spanningtree Tin

G 4 3 xu Xu

andph ik off leaves 73 Xnx



Then f x 1 f y
f xj e 1,2 __ Δ G forj 3 4 oh 7

since degalyx A G 7 because

has some neighbor among55 1Xita in

andfinally flz Δ G since itsneighbors

x y have f x n fly

SUBCASE 3b G has a cut vertexxe V

ms

0
in

G G Gr

Eachof G 02 Gr has Gi Δ G by
induction even if some G Ks

since then s dega xi 1 A G 7

Change thecolor names in aproper ACG coloring

ofeach Gn02 Gr so thattheyagree on colorof Xi
and glue them toget a proper ACG coloningof G



SUBCASE 3C G has no ant vertex that is

it is 2 vertex connected but has a non edge
x y E with G 4 3 ly disconnected

Picture ox 0 1 0 2

6

00 0 0
Og mf by

0 1 0 2

00
Note
dega dego.la If sag
degaly deg 92 21
otherwise x or y would

be a cut vertex in G

induction on V applies to GTGt and theyhave
proper Δ G colorings with f xi fly so they can
be re colored and gluedtogether UNLESS



one of GTGt is a complete Kaco 1
can'thavebothGiGI beingcycles since Δ G 23

If G Kaco then degg
x 1 deggly

and one can form bothof these 20

properly

Yhq
Not colorable

with f x fly

v

is

ECFotorable
by induction

One can re color and then glue these proper
ΔG colorings of G and 62 12,924 toget a

proper Δ G coloring of G withFG fly D1



Edge coloring BondyMurty Chap6

DEFINITION Given G V E a loopless

multigraph an assignment f E 112,3

is called a proper edge
k coloring if f e fle

edges e e incident
at some vertex v

G edgechromatic
number of G

min k a properedge k coloring
ofG

EXAMPLES

X É s
20 0

X c
2 if n is even 90

3 if u is odd
203

9020,0

One can see that X D
vertex degree

ACTIVE LEARNING Compute mopies

X E X 11pm
M 1

4 2
hmcopies



It is again NP complete to compute X G

in general but even more frustrating due to

THEOREM Vizing1964

BondyMurty For any simplegraph
G

Thm 6 2

G X G Δ G 1

and more generally for anymultigraph G

G X G Δ G M G

GETS
c g X ff.im 3m

Eat o
Vizing'sTheorem is not so hard to prove

but

we'll skip it see Bondy Marty for the proof

However let's showthat bipartitegraphs
have more predictable X G

THEOREM Konigs Line coloringTheorem 1937

For a bipartitemultigraph G X WY E

X G Δ G



proof Given a bipartitemultigraph G

one can add vertices and edges until it

is bipartiteand A G regular

Y X 91

yaG
xaq.gg

my É
xnx.gs30 730

yy
Xy 94

G 4

In this new bipartite G regulargraph Gᵗ VTE
we've seen one can decompose its edge set

E M W Man WMaco

into Δ G perfectmatchings whichgives a

proper edge Δ G
coloring of Gt

and restricts to such a ΔG coloring for G 1



Perfect graphs Schrijver57.4

Berge 1963 noted that severalnotable

families of simplegraphs G V E

hadequality in the obvious inequality

G w G may me

were closedunder taking vertex
induced

subgraphs GLV for V EV

and their complementgraphs G

also seemed to have this property

He formulated this as a definition

DEFINITION Call a simplegraph G
V E perfect

if V'EV one has Glu w GCV'T

EXAMPLE G d
1 has G 3 0 G

38 but contains
G GLV

20 03 with G 3 2 w G
so is not perfect



EXAMPLES

BipartitegraphsG are perfect since either

X G 1 W G if G has no edges 0 8

or G 2 W G

and allof theirvertex induced subgraphs

GCV are alsobipartite

PROPOSITION Complements G of bipartite
graphs G are perfect

proof withoutlossof generality
can assume G

has no isolatedvertices since such a vertex xo in G

leads to a vertex to in G connected to all ofV 4 0

so that G 1 6 1 3 G

w G w G 1 01 G
andsimilarlyfor all GI



But then one can note that

w G G max sizeof an independentable
set ofverticesV V in G

is a state

while G min k G has apropervertex
k coloring

min k V V Vaw NUwithViindep.inG

1 20 yetc fertion verticfork

38
0

20 o
min k V VUKU UVpwithViindep

inG

min k V.V Ubu UKwith.iefsinG
V orY xg

an edges

sinie Gisbipartite
min k V V uV20 UpwithVi xyedges in G

since Ghas no isolatedrenties
min sizeof anedge cover FEE in G

p G α G byKonigEgervary GallaiThingy



Recall for a multigraph G V E

its linegraph lineG Vlines ElineG

É 4 ee'areincident
tosomex VinG

PROPOSITION G bipartite lineG is perfect

proof Forabipartitemultigraph G

note w lineG Δ G
slights Entangles 1

This is
Konig'slineColoring

lineG X G
Theorem

g og b

G i o ya mus a d G
o e c

y2 93
f

Also linegraphs are closedundertakingvertex
induced

subgraphs they correspond to linegraphs

ofedgesubgraphsofG 111



PROPOSITION Gbipartite lineG isperfect

proof Note w lines a lineG v G

mask Into ms.ee

eamayzemitgwhileX
lineG min k VineVin dk viiftp.t

i e a
TimeG

min k E E W WE eachEi edgesets
sharing a

again sameslight
common incident
vertex in G

subtlety Ghas
no triangles

min sizevertex over WEV in G

T G

V G byKonig Egervaryagain 11

These andotherexamples offamilies of

perfectgraphs closedunder
Gams G

ledBerge 1963 to two conjectures

First note theodd cycles CsCa Ca are notperfect

since they have X Cn 3 2 wCn



CONJECTURE
WeakPerfectGraphconjecture

G perfect G perfect

CONJECTURE

StrongPerfectGraphConjecture

G perfect G has novertexinduced

subgraph G GIV isomorphic to Cn or

for n 5 7,9 odd

i e no oddholes and no oddanti holes

Cso I 0 Cs
O O O O

270 0
0

C
0

0 0



Lorasz proved theWeakPerfectGraphconjecture

byprovingthefollowingstrongerstatement

THEOREM G asimplegraph is perfect
Lorasz 1972

every vertex induced

subgraph G GLV has

EE E E
proof

Foranygraph G
one has G G V1

because a proper XG coloringdecomposes

V V w Vw W Vx with VEV indepsets

so v1 1ha G G

HenceforperfectG one has G V1

and the same inequality is inheritedby
all of its vertex inducedsubgraphs G

since they are also perfect



differentproofbyGasparian1996

Suppose G is notperfect but satisfies x

and has n V1smallestamongallsuchexamples

We'llreach a contradiction

Weknow X G w G butG'isperfect GEGLV G

Letting
we'll use linearalgebra to

produce the contradiction
as follows

We'll constructindepsetsSoSn Saw in G

and cliques Ko Kn Kaw in G

with kinsjl 29fi jfNotEaigtE a.Eprets

Thiswouldimply that their S K

om incidegg matrices ix

aight
and B

by
k

Kau is
whereV 3 1 Xa in

satisfy A BT Ikins if



That is ABT
Evgeni

t.iiita.mn
ABT is nonsingular no zeroeigenvalues

rank ABT aw 1

rank A rank B αw

n aw 1 Contradiction to x

To constructthesets S K

first pickSo XaXa anyindepset achieving So
x G

Thenforeach So since G is perfect and

w G 43 a G w one can disjointly cover

G 4 3by G 13 indepsets Assemblethese to

produce Sn Sw covering S 5 3

Scott __ Saw covering 423

Skin Saw
coveringSo

Wethen CLAIM SoSn Saw cover eachyeV
exactly α times i e y lies inexactly

α of them
If y So it was covered on ieforeath xeSo

If yeSo it was covered oncefor
each xESo4g once inSo



Next weclaimthatforeach.fiIn
as w G Si w w G

otherwise Gisi W GIS w G 1

GS perfect

and then G w G bycoloring S its own color

contradiction to G W G

Thus a clique Ki of size w in G Si
ie Kins for each i o y aw

Lastly weclaimtheinequality Ikins 1

is actually an equality Ikins 1
1 becauseofCLAIM

if Ki y 92 Yo then the α differentsetsSj

containing y mustbe
chosenamong So

Sn Saw Si

andtheymustall bedifferent from
thosecontaining

92,93 __ ya Thisforces KinSil

REMARKS

Berge's StrongPerfectGraphConjecture was later

provenbyChudnovsky Robertson Seymour
Thomas12002

in a paper of about
150pages B



Gritschel Lovasz andSchrijver 1981

showed that for perfectgraphs G there is

a polynomial time algorithm to compute

w G X G andfinda proper X G coloring

usingthe ellipsoidmethod
in linearprogramming

However it is not really a combinatorialalgorithm


