
Math 8202 Fields and extensions DIF chap 13,17

Studying how fields sit inside each other
turns

out to beuseful in solvingequations among otherthings

DEFINITION A fieldextension IK or 1
is an inclusion IFEK or

equivalently a nonzero map 1K

since thisforces Kerd o imy EK

A tower of fields is just a sequence F C ICBC
Note CIK makes K an IF vectorspace

and one definestheextensiondegree 1K IF dimelk
allowing K IF 0
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We aregoingtobuildfinitefields Fgwith Fg p
forprimes p and d 1,2
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The notation CK IF is suggestiveof index G H GHI
in group theory and of this fait

PROPOSITION In a tower offields i de

one has 1 if 11 ik Ckd F allowing o's

since an IF basis kibiet for 1k give
an IF basis for 11

1Kbasis x je for I kiti

In particular 1K F kilk bothdivide H IF

proof Straightforward
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Everyfieldextends asmallestfieldwithin it

PÉÉdsÉdi for a fieldIF theunique ringmap

2 4 IF either has Kerl p2 and imy Ip C IF

T.tt for some prime p
calledthe characteristic char F p

or Ker4 40 and imy 2 CIF

generating a subfieldisomorphic to Q inside
IF

and one says char IF 0

In either case Fp or Q is the smallest subfieldof

containedin anyother generatedby
113 calleditsprimesubfield

proof Since im e C IF a domain in 6 is adomain

Hence 2 Kerce im 6

Ker Q c 2 is a primeideal
soeither 03 or p2

for some prime p Therest
follows 1

COROLLARY A finitefield alwayshaschar F P
a prime and cardinality IF pdfor d Ip
proof I 4 I cannot inject if is finite

So imy Fp CIF and IF Fp for d dim
p
F

IF Fp 1



How to buildthem

Samewaythat webuilt from IR by
adjoining a root i for the irreducible 47 IRK

that had no roots in IR

amaximalideal since
41irreduciblepackagedRex

e i c
IR

x ̅ I i

PROPOSITION If f x EIFL is irreducible

then 1K IFfx fix is afieldextension
in which α x ̅ is a root of fly e lkly

IF

Furthermore K IF deg f d

since 1K has IF basis 1 x x2 α

proof f x C x is prime somaximal

so 1K x fix is a field and α x ̅ has

f x ̅ F 5 in k and Ikhas IF basis
5Tx ̅ x ̅ x ̅ 41,4 d 3



EXAMPLE Weclassifiedlowdegreeirreducibles in 124
degn deg 2 deg 3 deg 4

4 1 Xxx 1 4 1

I 31 41 4 3 1

4 3 4 1

we can build finitefields

Fy 11263 1 4 1 with α x ̅ satisfying

am fi
n

0,1129

Fg 151 3 7 1 or Fg 11211 3 21

Laterwe'llsee why Fg Fg asfields
because all IFg ofsamesize q pdareisomorphic

This viewpoint also helps us understandextension

degreeswhen wegenerate subfields insidebiggerfields



DEFINITION Given CK and Elk

let IFLa smallestsubvingof 1Kcontaining IF α

x smallestsubfieldof 1Kcontaining IF α

so IF IF x x 1K

and similarly for x 19m given α 12m K

a 1am

Extensions IFC a are calledsimpleextensions

EXAMPLES
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Thereis a dichotomy in simpleextensions

PÉ s ion Given an extension IFC K and α EK F

theringmap IFCx
4 1K

definedby I α

so fix I fix

either has
KerD 30 inwhich case α is called

transcendental over e.g TIER Q

and one has IF a IF a 1K
115 115

polynomy Is 2 IF x
rational

tri
or Kerf my x c x for some

unique monic irreduciblepolynomialma G
C Fix

calledtheminimalpolynomial of α over

In this case α is calledalgebraic over IF

e.g α RE R Qhas

Ma 22 QLD

and one has IF I G 5,9 1k

x Ima X



proof WhenKerl 101 Q is aring isomorphism
1klx ima FX

so F α 1klx But then Frai Fca x

Frad FCx x

When Kerl 403 it's an ideal in x

But incl Clk implies int is a domain and

Flx Kerl im 4 implies Kerl is aprimeideal
in Ffx But then it is also maximal in x

so α x Kerl is a field

and asubfieldof1K containing IF α so IF α F α

Namingthe monic generatorMa fx for

Kerl Max the restfollowsfromNoether's1ˢᵗTI

REMARK In a tower IFCIKCH any Elt

will have Mx x dividing my x in 1K

EXAMPLE Q Q F Q 4G a α 452

has Maf Q x 7257

dividing my Q x Xt 7 EF 1457 in A E



COROLLARY A simpleextension 1K a

has is algebraic over

extension

proof We've seen α algebraic over IF
a IF degma 0

Conversely if x IF d o then

1 x x2 αᵈ 1 αᵈ are F linearlydependent in x

80 co Cde with cote a 1 2 lad 0

i e α is a root f x Ifcix e IFF

COROLLARY Anextension 1K has CIK finite

1K 91,92 αr for finitelymanyalgebraic
elements α or Elk

Inthis case K IF

gff x

proof If CK IF 0 show 1k α Ar

byinduction on 1K IF Either K IF or



α flk IF so one has IFG IF x Elk

andby induction on K x one has

1k a Karan

effite
consider the tower

IF IF α CIF9,02 c C α 4 a K
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degma x Fca IF
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