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The class starts with some advancedlinearalgebra
and then focuses on rings fieldsmodules

DEF N A ring R is a setwith two binary

F198th operations

making Rt R an abeliangroupwith
identity 0

with R associative ab c a bc

and having amultiplicative identity 1

but notnecessarilycommutative and notevery
reR has a multiplicative inverse

distributes over
9 state



Call neR a unit if it has a 2sidedmult inverse

i e u'eR with u i I u

One calls RX units ne R with

the group of units of R

c

pommative 9 1 18
gjEa

rings
V c C REFIT
fields i e all nonzero
commutative no Intentdivisionrings
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si Y i divisionrings



EXERCISE Why is Qli afield
Who is et bi in Qci if a b are notboth o

EXERCISE Who is a bit cj dk in Ifl

if a b c d are notall 0

EXERCISE Prove 2 113

21 411,1

HI 1 i t.si 3 Etapnion

EXERCISE Prove IR x IR x y RX R 40

EXERCISE Prove IR f Gota x tax ageR

REMARK 2 Kli Rlx IR Cx

are all principalideal domains making their

moduletheory simpler almostas nice
as fields



Before more examples

DEF N A ring homomorphism RFSalgebra

is an abeliangrouphomomorphism Rt 5

so

fca f b

that also respects 1 and meaning j fla f b
Call it a moniointorphism if injective i e Ker f o

an epitrophism if surjective i.e.im f S

an isoniorphism if bijective

Agnstalgia Q
R is an additivesubgroupQt Rt

forming aringwiththe same
X 1

A 2
11 91

I R is an additivesubgroup II Rt
leftideal

also closed under 2 sidedmultiplication byany reR on

bothsides ieI reR ri in EI
left riet
right iret



For any ringhomomorphism
R S

u o
ker f im f

a f sidedideal ofR a subalgebraots

2 sidedideals I R are what let's one define

quotientrings R I Rt I 191 R

with definedby r I vI r r I

This is justlike the situationfor groups

group homomorphisms G H
U In fhave Kerff

anormal
subgroupofG

91kg9

normalsubgroups K G let one define

quotientgroups GK gif.geG
gik gak gigak



integersMORE EXAMPLES
f

2mdZom2 reduitionmodm J T E MTU
with t x followedby

mk taking remainder
modm

Ker f im f

EXERCISE 21mL is a field m p is prime
andthen we'llcall it Fp Hp

We'll laterdiscussthe ring injections

Fp Ipd 4pd7

constructingallfinitefields

Matrix rings Matnu 1k over a field 1k

all AEK
withmatrix and

o om f 1 I 18



EXERCISE

Matuxa lk contains

exactly 2 leftidealsgivenbyzeroingoutcolumns

e g n 3 Matsxs 1k 8

8 etc

exactly 2 rightideals givenbyzeroing
out rows

e s Matsx 1k

only 2 twosidedideals I Matrix k
and I o

EXERCISE checkthat the space

Tn uppertriangularmatrices

is a subalgebra of Matux lk



A quiver Q Q Q is a finitedirectedgraph
nodes ares

e g Q 94
Q0 112,3

Q ab c

and has a pathalgebra 1kQ over a field 1k

1kQ 1kvectorspacewithbasis allpaths

9,92 an havinghead ai tail ait
i

includingthe lazypaths e at each
node ve Qo

Multiplicationofthepathbasiselements is

by concatenation if possible zero otherwise

and then extended 1k linearly to all of 1kP

7 entest ten sum ofall lazypaths

e g Q
g egg

has 1kQ with 1kbasis



en a ab ab ab

ac abcabcabc

e b b b

be bt bt
C

ez

and some examplesofmultiplications are

efen efea.es ls repeaters has

eeggenegesesereaesbstpeeneates.to
a a eb o enc efteftesto.fi

aez a bez b cez 0 0 0

a c ac

C a O

abs Bc abk

n c testes c e2c c
c 7 c entente cez c



EXERCISE

a In Matun lk show the matrix units

polumn

form a 1kbasis

in.fi D i
b Theysatisfy Eijtke

c The uppertriangular
subalgebraTu

has Eij eigenas
alk basis

d Thepathalgebra 1kQ for thisquiver
Q

has an algebraisomorphism IQ Tu
sending 1kQ Tn

e Eii for 1 1,2 in

a Ei it for5 1,2 in 1



The freeassociativealgebra 1km xu

on n letters x Xn over a field 1k
has a 1kbasis givenbyallwords

Xi Xii Xi

in the alphabet Xi xu withmultiplicationof

two words by concatenation

Xiii Xie Xj Xj Xjm tipisXieXj iz Xin

EXAMPLE
1kax g has1kbasis

1
Ey Ey

__

xy

Why freeassociatvealgebra
It has a universal property
Given any ring R with a ringhomon k R

and a setmap fix

a r tin



there exists a unique map taxi in
R

making this diagram commute

xp_É IR Σ cipziititiir.ie

Y.lk xn5 F

Iii ieXipizXie

EXERCISE Prove thereis a ringisomorphism

112am and IQ forthe quiver
pathalgebra

Q 05assending X an

n
aim

REMARK Later we'll see 1k xn __ Xn is

isomorphic to the tensor algebra

T V T v where T v n foldtensorproduit
V0 V

and V is a 1kvectorspatewithbasis Xn Xn



For any groupG and field
1k

the groupalgebra 1kG has a 1kbasis Tg gegring
thatmultiply via TgTh Tgh
which one extends 1kbilinearly to all of 1kG

Easts Eat Eyestants

Ea Ei
t

A presentation for G via generators andrelations

leads to a presentation for 1kG as a quotient
of a free associativealgebra

EXAMPLE G 11g g gm 21m22 cyclicof
order in

g gm
1 7

has 1kG Tgi 1124

77 dealgenerate
via Tg 1 x by 1 in Kax

Tgi x



g
A noncommutative
EXAMPLE Dm dihedralgroupoforder 2m

linear symmetries of
regular m gon

Dm s c 5 1 cm 1 ses T
S

s e 5 1 cm 1 sese 17

has 1kDm

ask.IEglby4s21
cm.i sise n

in k scY

REMARK We'llhopefullydiscuss later

representations

G Gln k left 1kG modules

of thegroupG

representations

Q Q Q

left IQ modules
ofthequiver


