
 

Math5251 Polynomials Chap 10

ACTIVE LEARNING

G Compute 25 in 24103

2 Can you compute

GOD Xxx XI n in El x

Try Euclid's Algorithm

Infact the same things weprovedabout

division Euclidean algorithm in 2

also work in FL x where IF is anyfield

like F IR Q Q Fa p
pprime

and foressentiallythe same reasons



PROPOSITION Given fix glx E IF x for afield
IF

there is a unique q
x rex with

fix q
x get t ra

and o s deg r deg g

proof Use division algorithm got

to find at least one such quire
To see uniqueness suppose

f x q G ight
r x

go go try
with osdegir degas degg

Then subtractinggives

Eight jÉ
if q 82

q 92 0 ri ra ie qq.FI B



PROPOSITION For any f
x glx e FA with IF

anyfield
there exists d x e FA with

EIYI.IEgF mIIesotan
a b e FA

and dex is unique if
we further insistthat

it is monic meaning dG x't drx t dptdo

for some dodi dr EF

Then we say dat GCD
f x g x since

dex is a common divisor ofbothfix g x

any other
common divisor eft off x g x

has e x d x

Also F ak b x e FA with

a x fix t b x ga da

and one can compute da viaEuclid's algorithm

and compute aft b x
via extendedEuclid'salgorithm



EXAMPLE Whatis GCD Rex XII in IG

xHÉEx3 GCD del Xx

xXÉ
EDGE xxx

XP
II since

GIF XIII
anFYI

x

compare this
with these

factorizations inEly
x3 x x1 x3 x

a4 1 4 1

UCD is Xe XI

We'll come back to factorization later



Ent ofPROP Verysimilar toproof
that m2 tuk d for

d smallest nonnegative integer
in mkt nz

Now we let de be the smallestdegree

monic polynomial in IFA fat IFGJ.ge

Then similarly show
FixJ d G FAT FAT LFAIg x

and d x has the otherproperties A

REMARK IFbeing a field doesplay a role here

Forexample I is not a field and

in KAI one can check that

KAJ X 261 2 KAJ d x

fix
get
for any polynomial

da



Euler's and Fermat's Theorems 56.106.9

some amazing features of our finiterings74m

DEF N In a ring R the setof units is

Rt ueR u has a mutt inverse ri
i e U W 2

EXAMPLES

1 Fields IF are exactlythe rings

forwhich F o

So IRI IR 103
Q 103

Q Q 03

Ifp Ifp 103 if p
is prime

2 2 In K Lo

3 4 121 414,314,561,789,14 1
7 57,12

so 4112 11741271 4
Eulerphifunction



DEF N The power
table for41mF lists

i for it 1,2 41m

EXAMPLE M 12 4127 1,57,11

x
tower

y 2 3 4 4112

2 1 1 7 1

5 5 1 5 7

7 7 1 7 2

11 11 1 71 1

ACTIVE LEARNING

G Write down 24m and itspowertable

for me 56,7 Make a conjecture
based on this

2 Try to factorthesepolynomials
asfar as possible

Xx in IEA
X X in IF x

X X in SF x



THEOREM In aring R where R
is finite

say of cardinality
N R I one has

UN I f ne R

I Take R
24m so N 41m 174m71

COROLLARY 7

Euler's Thin
Every a e 74m

has 241m 1 in 74m

I
Let m p

a prime so N Ocp Kp
74 103 p 1

COROLLARY 2
Fermat's little th m

Every d e IF Xp
Fp To

satisfies aP 1

Consequently every de Ifp satisfies aka

is therefore a root of f x XP X



proof of THEOREM

A clever idea listtheelements of R'as n I rn

e g R 7412 R 94127 1T J F IT N 4
T T T T

Fix some MERY forwhich we want to show u 1

Notethat multiplicationby u is a bijection R IR

Why What is
the inverse bijection

e g v5 R T T T T

J malt bya 5malt by 4 5 I

EERIE
ur ur UryUry

Therefore weshould have

r ra ri Tx un una arm n rig k
a ER

Imit ri
1 UN B



So since f x XP x has every at Fp
as aroot

for p prime we'd like to
conclude we can factor

XP X
Epix

a in Fp x

eg X X x x 1 x 2 x 3 x 4

and that this factorization isunique since

each factor x x is irreducible

Ican'tbefactoredfurther

Does this work in FpEx

Disturbing cautionary EXAMPLE

Let fix x2 5 X x x 5 in 216 x

But also fix x 2 x 5

x2 5 5 5 1 5X

So x x 5 X 2 x 5 in 746 x

No uniquefactorization

Also f x has 5,5 5,5 as distinct
roots but

is notdivisibleby X o x 5 x 2 657 1 57



Nottoworry Fp being afield
fixes bothproblems

PROPOSITION When F is a field and f x e FA

that has l distinct roots as de Elf will have

f x x ai x de g x for
some ga e FA

with degg deg f l In particular
le deg f

so f x can't have more thandeg
f distinctroots

proof Induction on l

BASECASE 1 1

If a elf is a rootof fix usedivisionalgorithm

x a It
towrite fat ex a get r

with Osdeg r y
degx ai

Is deaf Instant so re

But then o f a la a glad er

o r

fix x ai q x
with deg q deg f n r



INDUCTIVE STEP Assume l 22

Since an de are distinctroots of f x we

know by induction f x x ai x xp g x

where deg g deg f er

But since he is also a
rootof f x

o flae ke n ke de i g de
6 Io

malt byGe ai kedeit
fusing IF a field

O glae i.e he is a
rootofgtx

Hence g x x de g x

and fix x ai x de i g x

x ai x a e ex de g x

where degg deg j i deg f l l l

deg f l B



Whataboutunique factorization in 1 1

First what should it mean

DEF N Say f x
IF x 10 is irreducible

if the only factorizations
f x g x h x

have either g x
or h x ofdegree0

meaning
a scalar in IF

EXAMPE x 1 1 4 1 in IR

is not irreducible

but
1 are both irreducible

even though X 1 2 2

x2 x 1 3 1343 3

Uniquefactorization into irreducibles
in IF

means one can write
f x f x f x fr x with fi irreducible

uniquely up to re indexing
or factoring out

scalars in IF



EXAMPLE X I X 1 Ext D
Xxx x 1

2 2 2 2 EX E

does not contradictunique factorization
in RG

they are all
consideredthe same factorization

Thekeyhere is a property of irreduciblesin Fix

similar to primes p
in K

if a prime p lab then pla or p lb

EXAMPLES
nothing g 15 120 but 1248 12415

r

while 3 8 15 120 forcingXX or 3 15

prime No YES

2 In 7261 1 X I is irreducible

and x x 5 4 211 5 but x f x I xfx5



PROPOSITION If F is a field and f x e FA

is irreducible then f x gG h x

f x glx or fix h x

proof
suppose f g h but fXg

We'll show ft h
Let dG GCD ft get
Then since dlf and f is irreducible
either date or dxh.fi

Can'thappen
else textdo g x
but ft g

So I dG GCD fix glx
I aG felt beglx

for some
a be Fl

multiby h x

h x aG fix h x bagG h x

Y ItÉht B



COROLLARY For a field everyAx e FA
can be written fix tf x fr x

witheach fi irreducible uniquely up to

reindexing and multiplying fi by
scalars in IF

roof Existence of some irreducible

factorization is pretty easy by
induction

on deg f either f is irreducible

or factor it fi g h with degig degas
so

I
deglg deg h deg f

I induction

gig ge h hi km
each gi hj irreducible

k
f g gety hm



For uniqueness also induct on deg f
Assume f f f fr g g gs
with all fi g irreducible

Since fi f f gig gs either

f g or f gigs
µ
frog
forsomecepx

Keep
going

Eventuallyyou
conclude f egg for some celtand index j

so re index tomakejet and
rescalethega g to

make fig Then f f f fr
f ga gs

so off fr fgigs f fi fr ga gs
anonzero
polynomial.nl

x1Tismustbethe
Zeropolynomial

fi frig g and byinduction on degree
can re index andrescaletomake res fig B


