
 

Math5251 Minimumdistance
linearcodes Chap I2

RecallShannon'sNoisyCodingTheorem said
we

could find qany
codes C c 2 so 8 121

whosewords all have the same length n

called the blocklength of C

haringhigh q any rate logged
wheremy

andprobability of error in decoding w an no

bypicking the m code words of C randomly

This makes it tough to do minimum distance

decoding that is decode a received

y go yn as x x i xn where

X is any
word in C that minimizes the

Hamming distance d
x y fi xity i



Our ability to detect correct errors this way is

controlledby

DEF N The minimum distance ofcodeC is

d d e min day x.geC
x y

Call an n m d qany ode

if u blocklengthof its words

m C

d d e

q 121

PROPOSITION An In m d q any ode can

i detect up to d i errors

ii correct up to 1
errors via min distance

decoding
cgreatestintegersdj



It will beeasy to prove
but first let's see

EXAMPLES

1 000 no not non

C E wordsoflength3 using 2 42 10.1

is a 3 4 2 2 any code

n in binary

length II
die

that can detect a f d r bit errors

but cannot correctany
errors at all Why

and o 1 111

Note that it is a paritycheckcode why

2 This 3 fold repetition code

C 000 111 222 333 444 C

3

is a 3,5 3 5 any code
that can

detectupto 2 errors correct tenor why
d I LI



The 4 foldversion of the repetition a de

Cy 0000 1111 2222 3333 4444 C

is 4 5 4 5 ay detecting up
to 3 errors

d I

still correctingonly tenor

Es
The 7 fold version

Cy 0000000 I 111 l 1 2222222 3333333 4444444

C Et
is 7,5 7 5 any detectingup toguenons

correctingup to 3
errors

LEI

proofof PROPOSITION Assumed C d

Then any sentword x
aC corruptedby noise

to a receivedword y with
s d l lettersdifferent

willhave d xg ed i d C so y C

and recipientwill detect this

If the received y has LI lettersdifferent
from the sent x



then x is the unique word in with

d x y s 1 1 else f x e with x'ex

and dix'sy s 1 1

so dex x e day dly x
M day daty

symgety

HAMMINGTRIANGLE DISTANCE
INEQUALITYholds s Ldf dy
forHamming
distance why I did dj sd i d

contradiction d d C a

Linear Codes

Computing d C and doingmin distance

decodingturn out tobe
much easier when

we pick Cc Fg
where Iq is a field

with q
elements and is a k dimensional

linearsubspace inside Fg



NOTATION Such a k dimensionalsubspace cfg
is called an n k d Fg linear code if d de

and it willturnoutthat male qk so it is

an n qk d g any
code in the previous

notation

What does this mean

Recall linear subspaces c IR forsmall n

n 3

n
n 1

2 2

T L y
IR

a g
s y

IR
LL

y
L 1123

o dimensial v asubspace dimensional
o subspaces 7theorigin linesthrough

L

2
dimensional

subspaces

planesthrough
e



We can similarlytryto visualize linearsubspaces
inEg for small n

gof I 7 o n 2

181,111,131

repetitioncode
is al dimensionalsubspace

I a linethroughe in E

Fs

EI
s

4 0

wraparound
Cell lilI aia 131,111

o n z s y a f dimensional

subspacein EY



of

9 11,111p
Y our 2 any

parity checkcode
1 is a 2 dimensional

42 subspace of zP
It's aplane

through with
00181

a
equation xp tax 0

in IEP

Reviewof linearalgebra and
vectorspaces over afield 12.5 12.6 12.7

A 1 A 2

DEF N A vector space V over a field Fagans

is a set with 2 operations with

Erectors operations vectoraddition t

Vx V V
V W to Vfw

and scalarmultiplication
Fx V V
C V or



satisfying some reasonable axioms that we're

used to from U R and IFR

e g is commutative ut w wt v

associative
has an identity

Ctu tw at law

Qt V V

zerovector Q
hasinverses

Hve

Scalarmult and t distribute overeachother

cut w cut cu

f c v cut c'u

Lastly I elf has i v v FreV

A linear subspace WCV
isjust a nonempty

subsetclosed under

addition vis v and scalar malt

so Wis itself an F vectorspace

An Iq linear code is just
a subspace e Fg

where F columnvectors II xie if
e

withusual and scalarmalt a finitefield
withqelements



I HEFEI

I FEE

EXAMPLES

a Forp a prime
the p any n foldrepetition

code C C Fp
is the linethrough a consistingof all

Ip scalar multiplesof that is

C I 1 1,111,41 1 Half c

E



2 The binary singleparitycheckcodeoflength n is
2 any

C 4 XieE X txt ex no in E C II
I

i e evenlymanyXi are n s

n 3 e 181,111,111,1
42 O

98
El

na c 11 1,111,111,111,1 1,11,11 113
of

I o o o o o of
0
E

Q Why is thesinglepantycheckode
C CE

always a subspace of E



Spanning linear independence
bases dimension

DEF N For a subspaceW C V a vectorspace overIF

say we wine W span
W ifevery weW

can be written w quit to mum Ifi wi
for some Ci E IF

EXAMPLES
a The n fold p any repetition

code Cc Fp

is spannedby n times

or byany E with c eFp Fp
lo Why

2 The singlepantycheckcodeoflength
3

C 181,111,111,1 C E

is spannedby 1 1
since 1 1 0 1 to l

19 a Holeat



DEF N Agenerator matrixGfor a linearcodeC

is anymatrix
whose rows spanC
Crow
vectors

that is C is the row space of G

EXAMPLES

G p any
n foldrepetition ade Cc

has generator matrix

miss
2 paritycheckcode C

181 111,1 IDa

hasgeneratormatrix

G L lo G l Gl

it on42 O

8181 x



DEF N Say ri umEV a vectorspace over

are linearlydependent if
F on an elf not all o with Gv t t gum

Otherwise if civil gum forces c emo

say Vi mm are linearly independent

EXAMPLES
Q is always lin dependent

v Q is always 1in indep

Y s are lin dependent beer for
some Ce f
or

NFCV2
i e theylie on a

n V2 24

ammo line thatY

ike o so131,12 are

are dependent
Y K dependentoil

in Est

E
2 0 7 2 I 4



Y rain are lin dependent

they lie on
a common planethrough a

n

y
y yo

Added
I I

DEF N Say we we are abasis forW CV

ifthey are lin indep
and span W

EXAMPLES

1 is a basisforthepanyrepetition
codeCcf

2 Thepantycheck
codeC 181,111,1 1 E3

has bases 111,111 111,1 1 111113



SOME LINEAR ALGEBRA FACTS

familiar when IF IR or C but work

over all fields

Every in indep
set in W is contained in abasisforW

Every spanningset forW
contains abasisforW

Every basis m in forW hasthe same size
n

calledthedimension n din W dim w

dim IF n since ei es agent

are abasis for it

W a subspaceofWa dimW e dinWz

EXAMPLE IF onlyhas subspacesofdimensions 0,1 2

n n n

IR
o s s s

IR IR
dimension O dimension n dimension2


