
 

Cycliccodes
14 2

Some of the more commonly used odes

have this form including Reed Solomon codes

Reed Muller codes

DEFINITION
AnEq linear

code C E Fg is cyclic if

it is Rowspace G for
a circulantmatrix G

that is one of the form

G
Co G ca Cn g

Cn Co Cn Cz Cn z

f
c co Cns

Note G is nxne not ke n with k dime

not in standard form
not of rank n

In fact we'll need to figure out how to

compute k dinge
rankG



Thekey will be this object
DEF N The generatorpolynomial for G

andC

is g x cot cixtgx't ten x E IA

EXAMPLE The cyclic code Cc Fg

having generatorpolynomial

g x It 2 2 42 3 x E IFA

It 2 2 7 2
3
1 x4 0 5

3

is the row space of

Ge
1 2 2 2 n o

0 1 2 22 1

1 O n 2 2 2

4 o n 224
2 2 1 O 1 2

22 2 1 07

It turns out that G has rank
4 k dim C so C is

an In k d IF linearcode

a Y
but this is not clearhowto compute yet



Thekey is for us to think about the vows of G

as coefficient sequences for polynomials
in

a new ring Fqlx x 1 polynomials
reducedmodulo

x I

whichhas avectorspacebasis n x x x

rt 2 2 3 2 3 4

22 E basisfor

a x x x'x xs 15631
6
1

1 2 2 2 1 0
town of Ge g x

0 1 2 22 A
row 2of G G xg

x

t

of remainder

row 6 ofG 6 59G here

F

i
What is this new ring and howdo weworkwithit



PROPOSITION For any f
x E IF x with

F any field there is a quotient ring

IFlxJ C f x IFA modulo fix

where t X are done in Fl x then followed

bytaking remainder upon
division by f x

So pt pact
in the ring IFA fo

p x palx have same remainder
on division by fix

fix pro Pse
Furthermore IFA Cfa is notjusta ring
but also an F vectorspace ofdimension

d deg fixD with basis I I 53 Id i

EXAMPLES
G Mgk x D for example

IF x x i has IF basis I I I353,5955

and our cyclic code C was a subspace inside it

spannedby ga xge x'g x x'g x x'gal x'go



2 Rtx
Ypg

has IR basis i I

atbi

and is really a disguised formof iat bi a b e IR

fan
IRvectorspace with A
IR basis i i

since in IRA x2 1 one has

at bx at de act bcadet bdt
I
at bi cti t act betad I bd

ac bd betad I

1
ac bd betad i

proofof PROPOSITION

Operations t x from IFA stillmake

sense in IF x fix and don'tdepend

on choosing representatives alt
b x foraid54



when computing a x tbh alata

at but acxbet

This is proven exactly as
we did it for

t x in I giving
t x in 21m21

Checkingthis makes x text into an

F vectorspace is alsoeasy

Whydo T
E I3 Id span IFA Cf

x

Becauseevery
a x e FA can be written

a x f x q x rex with Osdeg
r ed

Ttx t nd X
d t

act rot r It t ra Id Espan IT I Ed

Why are
T5,23 xd lin indep in FA fix

CoT t G Ft g X
t ed t

d t D in IFA f x

CTX There Cx cotcatget Cd xd

E E in IFA f x
C x o

a
l

d
coCe ca to D



How will thinking of our cyclic code inside

IFglx x 1 help us

DEFINITION

Given n and our generatorpolynomial

g x cot axt tch ex in Ig x

for our cyclic code C Efg
let gox GCD ga XY

h x gig hothixt thnx

EXAMPLE Above we had

gtx 1 2 2 7 2 3 4 in Efx with h 6

so g x GCDga X D
GCD 42 2 124 9 X1

1 2 42 divissippressed
Euclid's
algorithm and he Y YEE x 2 2
stepssuppressed



THEOREM Given g x a generator inFoix for

a cyclic code of length n with

g x GCDgk x D
Y as above then

he YI

i g x generates the same cyclicode Casg x

ii Ct RowSpace H where
order

1
Tent

ettiiene.tn

ha i hah
another

in decreasing

Nx n

i circulant
hn matrix

so Ct is alsocyclic

iii k dime C deg ha n deg gas



EXAMPLE Above we have with n 6 overIF
I 2 2 21 O

Ge
O 1 2 22 1

Gg x
2442

2
231 v40 x

1 O n 2 2 2

a n o n z generates cf

y nm qq.me
22 2 1 01

n deggas

6 1
agixk.EE

xeD

I 2xt1 x3o x
ox4O.x5

O O O n 21

1 O O O

a n o o 3 also generates C

O 11022
a h x

He
3 Toff's x x 2 2

O X 1 x 1
3 0.442 2

7 0 2 2 01 generates Ct

n k rank H dime's
deg gas



THEOREM Givengx ageneratorinFglx for
acycliccode oflengthn with

g x GCDgx x D Y asabove thenh x YE
i gx generatesthesamecyclicodeCasg x
ii

t Rowspacetherenotewe.ttenIestgher

soCtisalsocyclic
iii k dimeC degha n deggas

proofof THEOREM

LI We claim that
inside thering IgIx x D

multiplesFx get multiples fatget
of g xofget

This is because gtx and Fx are

multiplesof eachother in Ig x x 1

glx is already amultipleofg x GCD go x i

in IgIx so also in Fg x x i

F alx box e Fglx with g x aGgetbox
x2

since g x GCD gox x 1

so get act g x

in IgA x i



But we identified C RowSpace G

as C span
q
eightJio a in

inMax i

agtx a IgE t tan it get aoas anFI

Haitian g x fatget

multiples fatget
of gas

Hence g
x ga generate

the same cycliccodeC

We can assume g x g
x by i

Let b bnibn bb eff and we'll try
to check that be

t beRowspace H

Wehave be Ct b r o f rows r ofG

M bob bnJ r o f columns v
ofG

circulant
matriceshave b b bn G Q
their rows the
reverses oftheir b frownofG t bnfrown iofG
columns



bgatbpxg tbn.gl o in Iq x2

X Gotbit bn x
1

g x
in Fak

divide

HaeYI both xt tbn x inFH 5

Taithisbix

b x ahh a xh x t tan ex h x

for some
aitFg

bet aohcxltqxhcxt.n.tanixn.in
inIFqlxJ x 1

bob badeRowspace fight
hi

b lbm bbolero space

thatis beRowspaceH



Ciii rankG E deg ha because the coefficients

of h give a dependence among
the last degh 1

columnsof G and hence since Gis circulant this
lets one expressany

columnofG in terms of the

last degh columns

Swappingroles for G H
and usingpart Ii and

degg deg h n since heYF
rankH rank a n since G H

generateC et

one deduces that one must have equalities

everywhere and in particularhere

deg h IrankCT
11

n degg
din C k

B


