
 

Reed Solomon Codes 17.1 17.2 17 3

These are not hard to write down as

cyclic codes once we have primitiveroots in Fg

THEOREM Reed Solomon codes1960

Let B in Fg be aprimitive root and picktag 1

Then the cyclic code Cc Fg with

blocklength n g 1 having generatorpolynomial

g x x p x p x pt
2
x ptD eFoix

is an n k d Fg linear code

q i qt't t

Furthermore g x GCDga x't
i g

x

h x xg x pt x pt x p8
2
x pay

rate c ft a fit
andC is MDS i e tightforSingleton'sbound

qt Iq i it D



EXAMPLE Suppose we want C to correct up
to 4 errors We need t d C 2 4 1 9

so want to pickq in Iq with t 9Eq 1

E g 9 11 works and is smallest but could

try otherssuchas q 13
or 16 24 or 27 33 etc

Lookfor a primitive p in Fn 74

e g let'stest p L

Since q 1 10 2 5 need tocheckBE 21 22441
and p 2 253241

So we can pick t 9 t 1 8

g x x 2 x 2 x 23 x 28

9 5 8 213 3 4 4 6 5 10
6 7 7 78

h x x 29 x 210
6 4 4 2

C Rowspace G for G f n

Ct Rowspace it for H
f

o o o o n 4

6 O O O O O O 0 1 4

and C is 1,0 9
q q t t

withrate C l Fil FI FI



EXAMPLE Accordingto Wikipedia QRcodes use

Reed Solomoncodeswith8
28 256

working in IEEE Exfixt
where a x is a primitiveroot

that is f x is a primitiveirreduciblepolynomial
in EG

Sotheywouldall
have blocklength n g 1 255

However theyvary
the choice oft so as toget

differentlevelsof error
correction

For example it mentions as examplestwo
that are

Is 549 I correctingupto 3 errors

2855,2 3,23 correcting up to n errors



THEOREM ReedSolomoncodes1960

LetB inFgbeaprimitiverootandpick
teg1

ThenthecycliccodeC c Ig with
blocklengthn g1 havinggeneratorpolynomial

g x xp xp xBt2 xptD eFglx
is anglyIf91

Fglinearcode

Furthermore g x Godgax'titg
x

h x xg xpt xpt x p2 xpy
rate c ft n tf

andC isMDSietightforSg KEITEL an

proofofReedSolomonTheorem

Mostoftheassertions come from
our discussion

ofcycliccodes once we realizethat

g x x p x p x pt
2
x pt

divides xEi I 7EÉfY
What is notatall clear is whyd C t

To seethis we use anotherpieceofcyclic odetheory

called variantcheckmatrices see 17.2



PROPOSITION When C Eg is cyclic with

generator polynomialg
x in Fgk havingdistinctroots

so glx x p x p x pm
with pi p tiej

then Ct RowSpace H forthe variantcheckmatrix

H i.fi fi
a pi pi pi

proof ofPROP
c co g one dots to zerowith

all rows of H

Cotapitcap t ten ipi'to for
i 1,2 m

C x cotC X tsx tonyx has c pi o
for it in

x pi divides x in IgG for it 2 m

ME g x
x pi divides ca in IgG

FBI ctx is amultiplefat get ofgas
in ITx x2

ere
Es c is a sum ofget xgF xgt in IF i

CEC

Hence Ct RowSpace H B



Howdoesthis help us

Forg x x B x p x pt as in Reed Solomon

f Ingp
pm
p

i Bt i pitippty Ity
pjs pit

f B
ftp1p

a
p

t p
ti figt

won
anychoice

of t t columnsfrom
here

gives linear
independentcolumns

because

it will be a llandermonde
matrix

I

d
distinctpowersofBai 25 N

V hence ai dj Kit j1
at at ait



THEOREM seeAppendixA 5 for onestandardproof

TIHaiti det
F

as at i
sig IIforit

at at The
proof Here's

another standard proof byindiction

on t using row operations whichdon'tchange
the

determinant We'llillustratethe
inductivestepfor

t 1 4

First note def 125 4,2

ai as as as
4 as as an

outofeach
factoring

andsay dat

fentry in
columni

Kasai

wantthisdetigeylaj ai

Subtract a row i from row it for i 1,23 togive

defUt
deff

O 9 452,47
04445again
of aidataxia are



defUt det an as a a a

4 4 as 434 3 Can a an

4 E Casanas CanHai

a a ks aGa ai deff
factorout

g he
fromcolumnj l III ti ai

byinduction sincethis
lookslike U

IT 6 ai B
ki FY

Once we knowthe variantcheckmatrix H

generating Ct has all t 1 subsetsof columns

independent we know d C z t Butthen

the Singletonbound forces Ken die i

G t H WHD
d c et So deck a


