
 

More aboutfinitefields
characteristic 15 2 Frobenius map 17 5

Note Fg IECx x Ext 1 with a

0,1 a att a 2 1 da da i

has a copyof the
subfield Iz lo n inside it

and it is a 3 dimensional Iz rectorspace
like E

3 which iswhy it has size q
23 8

Proposition Let Fg be anyfinite
fieldwith

q
elements Then

i q pd
for some primep

called the

characteristicof Fg

ii p is
the smallestpositiveintegerwith

IEEE
o m Ig

iii Ig contains 15 74
as a subfield and this

makes Iqinto an Fp rectorspace
ofdimensiond



proof Let m be the
smallestpositive integer

for which Iif
o

m exists since i att titi musteventually

repeat in Fg ad if
mating aggie

then subtractinggives IEEE
o

We claim m is a prime p otherwise it m ab

either atty
o or htt

0

steelFg contradicting m being smallest

is a field

Then it's not hard to
see that inside Fg one has

o e hi mate 411,3 74p
as a subring

and asubfield

Onesees that thismakes Iq an Iprectorspace



Thenif one picks some Ifpbasis un ra Vd for Iq
where d din Fg we knowthe map

Fp Iq

Ig is art gust card

is abijection so q Fg Ep pd B

A lotoffurthertheory of finitefields

and codingtheory e.g BCH codes

uses a charming feature of Iq
PROPOSITION In Iq and in Eglx with q pd
TheFreshmanDream

for p prime one has at B E J t p
P

EXAMPLES
n In Fs 4 25 35 243 3

15 25 1 32 33 3

2 In F lx 44 17 133 474 1
x
2 1



proof of FreshmanDream

Note that

Rep I n't 1 a p't 1 a p't f a'ftp.t

CLAIM
Thestefentsfraish in Fg

that is Pk o for is k p 1

y
gives a factorof p

because it at
Ineffesehashafactor
ofp that could
cancel that factorofp
in the numerator

So atp It pP a

This leads to an interesting map
on Ig called

theFrobenius map I Fg
a a at where

gpd



ACTIVE LEARNING

n Let Ig 1 7 63 1 with a t

lo a a.FI Ia Ian

Compute Ifp p for every petty

2 Draw arrows

p É p Is B e
Il

Elp I B ICI p

showing how I maps
the 8 elements of Fg

and breaks it into orbits

Compute the polynomials
x p x Elp x p

in Fg x

for each orbit

3 Factor y y into
irreducible in Ely

and in Egly



PROPOSITION

TheFrobenius map Fg Fg forq pd
x s xp

i is a bijection

ii respecting
t and X that is

atp I a I p

Io ap EG p

iii fixes every
de Ifp

a Fg
i e Il a a Fae Ep

i has Id x a Fae Fg

proof Let's
check Civ first To compute a

note EG at
a ICI 4 Flat a I xp

I a ICAP E Iap

Ika apk

so Id a at a8 a a I go
if 2 0

a 1 9 it LEFT
a V EIq



Once we know Id a a as in Civ

then I is a bijection as in
i since I

d
is its

inverse bijection I o Id a I a x

Id o I a Idfa x

Also iii is just the del special
case of civ

And i is checked via
the FreshmanDream

for Icap Ktp n'tp Ila Ilp

and X is easy

Ilp ap I p Ela p Da

EXAMPLES

1 In Fzx1 XX 12 is irreducible why so

Fg IF1 3 6 2 is a field with p I

0 1 2 B ptl p
2 Ip Ptl 2ft

andFrobenius map IF IF
4 Is a 3



having orbits

00 p B p ftp.kpti apIp
2 2pti tf

10 BY Ptl 212,1 28 2

1 20 Bt2 1323 13 2 2 12 2 27 1

f ply B fy ply lapel yZ2y pkp
s

yty 29 quadratic

y fptdlly2pty yt2 ytzyt2 i.mg
b

ly pts y Capen F1
and one can check

yay ylys il y.ly DlyEy'eyIi

irreducible in Ely

y Cgi Cy
a fy plyIHty ptdly Iolped.ly a ly Ipa

E E E E



2 IF6 Flx x'ext with KI a primitivenot

91
t 8,83 813,8

It hasFrobeniusmap I
Flowith orbits

X 1 22

HE 816
y 22 pm y

t jt y

ou t t t t t t

y y
88 y

ya
821812 gu

826 Key

FF
and one can check

y y
ylytdlyzytdfytytillytystytgedlytgtD.net

y 27

ylg i ly 8ly8 y D Yy3 g gigly 87
g ji g 813

YI'S Cy ra ly 8



Some general facts about a finite field Iq
that we won't prove but are not that hard

THEOREM
One can build a finitefield IF

of size g pd

for every prime p
and power d that

is there

existirreduciblepolynomials f x e Fp x of

every degree d
to build Ig Ep x f x

They are all isomorphic
as fields that is

F a bijection Fg Is Fg

with flat p flat flp whenever fields Fg Fg
flap f a flp have same size q

In Iqlx X X lx a ex g x ag
if 18121,22 do

In Fp x x8 x g x gu x

where g x are all the irreducibles in FpCx

whosedegreedivides d with g p
d

The I orbits on Ig are thesetsofrootsofthegiG

Fpd
is a subfieldofFpd E d d


