
 

72 Klm and rings Chaps 649

Importantproperties of numbers with t x

like K IR Q Q T2
and polynomials like Rex El x

abstract to rings and fields

DEF N A ring CR t x is a set R with

2 binaryoperations
t X satisfyingfamiliarrules

o T X are associative and commutative

fatb c at btc atb b ta
ab bagb c alba

ActuallyRisa
X distributes over t

commutativering
a btc abt ac

there is an additiveidentity o
multiplicativeidentityn ang

o ta a 1 a a

there are additive inverses
Va ER F a ER with att a O

DEF N The ring R is called a field if

additionallythere are multiplicative inverses
for ato

FaeR 10 Fate R with a a 1



EXAMPLES
1 Everyone above

is a ring
Z R Q Q FEL justbarely

REI Qb
bEÉIwho

is f x here

a Which of them are fields
IR Q Q Is
a Who is É if z xtig to in Q

ferryÉ I fig
Ey É Ex iy

Its EytfEy i

Whyarethese
denominators

not 0



A new ring 74m 6 7

DEF N 74m 74mL integer
stidd'M

o T I Mt

residues mod m

inwhich t X are done as usual in Z

followed bytaking remainder on
division by m

EXAMPLES
1 244 has t x tables

0 I 2 3 X O I 2 3

0 0 1 2 3 O O O O O

1 I 2 3 0 1 0 1 2 3

2 2 3 0 1 2 0

g
3 3 0 I 2 3 0

2 15 742 L o
T

evens odds

we saw before



3 We'resomewhatfamiliarwith t in

71 7 E T I 3 5 5 5
SundaysMonday

fakeduesdating
days daysSaturdays

e g if today isMonday whatday is it 40daysfromnow

and t in

7 2471 1,0 T I I 15 23

midnights
nodus inpms

e.g if it's
4 30pm what

time is it 30 hoursfrom now

alongwith
both x t in

71 1071 10 T I 9

leg whatisthe lastdigit
of 797 1024

797 1024 79771024 7 5 25 8 2 IT
5 4

We can safelybesloppy aboutdoingthe t X

operations before or aftertaking remainders

Why



DEF N Fixthe modulus m 2,3 in Z

Say n I n mod m it m ne n

This is an equivalence relation Ven
Ven ES n'En

ne n n'En n I n

Call the equivalence class of n by it and

let 24m the equivalenceclasses 5 ne Z

KEYPROPOSITION

a For ne k thequotient q remainder r

in n q me r becomeunique if
we insist
o E r e m

so I T and I it theyhave same
remainder r on divisionby m

and 74m21 5 T I MT hasexactly m elements

b Given a 5 074 m one can pick any
representatives a b e k to compute atb a b

and the answers willbethe same



proof a Wecouldwritedown some inequalities

Ithopefully this picture of an m sexamplemakes

theuniqueness clear enough

th t t t t t t t t t t t t
t t t

I 2 5 3

T T
Wehave a F since u r q m is divisibleby m

The lasttwoassertions in a followfromthese

b Suppose at é
5 5 that is m a a b b

Then atb atb followsbecause

Caleb at b fat a b b

Tisible divisible

IIIisibletjm
Similarly at att because

a'b ab a'b a b a'b ab
a b b fat a b



Q Forwhichmoduli m is 74m a field

that is a o in m alwayshas a

multiplicative inverse 5 at with a 5
7

EXAMPLES
745 746

744 X O I 2 3 4 5X O 1 2 3 Y
X 0 I 23

O O O O O O O
O O O O O O O O O O O

1 0 I 2 3 4 5
I o I 2 3 1 o 1 2 3 Y

2 O 2 4 0 2 4
2 o 2 0 2 2 0 2 4 1 3

3 0 3 0 3 0 3
3 0 3 2 1 3 0 3 2 4 2

4 0 9 2 0 4 2
4 O y 3 2 7not afield
aged

5 0 5 4 3 2

T T not afield
3 1 5 T T T T

but It 2
1 5 5

1 5

dogEt 5 2 but I 1,5 4
I I do not exist

The key is that sis prime but 4,6 are not

To understandthis it helps to see a common

feature of the rings K and RHI EG



Division and Euclidean Algorithm 56.5

DEF N Let ME multiplesof m in Z

f e g 42 8 4 0,4 8 12

and let mZtnZ 21 linear combinationsofmin
am bn a b ez

EXAMPLE 42 671

8 9 419181,9 8 9 E
6 4 4 6

In fact 471 671 271 This alwayshappens

Prop Forany mine
I there is a unique de o 1,3

calledd GCD min with mZtnZ dz

It hasthese properties
i d m n

greatest
common divisor ii any e

withelm n haseld
iii Fa be with d am bn



proof If we're in the degenerate case men 0

then mkt n2 of o Z so d o

Otherwise man contains some non zero

elements and let d bethesmallestpositive one
Whyarethere

Weclaim d2 mkt nk anypositives

To see dz e m It n't note de mkt uz
so da EMI n7L

To see d2 2 mkt n't given any at m Zenk

one can divideit by d to get
a g

d r with q re k o s red

and notethat re a q d

Hence o e r d and r e ma tuk

forces no because d was smallest in mZtn7 lo

Thus a g d
e dz



For theremaining properties of d note

Lii d I mkt na d d l e mkt n

d a me bn forsome abelt

Mn mm mine man da
ddivides m n

Ii if e divides m n then

m n e e I MINI Eek

de

deck eld Ms

COROLLARY

F E 74m has a multiplicative inverse

GCD nm 1

and hence 24m is a field

i e every he
74m lo has a mutt inverse

m is aprime

One calls he74m god In m n 74mF

and its size 9 m 71m the tiler
phifunction



EXAMPLES

4 47 0 5,2 5 so 4147 2

I s

745 of T I 5 I 467 4

Y't't't

4167 10 T I 4,5 9167 2

It É
roof ofCOROLLARY

FE m has a mu't inverse I

I belt with 55 T in Ilm

ie but mod m
ie bn a am for some a EZ

Fa bez with a am bn

r e man I

I Z manz

i e GCD m n n



Form a prime noteanyFe i I mt

will have d GCD rim 1

since d r d e r e m i

d m d 1 or Twobig

For m not aprime any proper
factorization m mma with Mi M 22

givesmy my O but GCD mim mi 1

so Mi Mj do notexist B

Q Howtocompute É in 74m whenGCDmin 1

Euclidgave
us an algorithm that bothcomputes

d GCD mon and in itsextended version

finds an expression d am bn

So if n d ameba then I I

since b 5 T in 74m






