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More on normal field extensions
Recall
DEF N KI is a normalextension
if Hesplit Effie for some

fiEIFEXT

e.g Q w split KED weeks
Q rH splitalxth
are both norm aloverQ

but we claimed
0 0 are yet

How do we know



seeMorandiProp 328

PROP For lK Fa gTFAE

fi 119 normal ie Hesplifftis
tf forsomettibiet

Every nonzerofiddhomom.lk E

extending't has sameimage90k

Ciii Every irred Eff with

one root ink splitscompletely ink
Chasallitsroots



EXPIRES
QEI.int nomal since

2 doesn'tsplitcompletely
or because it has these

two embeddingswithdifferentimages

aerate IF

4 GK f 420K



poo i cii
flkhtnomalfallinkagzEamextenmdiagnght

K split Hit Effing.ptfntjffTs3
ti

4afieldembedding

He in fi f

M
ThisRHSdoesn'tdepend on Ypg



Gil Ciii
Call Ikea havesameimage

iwed.fexleffdwthonerootxekhasallwots.at
K

GrenaetkawotottinedinFE
and a otoffxinkFF

Iso Ext 1hm gives
II II

E
Butthen a implies Ikandyhere

IK TK

versus HI
IF IF IF HE image

8094K IK and LE 94K k



ciii k

every iwed.fexlcHIdwthonerootxekhasallwots.at
K

7lK split Cfd foraomeffd

This is easy since

Ciii IKsptitp.fm fx7 aEIKD
I

lmifimglpI

MORAL splittingfields RAF
normal extensions

are root closed for irreducible
fGcHID



13 5 Separability

Galois extensions are splitting
fields for polynomials Hi
thatavoid a certainpathology

DEF SayHEATH isseparable
f whenwesplit it in some1Klegk 7
ithas distinctnets

fcxf a.LI x xi with a g
in

for Kiejen

Say fG is inseparableotherwise

E pathology



EXAMPLES

xExH in Ekd is inseparable
but forsilly reasons
x4txH x7xt

u
but is irreducible andseparably

since in K FgF9b Daza

itsplits as CxtaXxta
so its roots are 4 htt

x



Can.in esfCDEFCxT ever
be in I

Yes but we need
primechnagosteristic
trans in

in
bothfad is

and insurableDo

because once we extend

iF EE
so

in K 1 ffxtXP t xxP cxgt.iex is theonlyroot repeatptimes



Separability is easily predicted
beforesplitting findroots

PROIfCxIeIFCxJisseparableffsgcdpIfEx.f
whereffxkaotaixt tank
has fk xt3gx thax

poetWeprovedsomething more
general in discussingEisenstein

Cori EEG irreducible is
sep
ableEffkx7IoinIFhD.proofdgfsdegf.firreg
godCff if fL

flxltliffto.DK



EXAMPLES
0 O o

Hx k 4 in EG
has fI x in EII
So godEff't f t I
andftxisinseparab.IE

but gut is irreducible

andhas glad to inHIGI

so is separable

ftxtxp t in FpHK
has fI f fGFxP
so godCf f't ti and f is ih



DEEN Saythatafield It is perfect if
every irredua.be CxIEFCx3issepara

be
i e f fired EFED

PRI Cil ohara Eperfect

Cii When char imep

ftp
ttfhEifFeyPamEEiFasapthrootp

Vain IF

the Frobeniusendomorphism

F
p i pp

Sunjectsf
iii FfLeds F arealwaysperfect



pneof.li fhEothenfCxiwed.ihlFfxJ ydegCfIzi
fCx

ffdseparabk.liAssumingcharfFI pandF Ff
lets showlfisperfectkon

tw

Givenfcxkaotqxt.it iredinFlxI

fi
i

e

where
bftbnxtfzx4 l.tbmxmfb.ca
botb x bx4 bmxm

notimedviable contradiction



Ciii NotethatFrobenius IFF F
p pP

really is a ringendomorphismfor
a ring ofcharacteristicp

since FKpH BEaPpEFGJF

Hatp GtpJEak

Andwhen is afield it isinjedive
since F o implies Eto
Soif isfinite IF IF
mustalso be surjective
andthus is perfect Bs

we'll come back tofinitefields later

ASIDE E K E En if Gki Fkn



A Lock A al EIfor I
as ITExcretes

vector spaces

ma an kerfecxy gdefines
Ma if

Given A c IF
the m pdd MA
B similarlydefined

Ma xD Kerley tmm
x A6

detfxIA EFCx3

Chap 12 FACT
Adiizable MA tx

has no repeated
roots



A1 char pols

deffxI A Cx 25
mm poly
Cx x

A Et ITE't
but

mm poly
ex xp

It's
m.nbfotbx.no EIBef



B 6 Cydatomicextensions

we know has in distinctroots in

namely E
J

so

thenthagdolemicextension of

Butwhatis C

And m P



EXAMPLE 12 i f
g

Factor x 2 1 461 xen
488 gas

R NXIDCxhikxkx2ir
ftp.EHTDHDKZxtdfxhkxtxID in Cx

roots i 4,68
1g
5,8

ing
9,535,5

Io.ca scxIEixIEcxIIeiDIonIOIysggidD
H

mon

DEIN mthoydotomicpdynomiat

Ione IT Ex a ITH E
primineenth aeffnIT
roots X oft in

e QQ calx



PREP Ci xh tdT.TK in

dividing n

ii Ioncx lies in ZED and is monic

of degree 9h fCuterphifunction µzp

EXAMPLES

IopexHxNxElk EHis
x 1

2 1 is monic
of d 4 412

p prime
Iop x FIT XP Ixp

I x n

REMARK Notall coefficientsof Ionex are 11 I

but n needs 3 oddprimefactors to
see it

e g Ez x Ioosh has a 12coefficient



proof cihihE.to4IYnpTnmaEroots
toand

Cii Induct on n using e

iii it
imy

d n

A product ofmonicpolys
in Zad

soitself amonic
poly inKad

hence same
forthequotient

viadivaifgiog.fm

degIonG primitive
nthrootofB

KAI P 4G

B



THEOREM QC IVQ
hasbasis

Ionk is irreducible in Qld or 215,441
andhence Iofx ma

Qts QT 4cm

REMARK When n p is a prime
Teproved IopCx II Etat I

was irreducible via atrickyusageof

Eisensteinappliedto Tep
Xtc

The proof forgeneral n is surprisingly

trickyto remember
although not hard

to followstep by step read it on

Pp553 4 in 13 6 of DIF



Chapter 14 Galois Theory

Understand 114ft with UK F c

now via symmetries

DEEN Ant KAF automorphisms
of 1K over

i e K K
g g

Gal Kat
t IF

CX ES

Cl is in Aut B EIKE
2 E Cand in Aut

but doesntgenerate

AutCQGnKQ



t EYE Em
goose c 15,95

i e AnfCQBd Q 2422
In EEE

restrict
a E

jasabgfipsEo.ESIn general

Ant E Eazy
Ul

QE E QED a

anwootherotIonk



NEXT TIME
1K
SplitaGP

2 Q go 527

Eyes
has AutGHQ s

3

MAIN TH MS
of

GACOLS THEORY



Analyze Ant CINQ where

F Split x 2 Cue sfg
a E 3

g4q o7 splitaka

if s
Q

Every a Ant Clk10h is

determined by
da c a um wax roots of

and
M ahh X 2

due E at at roots of mµjx xZxtl

and Iso Ext Thm gives us

IK 07 IK I K Is Myw w a a

1 I lait in
Q Q



Any o e Aut Kla willpermute the
three roots a wa wk of P 2

f G or 2

u

i

i

te L I 2

This lets us identify
AECKCQ Sga wa oof Seo1,23

ESz

torta
we get a tower 1K

fixedfiefd If't fact LEE
IF



For every
intermediate subfield
1K

IF
we get a subgroup Autakat

Antakat

e.geCto71KGlkCco 27 z Go since dates
ok wa

and this turns out be an equalityo

1Khas Q basis fr as
G Io G Io

typical o wz2 0 wk
element fax a2 CUHK

f at batcahdal ewa fwd



t.at IEOxd he tfaw

If Iii

rear

is c

i e f a I d W E Orto

Ek a
µE z G tool at

via linear
algebra

Get this picture



Ike Split 2

4423N
G QCoa kid co spitalEexti

Hf
Q H

K 12 12
aI K F jQ

Sj AutCINQ

H
1
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Two MAINTHMS OF GAWD THEORY

TAMI KIF finite
i F E KAT F

Gilly

Cii 1 Auf KAF E K IF

and TEAE
a equality in Ci KAntakAF

b F some group GE
Aut K

forwhich F KG
c equality in Cii IAutaki F f Uk If

d lK Split fan where

Axl is any sable polynomial
in FCx

All of these Ca d can be

used to define lK F is



TAMI When 114ft is Galois

with G Ant KAF Gal F

one has a bijection

subfields

g

subgroups

EI 7 a G of I
H H GK

with 1K
1 2 always Galois

I 4K't Galakht H

1 2 degreeCGH1 and
IF Galois Hog inwhich

case

Gal Hlf GIH
NEXT TIME

can easily compute my forak

1112 kink cow H nHz iHd


