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Abstract

In this paper, we present formulas for the number of decompositions of elements of the Weyl
groups of type A,, D, and B, as products of a number of reflections that is not necessarily
minimal. For this purpose, we consider the poset of conjugacy classes of W introduced in
Bédard and Goupil (1992) for the symmetric group. This poset describes the action of the set of
reflections of a reflection group on its conjugacy classes. In particular, we show how the
reflection decompositions in the symmetric group ®, are related to the reflection decomposi-
tions in D,.

1. Introduction

For each element x of a Coxeter group W, there holds a presentation

X=pP1 Prix,w) (1.1)

of x as a product of reflections p,, ..., p,(.. w) belonging to W where r(x, W) is minimal
for given xe W. The elements in a given conjugacy class C; of W always have the same
number of reflections r(C;) in their minimal decomposition (1) and the number of
these minimal decompositions, denoted p(C;), also depends only on the conjugacy
class C;.

Let R be the formal sum of all the reflections of W which lies in the center €[ W] of
the group algebra of W over the real number field R. The number p(C;) is the
coefficient of the conjugacy class C; in the r(C;)th power of R in ¥[ W7

p(Ci)=R" V¢, (1.2)

In the symmetric group ®,, the numbers p(C;) are essentially obtained from the
classical result of Dénes [3] stating that the number of minimal decompositions of
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a k-cycle is equal to the number k¥~ 2 of trees on k vertices. The purpose of this paper is
first to give a description of the coefficients p(C;) for the Weyl groups of type B and D,
and then to relate these cocfficients to the enumeration of the decompositions of
elements of G, into more than the minimum number of transpositions. In Section 2,
we describe the poset T(W) of conjugacy classes of W and recall the formulas for the
numbers p(C;) in the symmetric group. In Sections 3 and 4, we give the formulas for
the numbers p(C;) in the groups D, and B, respectively and in Section 5, we show how
we can use our results for the group D, to enumerate the number of decompositions of
elements ¢ of &, with cycle type A=(k,,k,) into more than the minimum number
r(o, ®,) of transpositions.

2. Definitions

Let us first recall some facts about the Weyl groups of type 4,, B, and D, which will
be used throughout this text. The conjugacy classes C(u, ®,) of the symmetric group
S, are indexed by partitions g of n written g n. The number # is called the weight of
the partition p and we write | u| =n. We write u=1%12*2 ... n* to mean that a permuta-
tion xeC(y, ®,) contains o; cycles of length i. If A= 1#12#2... n#~ is another partition of
n, then the sum A+ B is defined as A+ f=1%+F12m+ bz . yaathn

The hyperoctahedral group B, can be seen as the group of signed permutation
matrices of order n. It contains the group D, as a subgroup of index 2. The group D,
consists of the signed permutations matrices of order n with an even number of entries
equal to —1.

In similarity with the symmetric group, it is convenient to represent the elements
¢ of B, by a sequence of n integers ¢,6; --- 6, with —n<g;<nforalli=1,...,n The
integer ¢; can be seen as the image of i under a. Two k-cycles in B, are conjugate iff the
number of —1 in their matrix or row representation have the same parity. For
example the two 5-cycles (3,4,2, —5,1) and (—35,3, —4,1, —2) are in the same con-
jugacy class of B,. We may therefore call the cycles and the conjugacy classes of B,
positive or negative according to their even or odd number of negative elements in
their row or matrix representation and the conjugacy classes of B, are indexed by
pairs of partitions (4, u) such that |1|+|u|=n where the partition A describes the
distribution of positive cycles and u gives the distribution of the negative cycles. The
set of reflections of B, contains two conjugacy classes noted R; and R,. The class R,
contains the positive reflections p; ;and p_; _; and the class R, contains the negative
reflections p_;. These reflections are defined by the following relations:

i, i(bi—b;)= —b;+b;, pi, j(by)=by k#i, j (2.1a)
p-i, 71(b,+bj)=‘bl‘—bj, p_i‘*j(bk)=bk7 k:)‘él,j, (21b)

p-ilb;)=—b;, p-ilb)=by k#i. (2.1¢)
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where{b,,b,,---,b,} is the standard basis of R". The cardinality of a conjugacy class
C(4, u; B,) of B, is given by the formula

IOt B =1C 11 6,)] T (“”Lﬁ ) 2o, (22)
i=1 i

The conjugacy classes of D, are precisely the positive conjugacy classes of B, except
when the cycles are all of even length (odd permutations) and positive (u=0); in which
case they split into two conjugacy classes of equal size. Since it is irrelevant to our
discussion to distinguish these two conjugacy classes of D,, we will write C(4, §; D,)
for the disjoint union of these two conjugacy classes. The product R = C; in the center
€[ W] of the set of reflections R with any conjugacy class of W decomposes as a linear
combination of conjugacy classes. We describe in the next proposition this decompo-
sition for the groups &,, B, and D,.

Proposition 2.1. Let uy=1*---n* and /=1 ... nP~ be partitions such that |u|+|A|=n.
The coefficients in the decomposition of the product R = C(A, u; W) of the set of reflec-
tions with any other conjugacy class of W in the basis of conjugacy classes are given in
Fig. I for the symmetric group ®, and in Fig. 2 for the groups B, and D,,. In both figures,
the weight of an oriented edge going from a class C(A, u; W) to the class C(A*, u*; W)
represents the coefficient of the class C(A*. u*; W) in the product R * C(A, u; W). In Fig.
1, since we need only one partition for the symmetric group, we set u=pu*="0.

Proof. These coeflicients are obtained by using simple combinatorial arguments that
are developed in a case-by-case study. We omit the details. [

In Fig. 2, the superscripts in the f8’s and «’s give the multiplicities of positive and
negative cycles respectively. Thus in both figures, cases (a) and (b) involve conjugacy
classes with only positive cycles. Case (c) describes the action of joining a positive cycle
and a negative cycle to form a bigger negative cycle by using a positive reflection. Case
(d) is the only case involving the action of a negative reflection, it transforms a positive
cycle into a negative cycle of the same length. Thus if we want to describe the action of
reflections in the group D,, we only have to discard case (d) in Fig. 2. The action of the
set of reflections in the symmetric group given by Fig. 1 first appeared in [6]. It is
similar to cases (a) and (b) of Fig. 2 for only upward weights differ by a factor 2.

Observe that for any reflection group W we can construct a ranked poset T(W) of
conjugacy classes using the action by multiplication of the set of reflections in the
following way. The rank of a conjugacy class C; is the minimal number r(C;) of
reflections in the decomposition of an element geC; as a product of reflections. The
partial order on the conjugacy classes is given by the condition

Cjicovers C; <> r(C;)=r(C;)+1 and VoeC; 3PeC;, peR
such that o= fip. (2.3)
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Fig. 1. Action by multiplication of R on conjugacy classes of ®,.
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Fig. 2. Action by multiplication of R on conjugacy classes of type (4, u) in B, and D,.

We give a weight to each oriented edge (C;, C;) of T(W) equal to the coefficient
Ci* R|¢, when C; covers C; or C; covers C; and the weight of a walk from the identity
class to the class C, is defined as the product of the weights of each one of its oriented
edge. Thus the weight p(C;) of a conjugacy class C; described in Eq. (1.2) is the sum of
all weighted chains in T (W) from the identity class to C;. In the case of the symmetric
group, the poset T(®,) is isomorphic to the poset of partitions ordered by refinement
[2] and it has been used and described in more details in [9,1].



A. Goupil | Discrete Mathematics 137 (1995) 195-209 199
2.1. The symmetric group

In 6, it is well known [3] that the number p(1" *k; ®,) of decompositions of
a k-cycle as product of a minimum number of transpositions is k*~ 2. If a permutation
consists of two disjoint cycles of length k, and k,, the number of its decompositions is
given by

(2.4)

p(lnfklflqklkz’ (ﬁn)=k§l~2 (kl +k2_2>

ki—1

because building the two disjoint cycles is done with two independent sets of trans-
positions of cardinality k; —1 and k, — 1. The product of a transposition from one set
with a transposition from the other set commutes. So any two minimal sequences of
transpositions, one giving a k,-cycle and the other a k,-cycle, can be shuffled without
changing the result. The number of shuffles is counted by the binomial coefficient in
(2.4). This shuffle principle can be used to obtain an expression for p(u, 6,) where p is
any partition of n [ 1] and it will also be used throughout the text for the groups B, and
D,.

3. The group D,

We first consider the case where the conjugacy class C(4, ; D, ) contains no negative
cycle, ie. u=0.

Proposition 3.1. For any partitions A+ k and pt n—k, we have

p(3,0: D)= pUin & B) = p(i: 6, 3.1)
A u; D,

pUhti; Do) = p(4s 6,)p(0, 1 D,) <r£( Aflcsn)))’ (3.2)
A u; B,

p(A, u; B,)=p(4, ®,)p(0, u; B,) <r£(£®n))>. (3.3)

Proof. Identity (3.1) is a straightforward consequence of the comparison of cases (a)
and (b) in Figs. 1 and 2. Identities (3.2) and (3.3) are obtained by using the shuffle
principle on 4 and . [

In order to obtain a complete picture of reflection decompositions, the remaining
cases to be studied are the ones with conjugacy classes of D, and B, that have no
positive k-cycle with k>1 and the generic situation is the conjugacy class
C((1 %1 7% 2) (k,, k,); D,) containing two disjoint negative cycles of length k,,k,. We
begin our study with a technical result.
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Lemma 3.1. Let ky and k, be two positive integers, then we have

kl_l(k1+k2 1)(k1+kz l)ll 2(k1 l)k1~i+1

i=1 k1+k2—l

(kﬁ-{;—l)kkl Zk —1(k1+§z—1)k{kgl—j+1

34
kL ks (3-4)

Proof. (Gessel [4]). We transform the sum on the left-hand side of (3.4) as
follows:

o (T R

P ky +ky—i

kq .
_ 1 k1+k2 k1+k2—l—1 -1 kp—i
_k1+k2§< i )( ks k=)

1 ky 4o\ (hatim1\ S  ky—im1\ .. .
= i kj __Y—i—j-1
kit ks ,-Zo < ky—i )( ks )Z 2. j 1(=1)

j=0

= 2 (= ppumir (Fatha) etz
k1+k2 k2+l kz

j=0 i=

X<k1_—.i—-1>(i)k1Aj—l
J

ki—1 kitka—j—1

[y

—_

1 . ) ki+k
= —k _yeateamim1 (R 2)
ki+k, j;) (= i=zkz =y < i
y i—1 k1+k2’-1—1 (i—kpJo i 1, (3.5)
k, J

Now the expression in identity (3.5)

<i—1><k1+k2.—i—1>(i_k2)klvj_1
ks J

is a polynomial in i of degree k; + k, — 1. So if the second sum in the right-hand side of
(3.5) were from i =0 to k; +k, instead of from i=k;, to k; + k, —j—1 it would be equal
to zero. But the only nonzero terms added when the sum is taken from i=0 to k{ +k,
occur when i=0 and i=k,+k,. These terms are respectively

. ky— . . — :
(—1)f<k‘+j2 1>k’£""‘,(—1)1-1(k1+:2 1>k’i""1.
2
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k1Tk2=7=1ip (3.5) must be the negative of the sum of these

Thus the value of the sum }';17*
two terms and the left-hand side of (3.4) becomes
ki—1 gy Jirle—1)(kl+k1;2~i)ii»z(k1 -i)"‘ —i+1
ky+ky—i

; kf(~k1)f[(—1)f“<"‘+k2‘l)k§'-"-l+(—1)i
ki+ky = J

i=1

which is equal to the right-hand side of (3.4) [

Theorem 3.1. Let u=(ky,k,) be a partition with two nonzero parts, then we have
(3.6)

2kk1+1kk2+ 1(k1 +k2)
ln_kl_kZ, ;Dn — 1 2 k1
Pl #; Dy) P

Proof (By induction on the rank of p). The action of reflections by multiplication
described in Fig. 2 and induction hypothesis on the length of the cycles provides the

following recurrence:

p(1" %% i D,)
ki—1

=2k1k2(k1+k2)k‘+k2_2+k1 z P((ln_kl_kzi},(kl—i), k2), D,)
i=1

kx2—1
+ha Y p((1"T 7)), (ke ko =), Dy)
=1

J
)(k‘+k‘;2_i)ii_2(k1—i)kl_i+lk’;2+1

kl‘l(klszl—l
=2k k. (k ko Yertka=2 T
1 2( 1+ 2) +2k1 —~ k1+k2—l
k2—1 klffz—l kyitka—jy:j—2 k _'kz—j+1kk1+l
3R G T k=) .l (3.7)

2%
+ok kot —j

i=1
Using Lemma 3.1 and the binomial theorem, we transform the second term in the

right-hand side of (3.7) into

2k, k ki+k,—1
1K2 [k'{‘k'§2< 1K

ki+k, ks, J

ki—1
| (TIPS S

i=0
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Exchanging k; and k, we get for the third term of the right-hand side of (3.7):

2k, k, itk —1\ S (k1) o
kkikkz _ Jpki+ka—j—1 .
*k1+k2[ 1 2< . 3 R L

j=0 J

ki t+ka—1
C2kaky | e kit ka1 kithka—=TY i bka—jm1
_k1+k2[k1 C S ) e . (39)

J=ky

Then adding the expressions in (3.8) and (3.9) we obtain

2k, ky+ka—1\ [k +hky—1
kkxkkz
k1+k2[ L [< ks >+< ka

kyt+ka—1
_ Z (k1+k2_1>k{kl§1+krj1]
J

j=0

2k ks ki+k, -
— kklkkz _ ki+ka—1 . 1
k,+k2|: 1K3 < k, (ky+k3) (3.10)

Finally we add the first term of the right-hand side of (3.7) to the right-hand side of
(3.10) and the proof is complete. [

Next we show how the weight of other conjugacy classes in D, are obtained from
the one given in Theorem 3.1.

Theorem 3.2. Let p=(ky,k,, ks, )k be a partition with an even number of parts,
then we have

p(1"~¥, u; D,)

2r
= Z p(lnkkl7ki’(k15ki);Dn)p(ln_k+kl+ki’ (k2’ ’ki— laki+ 15 aer); Dn)

i=2

N k
ky+k; )

Proof. The proofis straightforward when we observe that the negative cycles of D, are
constructed by pairs using rules (¢) and (f) in Fig. 2 with the shuffle principle. O

Observe that we can rewrite theorem 3.2 in the following form:

2r
k 1
1n—k D y=2r k’fi"’l . 3.11
pr =2 [ [ & (kl,---,kz,>z(ki,+ki,)---(k.-l,_l+kiz,) a1D

n

where the sum is over all partitions u' in r parts, of two elements each, of the set
{ky,kz,,ka}. For example if p=(ky,k,, k3, ks) have four parts, the three partitions
# would be {(ky,k3), (ka,ka)}, {(ky,ks), (ky,kq)}, {(k1,ks) (ks k3)} and we would
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have

(ln_k’ (klsk23k39k4); Dn)

k
=4 kk‘+1
H (klakZ’kB’kAt)

i=1

1 1 t
X + + (3.12)
|:(k1+k2)(k3+k4) (ky+ka)(ka+ky) (K, +k4)(k2+k3)J
and if = 1% consists of only fixed points, we obtain

[@n'l

1n—2r 12r.D — .
p(I" 1 D) ==

(3.13)

Observation. Proving Theorem 3.1 is equivalent to proving the interesting new
g
identity
(ky+ko o 8
_giaer (Rith Z’_(k_l*_’)';ﬂ gt ((Kitka
ky = kitke—i k,

> ke —j) (%) "2)
14

for which a combinatorial proof would be interesting. A proof of (3.14) was presented
to the author by Gessel [4] who essentially proved Lemma 3.1 and we have repro-
duced his argument here. The link between Eq. (3.14) and Theorem 3.1 is the following
identity:

k1
ki+k ki+k,—1 . k
kil k> 1 2 — k2 1 2 -1 _ ki 1
k1k2< ky ) k2< ky >,=le (e =) (’)
k 1\ & (k;
pup (fathe P ki (), (3.15)
ki =1 J

which is obtained using the famous Abel identity (see for instance [7]).

4. The group B,

To decompose the elements of B,, we first establish the following fact.

Proposition 4.1. For any positive integer k <n, we have

p((1"7%), (k); B,)=k*. (4.1)



204 A. Goupil | Discrete Mathematics 137 (1995) 195-209

Proof. We use the fact that in the symmetric group, the expression
|C(1" " k; ®,) [ p(1"*k; ®n)=<z>(k— k*=2 (4.2)

gives the number of ways of choosing k elements in a set of n elements and then build
labelled trees on these k vertices with the k—1 edges labelled. It is possible to extend
this interpretation to B, and we see that we have

n

|C((A"7*,(k); Bn) I p((1" 7%, (k); B, )=<k

>(k—1)!k“‘2k22"‘1 (4.3)

because each sequence of k—1 transpositions counted by (4.2) can be transformed
into a negative k-cycle by adding one negative reflection chosen among k anywhere in
the k positions of the sequence. Then each transposition in the sequence can be
replaced by any of two positive reflections of B,. Using (2.2), we divide (4.3) by
|C((1"~*,(k); B,)| to obtain the right-hand side of (4.1). O

Proposition 4.2. Let u=ky,k,,---,k, be a partition with |u|=k and let [r] be the set
{1,2,---,r}, then we have

_ . k
P(I" k’u;Bn)z Z p(lksakspksp"'akszt;Dn) H k‘:l<k k k )a

S<r] ier]\S LT PP I
|S{=2¢

(4.4)

where the sum is over all subsets S={s;,s,,-:-,55,} of [r] with Y7L, k, =k, and
[r]\S={82t+ls"'asr}'

Proof. Proposition 4.2 says that in order to build a set of negative k;-cycles in B, with
ie[r], we partition the set [r] in two subsets S and [r]\S. In the subset S, we build the
cycles using only positive reflections, i.e. we build the cycles in D,,. In the other part, we
use a negative reflection to build each k;-cycle in k¥ ways. Then we shuffle the two
sequences of reflections with the appropriate multinomial coefficient. [

For example if u=(k,, k,), we obtain

ky+k 2k, k
1" 7% B )=kkikka ("1 T2 172 11 4.5
p(1" ¥ i B, y=kf 2( K, >[k1+k2+ 4.5)

and if u=k,,k,, k; we have

k kik kik kyk
ln—k’ .B'l =kk1kk2kk3 2 172 173 2A/3 1 i 46
Pl w B =K kaks <k1,k2,k3>|: |:k1+k2+k1+k3+k2+k3 * (4.6)
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5. Applications

We now use Theorem 3.1 to count the number of factorizations of elements of &, as
products of more than the minimum number of transpositions.

Theorem 5.1. Let R(n) be the conjugacy class of transpositions of S,. We have
p(®,(ky, k), D) C(D, (ky, k2); Dy
zzn_lIC(klskz;(ﬁn)l[R(n)HIC(kl,kz,(ﬁ")

- n
—R(k1)k’H|C(k1;(ﬁkl)l7(1" %2ky;S8,) <k +1>
1

— R(k2)** " ) cpea; 61y P(1" %1 k13 S,) (kzr-lf- | >] (5.1)
Proof. The left-hand side of (5.1) counts the number of factorizations as products of
k,+k, reflections of all elements aeC(,(k,, k,); D,). Observe that when we remove
the “minus signs” from the elements in these sequences of reflections, we obtain
elements of ®, in the class C(ky,k,;®,). Since there are two reflections of D, that
correspond to each transposition in &, after we remove the sign and since we have the
same number of choices in ®, and in D, for the reflection that breaks a cycle in two, we
add the factor 2" ! to the right-hand side of (5.1).

To obtain an element o C(k,, k,;®,) as a product of n transpositions we can also
build a k; —cycle with k; + 1 transpositions and a k, — cycle with k, — 1 transpositions
that commute with the transpositions in the first sequence or vice versa. We apply the
shuffle principle and remove these possibilities from R(n)"|cq, x,; 6, in the right-hand
side of (5.1) to obtain the left-and side. O

Corollary 5.1. Let R(n) be the class of transpositions of ®, and suppose that ky,k, are
positive integers with k,+k,=n. Then the number of ways to factor an element of the
class C(ky,ky; ®,) as a product of the minimum number of transpositions plus two is

R(1)cwy. k2:60)

I <k1+k2) R DR ()

ki+k, ky 4!
KE (g — ke 2 (1)
41

Proof. We need two identities

nn+1(n2_1)
4

|C(0,(ky, k2 ); Da)| =2""2| C((ky, k2 ), G)l. (5.3)

R eqm. 50y = (5.2)
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Identity (5.2} in fact is a special case of

2 1
RO o, o= Z(—l)"(" )(n—zk—l)“, (5.4)

k=0 k

which is derived from the character formula (see for instance [8]) for the product of
conjugacy classes in ®, (see also [5])

= an—1 ra—rya_1"n—r
1C(1"°22,6,)| Y (X1n"35) Ao
1"'m—rya—1 >
n! = f )

R(nf|cim, 6my= (5.5)

where f1"""" is the dimension of the irreducible representation indexed by 1"n—r.
Hence the result follows from (3.6) and (5.1). [

The next theorem extends the result in Theorem 5.1 to arbitrary conjugacy classes
of ®,.

Theorem 5.2. Let A=(Ay,4;,--,A4) - n and r(1) be the minimal number of transposi-
tions in a decomposition (1.1) of an element of C(4;®,,). Then we have

R(")"“”ku;m")

k
"y r(A)+2
=ijz=l R(/L-+).j))"+AJ|C(,‘x,-,}.j;(5")p(j-_'li_ij;(Bn—li—}.,)( At A >
irj

k

A)+2

—(k=2) Z R e o,)P(A— 436, 5,) <r(1.)+1 ) (5.6)
i=1 i

Proof. Theorem 5.2 states that the number of decompositions of a permutation of
cycle type A as product of r(A) transpositions plus two is done by breaking a cycle in
two smaller cycles at one point in the sequence of transpositions and then construct-
ing on the new set of cycles the remaining part of 1 in two different ways: one is to
construct two disjoint cycles of /4 using the two broken parts, the other is to join the
two broken cycles into a cycle of A that contains the elements of the broken cycle.
These two processes are actually counted in the first sum of the right-hand side of (5.6)
but the second one is counted k—1 times. We remove the surplus in the second
sum. [

In the next corollary apply Theorem 5.2 to compute the number of decompositions
for specific conjugacy classes of ®,.
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Corollary 5.2. Let k,,k, and k be positive integers with O<k<n=k,;+k, and let R(n)
be the class of transpositions of ®,. Then

) n—k\/k+1 _
@) R(")Hllcuﬂkk;(ﬁn):( 5 )( ) )kk 2+ (n—=k) R+ 1 " ea ki ons )

—(n—k— I)R(k)k+ 1 lck: 6)

=K\ K1\ e e k2—1
—( 5 )( ) )k +k (n—k)+ a )
.. o ki+k,—2\ [k, +k B _
(it) R(n)HIC(l“‘klkz;(ﬁn):<21)< lkl—zl >< 12 2)1(’{‘ ka2

ki+k ki+k

LRit1pka-2 1 2 Lt k-2 1 2

+°‘1[ 1 2 <k1+1 +k; 1 ky+1
k’;l+1k§2+1(klk+1k2) k’il_lkgz_l(kl):kl)

ki+k, 41

x [ki(ks —1D)+k3(k—1)],

_ ke E D2 (g (k— 1)+ 2)!
(i)  R(n)" ak+2]C(kak;(¢;n)= k (4])((k’;§ak )+2) [6ak—Sk—1].

Proof. These formulas are direct consequences of Theorem 5.2. [

In order to extend Theorem 5.1 to decompositions of permutations into an
arbitrary number of transpositions, we introduce the following notation. For
W equals to &, or D, denote by g-zig(C;, W) the number of decompositions of e C; as
a product of r(C;)+ 2q reflections. Each such decomposition can be represented in
T (W) by a path with g zigzags from the identity class to C;. Let g-mix(k;, k,) be the
number of decompositions of ceC(k,,k,;®,) as a product of r(C(ky,k,;60,))+2g
transpositions that contain at least one transposition (i, j) with i in the k;-cycle and
j in the k,-cycle. In order to count g-zig(k,, k,;®,) we first observe that

q
g-zig(ks, ky: ®)= Y ((q—i)—zig(ky))(i—zig(k,))
i=0
y <k1 +ky+2g-2

-mi . 5.7
szt )+qmzx(k1,kz) (5.7)

Since we know how to count g-zig(k,), for any positive integers ¢ and k,, by using
formula (5.5), it remains to evaluate g-mix(ky, k,). The next conjecture gives a partial
answer to that question.
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Conjecture 5.1. Let ky, k, be positive integers with k; +k&, =n, for any positive integer
g, we have

q—zig(9, (ky, ko), Dp)=2%"1[(g+ 1) —mix(ky, k3)]. (5.8)

With the zigzag notation, identity (3.6) can be written in the form
0-Zig(, (ky, k2); Dp)=2(1 —mix(ky , k2)), (59

which is our conjecture for g =0. Next we observe that for each walk in I(®,) with
q zigzags, there corresponds a set of walks with g-1 zigzags in I(D,). There is
numerical evidence and we have to show that the weight of this setof (¢ — 1)-walks in
D, is equal to 2¢q+ 1 times the weight of the g-walk in ®,,. This could be tried using
induction on the number q of zigzags. The problem of computing g-mix(ky, k,) is open
but we give here without proof the expressions for g-mix(ky, k,) when g equals two
and three.

2-mix(ky, k)
ki+2\/ n+2 ki+3\/ n+2 ki+4\/ n+2
=kkitpkatl 1 1 1 ‘
vk [( 4 )<k1+2>+< 4 >(k1+3>+< 4 Ni+4a
(5.10)
3-mix(ky, k)

e (3o ()5
S(GRE)(GRE) () (G))
AR ()
+75<(k;>+<k52>>+45 <<?>k2+k1 (’;2»] (5.11)
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