
 
We'llneed one furtherfact

VELMA In a polytopeP if avertex
v hasedgeneighbors

Ziegler's risk is then
EMMA

pc IRzo.fr v t RooksD
9 I

calledthevertexconeofPat
v

v g p

Ai

COROLLARY If he Rd

Phd
has htt Cu Vvertices v ofP

may
then F a unique hmaximizing

vertex

h Pf
Uma FP and everyother

r f vertex v of P has a path

refit e

soar a
EV 7 Inotherwords Vinay is the

p
da

ofunigreesink if wedirect
alledges the edges of P h

d

directedintoit

noneoutofit
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poet Assuming hw ha tf vertices r V'in13

want to show that Vinay
is the only sink

in the directedgraph that
directs theedges

of P h upward

Suppose some vertex r was a sink

Name its neighbors
v is vs

and then any pep
has since

ALI Pc IRzoG v t IRzoks V

an expression

v p rt c Cri v t Cs vs V

Hn a 20
o Vs

s hCp hG t c hey haft tfghkI
w zo L O
20 LO

Hp shcv i.e v Vmax

REMARK We'veshown in thissettingthat p
alsohas a

Unique h minimizing
vertexUmm andthatumm

is the unique source inthe
directedgraph



THEOREMI Let Pc Rdbe a simplepolytopewith

vertices V is is
and pooped itspolardual simplicial

withcorrespondingfacets F Fa Fs
polytope

ft is
and he d with her has e chars

Then 1 2 Po has Fn Fz Fs as ashellingorder

inwhich Ein Iv ut UTI
h downwardfi 22 wallsHofFi

i

so Gi h downdegreeof vi
indegreeofri

X
i

i iiiir a
n 4 9
I 3 5 6

1 1 2 2 n

h h ha has



7 TEE Iii EFI Efi
Fier

pooI We only need
to showthat VI 22

F in Eau uEa U H ELF
h downward avi
wallsHoffi A

f 0

So givenany F a face in TI n CF v u ti Y
Vk

we need toshowthere is some wall H ofFi

containing F this means H FinFj with hlvj
hki

Since FETin Eu uFI F someFuwith her
Hui

and F FinFk

Butthenlook at F thedualface
in P thesimple

polytope

which has ViUkvertices on F since Fi Fn arefacets
containing F

WeknowVidoes nothavethe h minimum
value

among vertices on F since hah Hui

Hence inside F Vi is not the uniquesource

it must have an h downwardedge
to someVj

that gives E with H FinFj ZF TG
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Where are we

Aparttionable
a

0 24FfIgm Ishellable Ico so

I KEI Cohen
Macaulayness

rerazes

hkldefr

dktk.yhhdhd.no drink d i y
hkGandl

DehnSommervilleequations herds

Immediateconsequences oftheshelling
des

Tte Dehn Sommerville For asimplicial
1905 1927

d polytope P then help hdkCP Hk

Peet Insteading ofchoosing generic
height

function h to order verticesof
Po

choose h instead andcompare

h h 7 hdp vertices in PD 7 IP with h.gov

dekgeefIiIepefsfeascht apde.EE
OF hohKhs or th downdegree

h 1,212 1 D k



EXAMPLE d 3

Simp 3 polytopes with fo n vertices

the same vector ork vector

E g h 12

on iiE

ti
I n 2 I 2 n 12

7,12 30,207 in 3 n 3 4

ho h h he fit fo f

Inte if rEEE.fm

SME estianguan f 31 2 24 74
forallBaytopes



y

cons Motzkin'sYEEE All dpolytopesfaith to Ies
THEOREMYMallen1970

have f flan d Kk
Telicpolytope

proof Wesaw using vertexpulling that 7 a simplicial

d polytope QwithfoCQ n fo p
and the 2 facts Hk

But then weshowed

hnCQ S
Ch d tk k

k
or Clu.dzneigafsorbdiMkRk X Ldk

flanah

ha Cca d
th

where

F KEIKO Oa
for k 91,3 111

whereOi e Ry linear Taya synd

E Oi god is an lso.plinearsystemof parameters forKET

So hulQ e hulda d for oekeLff

DSH 14 HDS

hdidQ I had d



i e haCQ e ha Ccu d Fk

i

fi I ha for smpg pe1 0

fi Q E fi CG dD tri TB

DEF'N WROUAR For I JP Pa simplicial

and R KCMO od
dpolytope

Twang
dso.p

forked

Ro R 0122 0 Rd
EkEk

with Rd Ek having IF as K basis

where F is any
choiceof afief of

Anychoice of an isomorphism
d itface

Rd K is called an
evaluation

or degreemap

for R

prooI Weknow dimkfRD hh.CM

so drink Rd help hoCP

I ed f fo



Interruptedproof for an
EXAMPLE

f JPC 6

f r.EE
a

po In
P d a

Vg V2

kfof klaibf.de de abc

i
KEYS R k oMQ Q has K basis

G Gz G 94 Gs GG

g1 C ao e ce ace

B
we know Idibia 2 iswe

inthe shelling'spartitioning D Gifu



give a K basis for R

And in the polytopeshelling it is only

the last vertex vs in P that has

indegree D so onlyFs Gs

Hence Rd k span of
LEE

But any vertex rot P
can be

made h maximal by a choiceofgerfenic

so anyfaceIFof P
can bemade

thelastfacet E F intheshelling
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Consequence 04

FREM Poincareduality

Intheabovesetting
where I 2P

Pa simplicial d
polytope and

Ri KCoVfQzi yanyl.s.o.p
in Kloten

thenthe bilinearfarm Rk x Rd h K

x y evfx.gg

is a perfect no te
cRd

bilinear form

RECALL
For fin dumb K vectorspaces

V W

a map x W K

cu w l Kid

is a bilinear foren if Lau u fr aw a Lv D
taek

k E3



Call C a nondegmentepterfading if
bothy

w threw re
and

yw o VNEV wee

EXERCISE

thetwo K linearmops

V W and W V
Lu 7 w Gw

are both isomorphismsof
K vedovspaces

EXERCISE
dcmkV dinkW n

and if lvi3i n twilit n are K
bases

forYW
called thethen Cuiwj7 ij in Gram
matrix.co

Aij
is a nonsingularfinvestiblemix

EXAMPLE e ESP wa

InP d
kfofklaibf.dedeabc

i
59 12140710,903 hasKbasis

G G G Gy G Ga
gI n c ao e ceace



R Klab c deYabcde d e a c b c

ybqE.ae

Kk 4 63 E

kspanof 11 c e E celde

yRo Ri Rz Rz ercole 4

KK
R xRz K R2

has Grammatrix
c ce

c
feukileucey.proMnonsygnorRIf e evCeE erlece

pwofofpoincaredna.ly

considerthetwo K
bases Ii for R

Et i a for R

that come from a generic heard and h
re

Notethat we can writethem as I i 2 s

andI Gif ii 2 s i e Five

We CLAIM that their Crammatrix Lxii ENG y

will be invertible uppertriangular



in

Kbasesfor 12
14 0,02

fogginess
g
Es Ei Ea Et Ie Et

g1 c d f e ef

Eiji
lab s

R X R K pairing

FEinos the
b ae E od R using

h basis

c

basis Yetaef TO
1 monomialsFi
belowdiagonal
theseall witnalxfitto

vanishalready
inked C



pref To prove assertion

note that if Ei T G to in 1403

we need some facet Fk E Gi

and The Z Fj hGj

But the h shelling then iriplies h uh zhCui

whiletheCh shelling implies hah z h y
Ian

Iha
hlvikhluj


