
 

Math8680Spring2021 HW Solutions

Let's showparts a b simultaneously by
checking that the d

skeleton Ild of a simplicial

complex 1 having f vector f Chifo f ta
satisfies

hucocdl h
d
ha I'd

if we define Cas in class

haloid E th c it

In the desired equality C one can rewritetheleftsideas

k i

hn Id fat Ife filk
doffs

T o

One can rewritetherightside
k i

hid
d I haCa'd fi Eofithith

i III fish

tht ti.ienkiffdIIIIifdi.LI
da byPasreedaemence



a Given 1 a simplicial complex on vertexset11,2 n

with h 21 to see the sum 0 Xit xn inKCA is a

nonzero divisor NZD as sunne some fCKLA fo

has o O f Writing f I caXt where CaEk
d Ky An and Exitxd
suppet Ed 2

one can pick some variable Xio appearing insome
monomial It with Cato and choose to tobe

such amonomial achievingthe maximum
exponentonXio

Their O f x t.wtxjf cqxio.EE
sumofmonomials

in CpIPwith xiao
y

st ported on

afaceof A since
Edowas

and Xi divides xd
0 a contradiction

b If theconnectedcomponents
of I decomposethe

vertex set as 11,2 in
V w ko wtf with k22

then we claim g If xi has
x g o in

1403 0 Vj

andhence f g o f f e k fo ofpositive
degree

Xjg o for JEV
and xjg x C Exi o forjeth

iENi



Assumed is a pure d
dihil complex so itsfacets

FnFz Fs are all d din il and assume this is ashelling

order meaningthat the iaj F khaving i e k j
with

Fi n F j E FknFj andFenFj is
i dim l

Then thefacetsof starCF are simplythe subset

Fj Fa Fis of
thefacetsof A that content

and hence all d di m l sostareCF Also ifthis

order is the restrictionof theabove shelling
order

to thesefacets meaning gn cja sjs
then

for any En
E i p i

g F khaving i e ka ig
with

Fip nFig
E Fk nFig and thenFig

is dD din l

But then Fc FinfiqEFunFig
Fc the

Fh is afacet ofstar F ieFk Firforsome r

So stare F isshellable

Thefacets of linkalF bijectwiththoseofstarCF

Fje Fit
facet
ofstaff

facet
oflink F

Solinkaff is pure Fl duneandinheritsthesame
shelling order Fj F FI F e Fis F fromstart

F



For a field k a criterionproven inclasssaysthat

Ik has On a xitanxeabxsta.mu

D auxit922 2 9235192Xu E Kf I

for which KID is a finitelygard K.IQQ1module

A Ca aa ad ad e k hasall 2 2submittable

When K Ezthis is impossible
since it requiresthe 4columns

ofA to be 4 distinct nonzero
vectors in Ff whichhasonly

3 suchvectorstotal 181,191,171

WhenKFFL it canalwaysbeachievedfor
exampleby

A f f 9 I with c e k Ion

b If onehadQ OzC 2kg for
which 2kg is a

finitelygen'dZfQ Qf module one
couldreach a

a

contradictionto part a as follows Themap 2 HI
reduces coefficients mod 2 induces ringsurjections

IC xn KXsXy El x K B K
a

2kg Eco
7 IQQ1 Iss IELoi I

thatshowEdo is a finitelygenidEloiOilmodule

apply it to the generatorsfor ICO as a 7 QQ1module
Contradiction to 1a for K Fa



Recallthatthecyclicpolytope Cda fordz2 isthe

convex hull in Rdofpoints I xHI xCtn where I E ftp.na

and taste tu in R

Thus adsubset F in is aid c 11,2 oh corresponds

to vertices x ti Ctia of a Cdc dimensionalfacetofCdk

F an affinefunctional f cotCX t CdXD onRd

thathas fact o for te Iti tie
fact o Tor te Eta tu Hi tia

F apolynomialgE fHEAD Cotatiset get
d E IRCt

ofdegreedharinggAko for t e Eti estid
gA

so for t c Itn 43 Itin tid

thepolynomial get ft to CtTiz Lt tid
hasgot so for te ftp.tufiltiis.stid

betweenevery tie tj in Itn tu Iti tid

there are evenlymany Itin tid
intheusual

ggetorder on IR ny 7

ti E



Assume I is apure l din l simplicialcomplexthat is asimp

graph
with at least one edge and no isolatedvertices

a Toshow A isshellable connected the

forwardimplication iseasyby
induction on thenumber

offacets Fn E Fs in the shelling
the firstedgeFn

is connected andas new edges Fj forj 22 are
addedin

theyalwaysshare
atleast one endpointwith someprevious

edge Ii for ieKj and
henceaddingFj itstays

connected

to the reverse implication show
a connectedgraph is

shellablebyinduction
on the number ofedges

ifthere are anyedges
e Eij

contained in a cycle

remove e leavingits endvertices and
make e Fs

bethe lastshellingstep after oneproducedby
induction

since it isstillconnected

if noedges are contained in acycle it is
a connected

acyclicgraph so a tree andhas a leafvertex i
in

some uniqueedge
ij f e remove vertex i and

edge e leavingvertexj and
makee et'sbethe

lastshellingstepafter one producedbyinduction
since it is stillconnected



b Toshow A is partitionable A has atmost one
connectedcomponentthat is
a nontrivial tree

firstshowthe forwardimplication via
contradiction

If I has too connected
components d Azthat

are trees then WLOG 1 does
nothavetheunique

intervalofthepartoning A
i

Gi Fi ofthe form

GiFit10 lip This means I is partitioned
into

intervalsof form Iif Ei j3 and ki j I
l i js This

forces

0 tohave atleastasmanyedges
as vertices

contradictingthat it is a tree sohas edges
vertices 1

If I hasconnectedcomponents
In Az Is

and I 2 As are all non trees then
we can

partitionit as follows First use a toshell In since

it isconnected Then it
sufficestoshowfor each

non treecomponent Dj withj 2 s how to partition

it intointervals Isis EiyD and I kij I
l i j3 Assumej 2

and let C be a cycleofedges insideAz



Weshow topartition12 via induction on thenumberof
edges of Ian C
BASECA.SE Aj C
Thenpartilitionit

like this

qb
la ab w lbbatikcd uld delwleae

INDUCTIVESTEP If thereis an edge e fij e Ajc

that lies in some cycle then remove e

and add flijl Ii it tothepartitioningof
what is left which is still a non treecomponent

Ifthere is no edge e fiJI c AIC
thatlies in a cycle then 7 a leaf vertex i

ofdegree 1 in a uniqueedge ij's Remove

this vertex i andedge lid leaningvertexj
andadd lif l i jDto thepartitioningofwhat is
left which is still a non treecomponent
















