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The same resolution
,
with maps :

O -d
-e 0 0

a o O o -e1: : : : :| .I:|[ac ad bd be ce] o o a b 0

O - S /Ia- Sc 51-217 51-355
'

¥
sfsg, O

11"

Fz

"

F, J 1=3

Some facts
to

"

B , =5 BI,z=5 , Bjj -0 j -1-2

① Minimal free resolutions are unique Cup to isomorphism) .

② Hilbert syzygy theorem 11890) :

Every finitely
- generated kik, -→ in] -module has a

finite free resolution , of length In .



Information from the minimal free resolution

0 ← KIAT ← to ← F
,
← . .

- ← Fi ← - - . ← Fh 2 0
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Bii projective /homological

* Note :
"

ungraded
"

Betti
j ) dimension of HAT

numbers are
= pds IKEA])

pi = § Pij graded Betti numbers
of k[A]

Auslander - Buohsbawm
: pds ( k[A] ) = n - depth ( KID] )

formula

For our example : pd (÷ ;) = 5 - l dim (A) + 1) = 3



Hilbert series from free resolutions

Recall An exact sequence 10 ← Mo ← Mi ← -- - ← Me← o) of graded
8-modules has & 1- 1)iltilblmi

,

t) = 0
.

i=O

Computing Hills (Klatt) 0 ← k[A) ← s ← SC-25 ← SHE ← Sts) ← o

Hills (Klatt) = Hilbls,t) - Hilblsc-235, t) + Hilblsl-3kt
) - Hills /Sts ), t )

= I - 51-2 + 51-3 - +5

11- t )
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In general Hilblm , t) =/§, 1-11
"
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The functor f)* = Hong- ,5)

For an S- module M
,
define M* = Homs (M

,
S)

4 : M > N an 5-module map

I
y* : N* > M*

,

f- I > foll

For M, N free ,

if A
,
A* represent 4,4$ , then A*= AT

.
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Applying f)
*
to the minimal free resolution

0 > k[D]* > FF > F.
*

> . . . > FE > 0 (A)
"

0

Theorem If k[A] is Cohen - Macaulay ,
then (4) is exact

,

except possibly at Fh* .

To make it exact
,
we append the canonical module

D. ( KID] ) .



The canonical module

0 > FF > F.
*

> . . . > FE > ohlklai) > 0 (A)

Some
"

easy
"

observations :

• 4) is a minimal free resolution of RINAT) Ias an 5-mod ) .

• jhlkl.AT ) is also a KID] - module
,
with ph / k[A] )

minimal generators .

Upshot : ph ( k[AT ) depends only on k[A] !



Type

type KID] ÷ ph ( k[A])

= # of minimal generators of ohlkcb])

as a KID] land 5) - module .

Type is an important invariant of Cohen - Macaulay rings .

What happens when type k[AT
= 1 ?

KID] and SLC KCA] ) are isomorphic
las KIAT - modules )



borenstein rings

say Cohen -Macaulay KID] is borenstein if type k[AT=1 .

2 minimal free resolutions of KCA] :

0 ← KID] ← For F, C - - - c Fnc 0

Oc KIATC Fic - -
- c FFC Ffc 0

511

hhlkcni)

consequences Fi = Fn¥ Osi - h " The minimal

free resolution

pilb.CAT ) = Phi (bio) is self -dual .
"



Another definition of type

Let A = KIA] / (Q )
Tan h- so- p .

type k[AT = dimhsoc A
,
where soc A={elements at Aannihilated by KAT-1}

•
a

k[AT= blab, Gd,e] / ( ac, ad, bd, be,ce)
e. p

• b

⑤ = (aicte, btdte )

d. • c
Basis for A : { 1 c. d. e ae }

SOCA =

spank {Ae} a .ae = elc-ielcc-es-od.ae =o

b.ae = 0 e.ae = a( at c) (atc) = 0

c.ae = 0



Summary
we now have several ways to think about GorenStein rings :

C d e

① Poincaré duality •

(
° "

8) det -- la -1 0

A- spank { 1 , c ,
d
,
e
,
ae }

e 0 0 -1

② symmetry in the minimal free resolution

0 < k[AT < S ' e Ssc S5 < s
'
c o

③ socle of k[AT / 10=1 has b-dimension 1

Soc A = spann lae}


