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ON A SMITH NORMAL FORM CONJECTURE OF LINDZEY

ANVAYA SHINEY-AJAY

ABSTRACT. This thesis examines the following conjecture of Nathan Lindzey.
Consider the n! x n! matrix having rows and columns indexed by permutations
in the symmetric group on n letters, whose (o, 7) entry for o,7 € Sy, is 1 if
o~ 17 is an n-cycle and 0 otherwise. Then this matrix has the same rank when
taken modulo p for all odd primes p as its rank over the rationals Q.

We explore the context of the conjecture further, by generalizing to real
reflection groups and even to well-generated complex reflection groups. Here
the role of n-cycles are played by the conjugacy class of what are called Coxeter
elements. The analogous conjecture is shown to hold for certain sets of these
reflection groups, but not for others.
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1. INTRODUCTION

In a 2019 Math Overflow post [4], Nathan Lindzey made the following conjecture.
Consider the n! x n! matrix Ag, having rows and columns indexed by permutations
in the symmetric group on n letters, whose (o, 7) entry for o, 7 € S, is 1 if 0~ 17 is

2
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an n-cycle and 0 otherwise. For example, Ag, is shown here:

ME)B) (12)3) 13)2) (23)(1) (123) (132)

(1)(2)(3) 0 0 0 0 1 1
(12)(3) 0 0 1 1 0 0
e — (13)(2) 0 1 0 1 0 0
Sa 7 (23)(1) 0 1 1 0 0 0
(123) 1 0 0 0 0 1
(132) 1 0 0 0 1 0

Conjecture 1.1 (Lindzey [4]). The matriz As, has the same rank when considered
over the rationals Q as when considered over any field of characteristic p an odd
prime.

Equivalently, the integer Smith Normal Form (SNF) of As, has all its non-zero
entries being powers of 2.

Definition 1.2. Given a nonzero m X n matrix A over the a principal ideal domain
R, there exist invertible m xm and n xn matrices with entries in R and determinants
being units in R, which we call P and @, such that PAQ is a diagonal matrix with
entries a1, g, ..., Omin(m,n), where o; divides a;41.

Such a PAQ is unique, and is the Smith Normal Form of A. For this paper, we
work with m =n and R = Z.

Example 1.3. The above matrix Ag, has Smith Normal Form

1 00000
01 0000
001000

SNF(As)=14 0 0 1 0 0
0000 20
00000 2

Since there are four 1s and two 2s on the diagonal in S, we will abbreviate this by
saying that SNF(Ag,) is 1122

As part of Lindzey’s conjecture, labeled Conjecture [I.I] we claimed that the
rank of a matrix being equivalent over both the rationals Q and over fields of
characteristic p an odd prime was equivalent to all the non-zero entries of the
Smith Normal Form of said matrix being powers of 2. Let us lay out why that is
the case.

Proposition 1.4. For a matriz A € Mat, (Z), rankg(A) for a field F of charac-
teristic p is equal to the number of entries in the Smith Normal Form of A which
are non-zero modulo p.

Proof. As invertible matrices in Mat,,(Z), the P and @ such that S = PAQ have
determinant +1, and since the determinant is an operation based on addition and
multiplication, the unique ring homomorphism from Z to F means that the deter-
minants of P and @ remain +1. But then, since they remain invertible, since 41
are always units, they do not affect the rank.

Thus, the rank of S over F is the same as the rank of A over F, and since I has
characteristic p, the number of non-zero entries and thus the rank of S over F is
the number of entries of S over Z which are non-zero modulo p. (]
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Lindzey checked Conjecture [[.I] up to n = T7:

[n]  SNF(As) |
2 1°
3 1727
4 1%2120*
5 116252 82050
6 13222008200468
7 164272842812816204116

Note that Ag, has the following re-interpretations:

e If one considers the set of all n-cycles in S;,, then since the inverse of an n-
cycle is also an n-cycle, the directed Cayley graph for this generating set can
be viewed as an undirected graph, and Ag, is the {0,1}-incidence matrix
for this undirected Cayley graph.

e If one considers within the group algebra Z[S,] the element C' which is
the sum of all of the n-cycles, then Ag, is the matrix that represents the
Z-linear map Z[S,] — Z[S,] which multiplies on the right by C.

Here, we explore Conjecture and analogues for finite reflection groups W.
In particular, we have found similarly interesting patterns when examining the
conjugacy class of the Cozxeter elements in the finite real reflection groups and well-
generated complex reflection groups W. Thus Ay, here will refer to the matrix that
represents the Z-linear map Z[W] — Z[W] which multiplies on the right by C,
where C' is the sum of the elements of the conjugacy class of the Coxeter elements.
Considering the SNF of such Ay, we have a few results and conjectures.

e Although we were unable to prove Lindzey’s initial conjecture, we were able
to prove that the Smith normal form of Ag, has a certain minimum number
of 1s present (see Theorem [3.3).

e Additionally, we show that, for a particular family of complex finite reflec-
tion groups called G(m,1,n), the matrix Ag(m,1,,) has a block structure
with each block replicating Ag, . This results in their SNF essentially being
multiples of the SNF for the corresponding Ag, ; see Theorem [3.5

e We were also able to find and prove a pattern for the Smith Normal Form
of complex reflection groups in the dihedral group G(m,m,2) family (see
Theorem, and find, but not prove, a similar pattern for the G(m,m, 3)
family (see Conjecture .

2. BACKGROUND

2.1. Coxeter elements for real reflection groups. This section gives back-
ground on reflection groups and Coxeter elements.
To start, we define the finite real reflection groups.

Definition 2.1. A finite real reflection group is a finite group generated by a set
of reflections s, € GL(V'), where V is a Euclidean space, and where each reflection
So sends some non-zero vector a € V to —a while fixing pointwise the hyperplane
H,, orthogonal to «.

Each such finite real reflection group W acting on a Euclidean space V has a set
of n := dim(V) reflections S = {s1,...,s,} called simple reflections that give W a
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Cozxeter presentation, that is, one of the form
W =(S|s7=1=(sis5;)"")
for m;; € {2,3,...}.

Definition 2.2. Given such a Coxeter presentation, the Coxeter elements are the
length n products s;, s;, - - - s;, containing each generator s; in S exactly once.
E.g., s1s9...5s, is a Coxeter element, as is s257 ... S,, and so on.

Example 2.3. For any n, S, is a finite real reflection group, and the adjacent
transpositions can be the simple reflections. Taking s; = (i ¢ + 1), the Coxeter
elements are simply the n-cycles, as the product of n — 1 distinct transpositions
that are the edges of a spanning tree.

For Sy, the simple reflections are {(12), (23), (34)}, and the Coxeter elements are

{023417 02413, 03421, 03142, 04312, 04123}-

Furthermore, it is not obvious, but all such Coxeter elements are conjugate
within W[, §3.16]. These Coxeter elements, because they are conjugate, share
their characteristic polynomial and their multiplicative order h, which is called the
Coxeter number of W. They also share the same eigenvalues (¢™*,(™2,...,(™")
taking the form (™ for ( := e*#". The various values mi,...,my, are called the
exponents of W.

It turns out that these exponents have a (non-obvious) reformulation in terms
of the invariant theory of W. One can let W act on the polynomial algebra
Rlz1,...,2y] via linear substitution of the variables z1,...,z, which are the coor-
dinate functions on V. A theorem of Shephard and Todd [7] implies that for a real
reflection group W, the W-fixed subalgebra is again a polynomial algebra, that is,

Rlz1,...,7,)" = R[f1,..., fu] for some n algebraically independent polynomials
fi,---5 fn- One can choose these f; to be homogenous of degree d;, and then the
(di,...,d,) are called the degrees of W, and one has m; =d; —1fori=1,2,... n,
while h = max{dy,...,d,}. For more on invariant theory, exponents, degrees and

construction and classification of finite real reflection groups, see [I, Chap. 1-3].
Definition 2.4. Given a finite real reflection group W, we let Ay, be the |W|x |W]|
matrix with entries in {0, 1} that represents the Z-linear map Z[W] — Z[W] which
multiplies on the right by C', where C is the sum of the elements of the conjugacy
class of the Coxeter elements.

Example 2.5. Taking W = S5, C = 0231 + 0312, which gives:

MER)B) (12)3) 13)2) (23)(1) (123) (132)

~—

(1)(2)(3) 0 0 0 0 1 1

(12)(3) 0 0 1 1 0 0

e — (13)(2) 0 1 0 1 0 0
527 (23)(1) 0 1 1 0 0 0o |

(123) 1 0 0 0 0 1

(132) 1 0 0 0 1 0

the same as our previous definition of Ag,, as expected.

Although interesting patterns in the SNF of Ay, did arise when examining the
finite real reflection groups W (also called the finite Coxeter groups), generalizing
to the complex finite reflection groups provides more material to work with, and
also bypasses certain computational limitations.
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2.2. Complex Finite Reflection Groups. Complex finite reflection groups are
an extension from real finite reflection groups, and they are gone into in more depth
in Lehrer and Taylor’s book[3]. They are formally defined as follows:

Definition 2.6. Given some finite-dimensional complex vector space V', a finite
complex reflection group is a finite subgroup of GL(V') generated by complex re-
flections s € GL(V), where a complex reflection s is an element of GL(V') whose
fixed space ker(ly — s) is a complex hyperplane.

Now, any real reflection group can be made complex by simply extending the
scalars from R to C. Beyond that, the finite complex reflection groups acting
irreducibly on V' were first classified by Shephard and Todd [7]. They showed that
every irreducible finite complex reflection group either belonged to

e the infinite family G(m,p,n) consisting of the n x n monomial matrices
whose nonzero entries are mth roots of unity and whose product is an
(m/p)th root of unity, or

e one of 34 exceptional cases, which they numbered G4, G5, ..., Gs7.

The bulk of our discussion will focus on the infinite familyﬂ G(m,p,n). Note that

e S, =G(1,1,n),

e I3(m) = G(m,m,2), where Io(m) is the dihedral group of order 2m, and

e the subfamily G(m, 1,n) is also known as the generalized symmetric group,
and can be understood as the wreath product of the symmetric group S,
by a cyclic group of order m, an understanding we use later.[3], §2.2]

2.3. Coxeter elements for the well-generated complex reflection groups.
To extend Lindzey’s conjecture from real to complex reflection groups, we must also
define the Coxeter elements in a slightly different manner than for the finite real
reflection groups. In fact, we will only define Coxeter elements for complex reflection
groups W C GL,(C) that are well-generated, so those which act irreducibly on C"
and can be generated by n reﬂectionsﬂ

Example 2.7. Real reflection groups extended from R to C are well-generated.

Example 2.8. Among the family G(m,p,n), those with p = 1 or p = m are
well-generated. [3] §2.7]

The following definition of Coxeter elements in well-generated complex reflection
groups has become fairly standard, and generalizes the definition for real reflection
groups; see [0].

Definition 2.9. For a well-generated complex reflection group W C GL(V'), define

its Coxeter number h = max{ds, . ..,d,} where d; are the degrees of n homogeneous
polynomials fi,..., f, which generate the W-fixed polynomials

(C[ZL'l, e ,xn]W = (C[fl, N ,fn}
Define ¢ in W to be a Coxeter element if ¢ has an e%—eigenvector v € V, that is,
¢(v) = e** v such that v has a free W-orbit, meaning [{w(v) | w € W}| = [W]|.
Remark 2.10. There is also an alternate definition for Cozeter elements in the

finite complex reflection groups, but in this paper we refer solely to the one above.

1Although we examined Ay, in these exceptional cases (see Section B for some data), they
were harder to analyze and no patterns were found.
2Some irreducible complex reflection groups on C™ actually require n+ 1 reflection generators.
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2.4. Matrix and Smith Normal Form. As mentioned above, all Coxeter ele-
ments are conjugate to one another in W.

Remark 2.11. It turns out (see [6]) that every well-generated (finite) complex
reflection group W acting irreducibly on C™ has a set of n generating reflections
81,89, ..,8, for which their product ¢ = s185 - -+ s, is a Coxeter element. For some
groups, we found one such Coxeter element via this method, and then took its
W-conjugacy class C.

Using the conjugacy class C' of these Coxeter elements, we can then create an
adjacency matrix Ay of the Cayley digraplﬂ of the conjugacy class of the Coxeter
elements within W. That is, we take a |[W| x |WW| matrix, associating an element
of W to each 1 < ¢ < |W]|, and have the ijth entry be 1 if wj_lwi € C, and
0 otherwise, creating our desired Ay,. Technically, this is the transpose of the
traditional definition of a matrix for a Cayley graph, but this does not affect the
Smith Normal Form. Alternatively, Ay is the matrix that represents the Z-linear
map Z[W] — Z[W] which multiplies on the right by the sum ) -~ w.

From there, we can take the Smith Normal Form of Ay, to get SNF(Aw).

3. THEOREMS AND CONJECTURE
We collect here a few results and conjectures.

3.1. The family G(1,1,n) = S,,. Looking back at Lindzey’s SNF data for Ag,,
which we verified independently[8], we have:

[n] SNF(Asg,) \
2 12
3 1122
4 1821204
5 11625282050
6 13222008200468
7 164272842812816204116

There are two things that one notices, aside from his conjecture that all non-zero
entries are powers of 2.
The first is something that he already observed in [4].

Proposition 3.1. The rank of Ag, over the rationals Q is

(o))

Consequently this is also the number of nonzero entries in the SNF, and so the

number of zero entries is n! — (2(7?__11)).

Proof. To show this, we first note that rankg(Ag, ) is equal to the number of non-
zero eigenvalues of Ag, , including multiplicities. If one indexes the irreducible
representations of S, in characteristic zero by partitions 7 of n, and denote by
d. the dimension of the irreducible, then, by [10, §5.5.2], one has a Q-algebra
isomorphism

Q[Sn] = EPMata, xa, (Q).

3The inverse of an element in C' will not always lie in C, so this digraph is not undirected.
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Since Ag, represents multiplication in Q[S,] by >, ccw, this can used to show
that the eigenvalues are

with multiplicities of d2.

However, x,(w) = 0 for w € C for many partitions 7, with the exceptions being
the exterior powers /\k V', where V is the standard representation which correspond
to the hook-shaped partitions 7 = (n — k,1,...,1); this follows either from the
Murnaghan-Nakayma rule or from [2, §A.2]. There is one such representation for
each 0 < k <n — 1, with dimension (”;1) Thus, we get that

n—1 2
n—1 2(n—1)
rank(A4g, ) = Z ( ) = ( );
P k n—1
as we desired. O

It also appears that the number of 1s in SNF(Ag, ) is 2”71, but we were only
able to prove a lower bound.

Conjecture 3.2. The number of 1s in SNF(Ag, ) is 2"~ 1.

Note that if this were true and we could prove that there was even at least one
2 in the Smith Normal Form of Ag, , we would have the rank of Ag, over any field
of characteristic 2. Combined with Lindzey’s conjecture, which covers all fields of
characteristic p an odd prime by showing the rank in that case is equal to the rank
over Q, we would have the rank of Ag, for any characteristic.

However, for now we only have a lower bound, which will be proven in Section

Theorem 3.3. The number of 1s in SNF(Ag, ) is at least 271,

Finally, checking the number of 2s in the SNF of Ag for n = 3,4,5,6,7 through
the Online Encyclopedia of Integer Sequences (OEIS), it matched with the sequence
4094811[5], which has the following values: 1,6,26,100, 364, 1288, 4488, 15504, .. ..
That is, the number of 2s in SNF(Ag, ) is equal to 2 times the n —2nd entry in that
sequence. This OEIS sequence counts the number of tuples (s(0), s(1),..., s(2n+1))
such that 0 < s(¢) < 8 and |s(i)—s(i—1)| = 1fori=1,2,...,2n+1, with s(0) = 1,
s(2n+1) = 6.

Question 3.4. Does the number of 2s in SNF(Ag, ) continue to be equal to double

the n — 2nd entry of OEIS sequence A094811 for higher values of n, and if so, what
is the connection?

3.2. The family G(m,1,n). Here is some data on the family G(m, 1,n) of well-
generated complex reflection groups[g].

) 1824036

) 1162240344
) 13221048403700
)

)

)

112260144
12423601884
116280360
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This suggested the following theorem, which will be proven in Section

Theorem 3.5. An integer d > 1 occurs in the Smith Normal Form of As, for
Sp = G(1,1,n) with multiplicity © if and only if it occurs with multiplicity mi in
SNF(AG(m,l,n))'

3.3. The families of the form G(m,m,n). For the well-generated family G(m,m, n),
it is less clear what is happening in general. However, for n = 2, where G(m,m, 2)

is the dihedral group of order 2m, the pattern is clear and provable, based on the
calculated examples[§].

[ G(m,m,2) || SNF(Ag(m.m2) |

G(2,2,2) 1%
G(3,3,2) 1922
G(4,4,2) 1*0*
G(5,5,2) 1822
G(6,6,2) 1827
G(7,7,2) 11222
G(35,35,2) 16822
G(36,36,2) 16804
G(37,37,2) 17222
G(38,38,2) 17224
G(39,39,2) 17622
G(40, 40, 2) 17604

From there, we found the following theorem, which is proven in Section [6]

Theorem 3.6. For m > 2, we have that:

12m=40% m =0mod 4
SNF(AG(m,m,2)) = 12m72227 m = ]., 3 mod 4
12m=424 " m =2 mod 4

Corollary 3.7. The rank of Ag(m,m,2) s 2m —4 if m = 0 mod 2 and 2m — 2 if
m = 1 mod 2 for fields of characteristic 2. For fields of any other characteristic, it
is 2m — 4 for 0 mod 4 and 2m otherwise.
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For G(m,m,3) with m > 2, we have this datal[g].

’ G(m,m,3) H SNF(AG(m,m,3)) ‘

G(2,2,3) 191821204
G(3,3,3) 1181231692016
G(4,4,3) 13628412010
G(5,5,3) 154520076
G(6,6,3) 172123661018201%4
G(?, 77 3) 1907200184
G(S, 87 3) 1108488120256
G(g’ 97 3) 1126329162720340
G(10,10,3) 1145810120136
G(11,11,3) 11621120054
G(12,12,3) || 1180226512193620564
G(13,13,3) 11981320796
G(14,14,3) 1216781412940
G(15,15,3) 1231521516452()T096
G(16,16,3) 125288161201264
G(17,17,3) 1270172001414
G(18,18,3) || 1?583296181054201636
G(19,19,3) 130619201810
G(20,20,3) 132410%2012020°6
G(21,21,3) 1342722116632(2284
G(22,22,3) 136071182212(2524
G(23,23,3) 137823202776
G(24,24,3) || 1395421262410722(3010
G(25,25,3) 111425203316
G(26,26,3) 11321382612(3604
G(27,27,3) 1150922716812()3904
G(28,28,3) 1%081432812()4216
G(29,29,3) 11862920( 1510
G(30,30,3) || 1°945215530109020876

Note that, unlike in Lindzey’s original Conjecture and with Theorem
about G(m,1,n) and Theorem [3.6|about G(m, m, 2), here for G(m,m,3) there are
some nonzero SNF entries that are not powers of 2. Nevertheless, by examination,
one has the following conjecture:

Conjecture 3.8. For m > 2, it is the case that:

118m736(%)2(m)6m10(3m)2 Oz(m)’ m = 0 mod 6
0

118m=36720 ()=(m) m =1,5mod 6
SNF(Ag(m.m.3)) = ’ ’
( G(m, ,3)) 118m—36(%)8m12 Oz(m)7 m = 2,4 mod 6
118m—36(%)2m16(3m)2 Oz(m)’ m = 3 mod 6
where

z(m) := 6m?* — (18m — 36) — 20 = 6m?* — 18m + 16.
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Proposition 3.9. If Theorem|3.8 is true, then we would get the following table for
the rank of Ag(m,m,3) over a field of characteristic p:

p
m mod 6 0 2 3 >3
0 18m — 16 | 18m — 36 4 804, | 18m — 36 + 2094, | 18m — 36 + 200,
1,5 18m — 16 18m — 16 18m — 16 18m — 36 + 200 51,,,
2,4 18m — 16 | 18m — 36 + 854*m 18m — 16 18m — 36 + 206p;(m
3 18m — 16 18m — 16 18m — 36 + 209y, | 18m — 36 + 2004,

Going beyond G(m,m,3), for G(m, m,n) with n = 4,5, ..., we have very little
data on the Smith Normal Form, shown in the table below[8]. It is insufficient data
to guess how the above patterns might extend.

’ G(m,m,n) H SNF(Ag(mmn)) ‘
G(1,1,4) 1521207
G(2, 2, 4) 128240410820164090
G(3, 3, 4) 112031264218240450
G(47 47 4) 1156236468810162032401242
G(5, 5, 4) 12602281010202610
G(G7 67 4) 1284212464412107220144404698
G(1,1,5) 11625282()°0
G(2, 2) 5) 117221124232818241672201368

4. PROOF OF THEOREM [3.3]

This section is devoted to proving Theorem the statement of which was as
follows.

Theorem The number of 1s in SNF(Ag, ) is at least 2"~ 1.

It will be helpful to recall a characterization of the diagonal entries a1, as, ... in
the SNF of an integer matrix A.

Proposition 4.1. Ifd;(A) denotes the greatest common divisor of the determinants

of all i x i minors of A, with convention do(A) =1, then ay; = d:ii(lj?ll) .9

Thus to show the number of 1s in SNF(Ag(1,1,n)) is greater than or equal to
27~1 all we need to do is prove that there exists a 2"~ x 2"~ minor of Ag, with
determinant 1 or —1. Then d;(Ag@,1,n)) = 1 for i < 271 and so we have at least
27~! s in the Smith Normal Form.

Definition 4.2. For a subset I = {41 < iz < --- < ix} of {1,2,...,n — 1}, with
0 <k <n—1, define a permutation o7 := s;, 8, - - - $;,, in Sy, with s; the adjacent
transposition (4,7 + 1).

Then define the 2"~ !-element collection B,, = {o1}icqi2,....n—1y inside S,,.

Example 4.3. One has o7 = (12)(23)(56) = (123)(56) in Bg (and in B,, for n > 6,
as well).

k

Lemma 4.4. Subsets I,J C {1,2,...,n — 1}, have product U;lgj forming an
n-cycle if and only if J ={1,2,...,n—1}\ I.

Corollary 4.5. The submatriz of Ag, indezed by B, x B, has determinant £1.
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Proof of Corollary[{.5 assuming Lemma[/.f} In the row indexed by I, there exists
only one column indexed by J such that the entry of the submatrix at IJ has value
1, and the same applies for each column J. Thus, the submatrix is a permutation
matrix and has determinant +1. (]

Before we prove Lemma [£.4] we illustrate the claim with an example.
Example 4.6. Inside By C Sy, for I = {3,4,6} and J = {1,2,5,7,8}, one has
or = (34)(45)(67) = (345)(67),
oy = (12)(23)(56)(78)(89) = (123)(56)(789),
and indeed
0;101 = (76)(543) - (123)(56)(789) = (125789643)
which is an n-cycle, as desired.

Proof of Lemmal[{.4} For the backward implication, note that if

I={i1 <iy<---<ig}, and

J={L2,....n—=1\I={j1 <jo< - <Jn-1-k}
then o; 'oy = 8i,8i,_, " SiySiy * 81,54, -+ Sj,_,_, is the product of all adjacent
transpositions in S, in some order, and thus a Coxeter element in S,, and an n-

cycle.
For the forward implication, we claim 0;10 J being an n-cycle implies both
(i) TUJ]>n—1, and
(ii)) INJ =2,
which would then imply J ={1,2,...,n—1}\ I.
Claim (i) follows as n-cycles need at least n—1 transpositions in any factorization.
Claim (ii) follows from the observation that if ¢ € I, then o(¢) =+ 1. Thus if
i € INJ,then o7(i) =i+ 1= 0,(i), and hence o; 'o;(i) = o' (i + 1) = i. But
this means that 0;10 7 has 7 as a fixed point, so it cannot be an n-cycle. (]

5. PROVING THEOREM

This section is devoted to proving Theorem the statement of which was as
follows.

Theorem An integer d > 1 occurs in the Smith Normal Form of As, for
Sp = G(1,1,n) with multiplicity © if and only if it occurs with multiplicity mi in
SNF(AG(m,l,n))'
5.1. Background. Before we can prove Theorem we need to understand the
group G(m,1,n) and the conjugacy class of its Coxeter elements.

Recall the group G(m,1,n) consists of the n x n monomial matrices g whose

nonzero entries are mth roots of unity, so of the form ¢*, where ¢ = e+ . In other
words, if eq,..., e, are the standard basis vectors in C”, then

9(ej) = (Feg(j)
for a unique pair (o,z) of
e a permutation o = (¢(1),0(2),...,0(n)) € S,, and
e a vector z = (21, 22,...,2,) € Z,, where Z,, here denotes Z/mZ.
We introduce a well-known alternate notation for such matrices here[3] §2.2].
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Definition 5.1. Denote the element g in G(m,1,n) described above by o x z.
Then the product in G(m, 1,7n) corresponds to

(0 xz)(T xw) =01 x (W+7(2))
where 7(z) is defined as 7(z) = (2-(1), 2r(2)> - - - » 2r(n))-
Corollary 5.2. In G(m,1,n), the inverse of an element o X z can be written

as o=t x 7', where 2, = m — Zo-1(;), noting that since z' € 7Zy,, the case where
Zo-1(3) = 0 can be written equivalently as 2l =0.

Example 5.3. In G(3,1,3), the element normally written in the matrix notation
defined in Section 2.2] as

0 0 1
¢ 0 0
0 ¢ 0

would instead be written as o231 x (1,2,0), or, using two-line notation for the

permutation, (égi’) x (1,2,0). The element normally written as

C 00
00 1
0 ¢ 0

would instead be written as o132 x (1,1,0) or Ggg) x (1,1,0). Their product,
normally written

0 0 1\ /C 00 0 ¢ 0
¢ 0o of]loo 1]=1[c¢c2 o0 o,
0 ¢20o/\0o ¢oO 0 0 (2

would be instead written as o213 X (2,1,2), precisely what the formula for multi-
plication in the o x z format gives.

Definition 5.4. For o x z in G(m, 1,n), define |o x z| = >_"" | z; mod m, which
we will call the magnitude of o X z.

Corollary 5.5. A few results quickly follow:

1. The magnitude of the product of two elements is the sum in Z,, of the
magnitudes of each element:

(0 x2) (T xW)|=|oXz|+|rxw]|
2. The magnitudes of an element and its inverse sum to zero:
|77t x w4+ |7 x w| =0
3. Conjugation of o xz by any element mxw in G(m, 1,n) keeps the magnitude
fized:
|(m! x W) (0 x z)(7 x W)| = |o x 2|
With these tools, we can then prove our theorem, which begins with identifying
the Coxeter elements and their conjugacy class.

Proposition 5.6. The element ¢ = 023..n1 X (1,0,...,0) is a Cozeter element of
G(m,1,n), with eigenvector

27mi
mn

where w = e
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Proof. To start, we note that the Coxeter number for G(m, 1,n) is mn, so to prove
c is a Coxeter element with corresponding eigenvector v, we need to prove both
that ¢(v) = emnv (which can be rewritten as ¢(v) = wv) and that v has a free
W-orbit. To check the first, we simply plug in the values for ¢ and v, getting

c(v) = (W w" L w) = wv,
which proves the first part of our definition of a Coxeter element.

Second, we need to show that v has a free W-orbit. To do this, we will construct
an inverse function which retrieves the value of w € G(m,1,n) from w(v), that is,
an inverse to v : w — w(v). By constructing such an inverse, we will show -v is
isomorphic, and thus that v has a free W-orbit.

First, we write the value of w(v), where w = o x z and o~! is simply the inverse

permutation of o, by using the fact that ¢ = e =W

n—071(1)+nza_1(1) n—ail(n)-i-nza_l(n))
ye e

w(v) = (w LW

Now, defining log,, : w”/™% — Z/mZ so that log, (w*) = k, we write:
n —log, w(v)y = o~ (k) mod n,

which means we can retrieve o. After that, we also see that

o~ t(k)

Llogw w(v);CJ

- = |Zo-1(p) +1—

| = 2o-1 (1)

and since we know the value of 6!, we can find z in full. So, the function -v : w
w(v) is invertible, so v has a free W-orbit, and thus ¢ is a Coxeter element. g

Next, we need the conjugacy class of the Coxeter element. To do this, we use
the following lemmas.

Lemma 5.7. Given some o Xz € G(m,1,n), there exists some w such that 7 X w
is in the conjugacy class of o X z if and only if T is conjugate to o in S, .

Proof. Mapping o X z — ¢ is a surjective group morphism G(m,1,n) — Sy,. O

Lemma 5.8. Given some o Xz € G(m, 1,n) with o an n-cycle, any element o X x
with |o X x| = |0 X z| is in the conjugacy class of o X z.

Proof. To show this, we start by conjugating ¢ X z by e X w, noting that by the
definition of the inverse, (e x w)™! = e x w™!, where w™! is the additive inverse
of w in Z7,. Then we get that

(exw ) (oxz)(exw)=0cx(wt+z+aow ).

Now, we need to show that for any x such that |0 X x| = |o x z|, we can choose w
such that x = w + z + o(w~1). We do this constructively, for an arbitrary x.
First, we note that since x and z are fixed, we can write y = x — z, and try to

construct said y, noting that since |0 x x| = |o x z|, we have > | y; = 0. Second,
we note that, working in Z,, we have (w™'); = —w;, so o(w™1); = (W 1)) =
—wa(i)-

Then for any 1 < i < n, we want to find w; such that y; = w; — w,(;), working
within Z,,. To do this, we start at y;, and choose w; = y1, meaning wg(;) = 0.
Since we want to also fulfill

Yo(1) = Wo(1) — We(o(1)) = 0 — ws2(1),
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so we have wy2(1) = —Y,(1)- But then that means that
Yo2(1) = Wo2(1) — Wo(o2(1)) = —Yo(1) — Wed(1);
80 Wgs(1) = —Yo(1) — Yo2(1)-
Repeating this pattern, we get in general that wyr) = — Zi:ll Yoi(1)- Taking

this all the way up to k = n, we get

n—1
Won(1) = — Z Yoi(1)
=1

n
w1 = — E Yi
i=2

But since Y ;- , y; = 0, that gives wy = y;, making the whole system self-consistent.
Thus, for any x such that |0 X x| = |o x z|, we can find a w such that conjugating
o X z by e X w results in ¢ x X, so we are done. g

Proposition 5.9. The conjugacy class C of the Cozeter elements of G(m,1,n) is
C={oxz:0 ann-cycle, and |oc x z| =1}

Proof. Using Lemmasand any element o xz with o an n-cycle and |oxz| = 1

is conjugate to the element ¢ = o931 X (1,0,...,0), and we know nothing else is
in the conjugacy class thanks to Lemma [5.7 and Corollary [5.5]3. O

We can additionally note that the size of C'is (n—1)!m"~!, as there are (n —1)!
n-cycles, and for each one, there are m™~! ways to get the magnitude of the element
to be 1.

5.2. Proof of Theorem With the conjugacy class of the Coxeter elements
established, we can then work on proving the actual statement of Theorem
whose statement is reproduced again below.

Theorem An integer d > 1 occurs in the Smith Normal Form of As, for
Sn = G(1,1,n) with multiplicity i if and only if it occurs with multiplicity mi in
SNF(AG(m,1,n))-

The theorem will result from Propositions and [5.12] below, and their corol-
laries.

Proposition 5.10. The group W = G(m,1,n) can be partitioned into sets which
gie a direct sum decomposition ZW = Vo@ V1 ®---® V1, and said decomposition
allows for the following block decomposition of Ag(m,1,n) for some matriz M:

Vo i Voo ... Vo Vi
Vo 0 0 0 ... 0 M
1% M 0 0 0 0
A Va 0 M 0 0 0
LU 74 0 0 M 0 0
Vet N\O 0 0 ... M 0

Corollary 5.11. With the matriz M defined as above, an integer d > 0 occurs
in the Smith Normal Form of M with multiplicity i if and only if it occurs with
multiplicity mi in the Smith Normal Form of Ag(m,1n)-
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Proof of Corollary[5.11] assuming Proposition[5.10, Permuting rows and columns
in AG(m,1,n) gives the block-diagonal matrix

M 0 --- 0
0O M --- 0
0 O M
without changing the SNF. ]

Proposition 5.12. The matriz M above has its own block decomposition, as fol-

lows:
As, As, - As,
As, As, -+ Asg,
As, As Ag

n n n

Corollary 5.13. The SNF of M is the same as that of

Ag. 0 0
0 0 0
0 0 0

which is the same as the SNF of S,, with n!(m"~! — 1) additional zeroes.

Proof of Corollary[5.13, assuming Proposition[5.13 Use (block) row and column
operations on M that are invertible over Z: first use block row operations with
the upper left Ag to zero out all of the rows below it, and then use block column
operations with the same Ag, in the upper left to zero out the other columns:

As, As, - Ag, As, As, --- Ag, Ag, 0 - 0
As, As, -+ Ag, 0 o -+ 0 0O 0 --- 0

- . . N ~ N . . . ~ . . .
As, As, As, 0 0o -~ 0 0 0 --- 0

|

The number of additional zeroes follows from the relative sizes of Ag, and M.
It therefore only remains to prove the key Propositions and

Proof of Proposition[5.10f Grouping the elements of W = G(m, 1,n) by their mag-
nitudes gives a direct sum decomposition

W =Vo®d...® V1

where V; = spany{o x z : |z| = ¢}. Furthermore, when we multiply an element ¢
in Vi by any element in C, Corollary [5.5]1 implies that the resulting product will
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be in Vi41. Thus, we get that Ag(m,1,,) has the form

Voo i Vo o0 Vyaeo Vi
Vo 0 0 0o ... 0 M,
1 M, 0 0o ... 0 0
A — Vs 0 My, 0 ... 0 0
R 7 0 0 M 0 0o |
V-1 0 0 0 ... My, 0
where each M; is the matrix representing the transformation
Viei — Vi

T XY oW

We now show that one can re-order the basis elements of each V; so that the M;
are all the same matrix M. To do so, consider some element 7 X w, which is the tth
basis element in our ordering of the basis of V. Additionally, we let e,, be equal to
(0,...,0,1) € Z7,, while e remains the identity permutation.

Then we choose the ordering of the basis elements of each Vj such that the tth
basis element of Vi is (e X ke, )(T x w) =7 X (w + 7(key,)).

Now, consider some ¢ = ¢ x z such that ¢ € C. We see that multiplying 7 x w
by ¢ gives

(tr xw)(o x2z)="70 %X (z+0(wW)),

and we claim that is the sth element of V.

On the one hand, multiplying 7 x (w+7(ke,,)), the tth element of Vi, by ¢ = o x 2
results in

(1 x (w+7(ken)))(o x z) =70 X (W + 7(keyn)))
(Wt ker-1())
(w) + o (ke,—1()
o(W) + heg-ir-1(n)
=70 X (z2+ 0(W) + ke(ro)-1(n))
=70 X (z+ o(w) + 1o(key))).
On the other hand, we know the sth element of Vi1 to be

z+o
=70 X (z+ 0O
Z+ o0

=70 X

(
(
=70 X (
(z+
(

(e x kep)(To x (24 0(w))) =70 X (24 o(w) + To(key))

Generalizing this to every pair s,t of basis elements for each M;, we see that the
location of the non-zero entries in each matrix M; is identical, and hence

M0:M1:~-~: mflle. Il

Proof of Proposition[5.13 Now, we claim that M can be decomposed into copies
of the adjacency matrix of .S,,.

To do this, we reorderﬁ the basis elements within V{. In particular, we choose to
order them such that the first n! are the basis elements o x z where the permutations
vary but z stays fixed, and the same is true for each grouping of n! basis elements,
going through every value of z that keeps |0 x z| = 1 for Vj.

4This is different than the order on the rows and columns of M used in the proof of Proposi-

tion
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Now, with this ordering, we can consider a basis element of Vj, 7 x w. Then
we claim that for all 7 X x where 7 = 7 for some n-cycle u, there exists some
o x z € C such that (7 X w)(o x z) = 7 x x. To show this, we note that

(T xw)(o xz)=10 %X (0c(W) +2).

Then to get any particular m, we simply choose o = 7!z, which is an n-cycle. We
know that |7 x w| =0, so |70 x (o(w) + z)|, meaning that we can freely choose our
z in order to get the desired x.

On the other hand, there are (n — 1)!m™~! possible values of 7 x x, and (n —
1)!m™~! elements of C, so that means no other entries in the column indexed by
7 X w will have a non-zero entry.

Now, if we examine each group of n! basis elements which share a z value, we
note that said z is in fact immaterial to where the 1s are. An entry of M indexed
by row ¢ x z and by column 7 x w is 1 if and only if 7~ '¢ is an n-cycle. Thus, each
n! X n! submatrix where the columns share a single z and the rows share a single
w is a copy of Ag,, and we can write

As. Ag, - Ag,
As, As, - As,
Ag  Ag Ag

n n n

where there are (m"~1)? copies of Ag,_, because there are m™~! possible z vectors

which give o X z a fixed magnitude. (]

Proof of Theorem[3.5. So, we get that if an integer d > 1 appears in SNF(Ag(1,1,n))
with multiplicity ¢, then it appears in the submatrix M with multiplicity ¢, and so
appears in SNF(Ag(1,1,,)) with multiplicity mi. The same applies in reverse, so we
are done. ([

6. ProvING THEOREM [3.6]

This section is devoted to proving Theorem [3.6] the statement of which was as
follows.

Theorem For m > 2, we have that:

12m=40% m = 0 mod 4
SNF(AG(m7m72)) = 12m—2227 m=1,3 mod 4
12m—424 " m =2mod 4

6.1. Background. To prove this, we start with the Coxeter presentation for G(m,m, 2):
G(m,m,2) = Iy(m) = (51,82 : 57 = 52 = (5159)™ = 1)

> (sy,r:s0=1=7r" 81151 =1 1)

m—1

2 2 m—1
={e,r,r*,...,r , 81,817, 81T°, ..., 81T }

where s1, s9 are two reflections with dihedral angle 22—; and r = s185 is a rotation
through % From the above Coxeter presentation and the fact that this is a
real reflection group, the Coxeter elements are simply the products sys2 = r and
sos1 = r~ !, and because the conjugacy class of these elements is just those two

elements, we have C = {r,r~'}. That is, the only non-zero entries in a given
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column are the two in the row corresponding to the column element multiplied by
r and the row corresponding to the column element multiplied by 1. From this,
we get that Ag(m,m,2) is the following 2m x 2m matrix:

e r =l g syr syl
e 0 1 1
1 0 1 O
rm2 1 0 1
et 10
S1 0 1 1
s1r O 1 0 1
1 0 1
syrmL 1 1

6.2. Proof of Theorem Given this background, and the general Cayley ma-
trix above, we now prove the theorem. To start, we need to prove the following
lemma:

Lemma 6.1. Form > 8, the nonzero entries in the SNF' of Ar,(m) can be obtained
from those of Ar,(m—4) by appending 8 copies of the entry 1 to the beginning.

Proof. To prove this lemma, we can simply take the Smith Normal Form of Ag(y, m,2)
with m > 8. We first note that Ag(m, m,2) is composed of four submatrices, with
two of them being all zero, as shown above. But when we take the Smith Normal
Form, we can simply treat each of the non-zero submatrices independently, because
they won’t affect one another. Since they are identical, we can simply operate on
one matrix and then double the count of every element in the Smith Normal Form
at the end.

With that in mind, we want to eliminate everything not on the diagonal from
the following matrix using row and column operations. We start by moving the
first row to be the last:
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Then, we attempt to clear the first 4 rows and columns. To do this, we write the

matrix out with more rows and columns filled in:

0
0

0
0
0

101 0 0 0 0O
01010000

001 01000

1 0
000 O0T1TO0T10P0

00 010

0
0

0

0 000O0T1TO0T71

10 0 0 0O
010000

First, we subtract the first and second rows from the (m — 1)th and mth rows:

0
0
0
0
0
0

00 0O
00 0O

0
1
0
1
0
0

1

0 0 O

1
01 00

0

1 010
01 01

0

-1 0 0

0 0

-1 0 0

0

0

Then, we subtract the first and second columns from the third and fourth columns:

0
0
0
0
0
0

00 00
00 0O

0
0
0
1
0
0

0

1

1 0 0 0
01 00

0 1 0

1
01 01

0

-1 0

0 0

-1 0 O

0

Then, we add the third and fourth rows to the m — 1th and mth rows:

0
0
0
0
0

100 0 0 0 0 O
0100 00O0O0

001 01000

0
0
0

0001 01O0O0

0 0001O0T1P0

0

1

0 0 0 00O

0 00 01O

0 00 0 01
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Finally, we subtract the third and fourth columns from the fifth and sixth columns:

100 0 0 0 0 O 0 0
01 00 0O0O0O 0 0
001 00 O0O0O0 0 0
0001 0O0O0O0 0 0
00001010 0 0
0 000O01TO0T71 0 0
000010 1 0
0 00 0 01 0 1

But now looking at everything but the first 4 rows and columns, we have the
submatrix that we would get for Io(m — 4), since the only elements inside that
submatrix that we changed were those in the bottom left corner, so the rest is of
matching form to the initial submatrices:

10 0 0j]0 0O O O 0 0
01 0 00 0 0 O 0 0
001 0j0 0 0O 0 0
000 10 0 0 O 0 0
000 01 01 0 0 0
00 0 001 01 0 0
00 0 01 O 1 0
0 0 0 001 0 1

Now, since there were two such submatrices we can do the same operations to,
there are eight more 1s in SNF (A, (,,)) than in SNF(Ay, (mm—4)) for m > 8, so we
have proven Lemma [6.1 O

Proof of Theorem[3.6. From there, to prove Theorem [3.6] we just need to calculate
SNF(Ag(47472)), S];\IF(flG<(5)572))7 SNF(AG(676)2)), and SNF(AG(7)772)). Addltlonally,
we have to calculate SNF(Ag(s3,2)) separately, since although it exists and fits
the formula, it doesn’t prove the case of SNF(Ag(7,7,2)). All of these indeed work,
having been checked by the computer with the results being in the table at the
beginning of Section [3.3] and reproduced here:

14
1%22
1%0?

)
)
)
) 1822
)
)

1827
11222

From these, we can derive all other Smith Normal Forms of Ag(,m,2) by induction,
so we are done. (]
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For the exceptional irreducible complex reflection groups Gy, Gs, ..
have only limited data on the SNF for Ay, shown in the table below[g].
that only 26 of these 34 exceptional groups are well-generated. However, even for
many of those, the groups were too large and the computation failed due to lack
of memory. Nevertheless, one again sees at least one small case, G5, where the
non-zero SNF entries of Ag, are not just powers of 2. Beyond that, the pattern is

not clear.
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7. EXCEPTIONAL GROUPS

SNF Diagonal
G, 1122309
G5 12739036
Gﬁ 12426018
G~
GS 14028412036
Gg 180216424072
GlO 1602484120168
G11
G2
G13
G14 184060
Gi1s
G116 | Failed to Compute: Lack of Memory
G117 | Failed to Compute: Lack of Memory
G1g | Failed to Compute: Lack of Memory
G
G | Failed to Compute: Lack of Memory
Go1 | Failed to Compute: Lack of Memory
G2
G23 14822042050
G4 | Failed to Compute: Lack of Memory
Gos | Failed to Compute: Lack of Memory
Gog | Failed to Compute: Lack of Memory
Go7 | Failed to Compute: Lack of Memory
Gog | Failed to Compute: Lack of Memory
G | Failed to Compute: Lack of Memory
G0 | Failed to Compute: Lack of Memory
G31
G35 | Failed to Compute: Lack of Memory
(33 | Failed to Compute: Lack of Memory
G34 | Failed to Compute: Lack of Memory
G35 | Failed to Compute: Lack of Memory
G36 | Failed to Compute: Lack of Memory
G37 | Failed to Compute: Lack of Memory
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