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Abstract

For a finite real reflection group W and a W-orbit O of flats in its reflection ar-
rangement — or equivalently a conjugacy class of its parabolic subgroups — we intro-
duce a statistic noninve (w) on w in W that counts the number of “O-noninversions”
of w. This generalizes the classical (non-)inversion statistic for permutations w in
the symmetric group &,,. We then study the operator vo of right-multiplication
within the group algebra CW by the element that has noninvey (w) as its coefficient
on w.

We reinterpret vp geometrically in terms of the arrangement of reflecting hyper-
planes for W, and more generally, for any real arrangement of linear hyperplanes. At
this level of generality, one finds that, after appropriate scaling, v» corresponds to a
Markov chain on the chambers of the arrangement. We show that v is self-adjoint
and positive semidefinite, via two explicit factorizations into a symmetrized form
wtr. In one such factorization, the matrix 7 is a generalization of the projection of
a simplex onto the linear ordering polytope from the theory of social choice.

In the other factorization of vy as wim, the matrix 7 is the transition matrix
for one of the well-studied Bidigare-Hanlon-Rockmore random walks on the cham-
bers of an arrangement. We study closely the example of the family of operators
{¥(kan—*) tk=12,... n, corresponding to the case where O is the conjugacy classes of
Young subgroups in W = &, of type (k, 1"~*). The k = n—1 special case within this
family is the operator v(,,_; 1) corresponding to random-to-random shuffling, fac-
toring as w7 where 7 corresponds to random-to-top shuffling. We show in a purely
enumerative fashion that this family of operators {u( kyln—k)} pairwise commute. We
furthermore conjecture that they have integer spectrum, generalizing a conjecture
of Uyemura-Reyes for the case k = n — 1. Although we do not know their complete
simultaneous eigenspace decomposition, we give a coarser block-diagonalization of
these operators, along with explicit descriptions of the CW-module structure on
each block.

We further use representation theory to show that if O is a conjugacy class
of rank one parabolics in W, multiplication by vo has integer spectrum; as a very
special case, this holds for the matrix (inv(c771)), e, . The proof uncovers a fact
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vi ABSTRACT

of independent interest. Let W be an irreducible finite reflection group and s any
reflection in W, with reflecting hyperplane H. Then the {£1}-valued character x of
the centralizer subgroup Zyy (s) given by its action on the line H+ has the property
that x is multiplicity-free when induced up to W. In other words, (W, Zw (s), x)
forms a twisted Gelfand pair.

We also closely study the example of the family of operators

{V(2k,1"—2k)}k::&l,2,...,\_5—‘]
corresponding to the case where O is the conjugacy classes of Young subgroups in
W = &,, of type (2%, 1"~2). Here the construction of a Gelfand model for &,, shows
both that these operators pairwise commute, and that they have integer spectrum.
We conjecture that, apart from these two commuting families {V(kﬂn—k)} and

{V(Qk’ln—Zk)} and trivial cases, no other pair of operators of the form v» commutes
for W = G,,.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CHAPTER 1

Introduction

This work grew from the desire to understand why a certain family of combi-
natorial matrices were pairwise-commuting and had only integer eigenvalues. We
start by describing them.

1. The original family of matrices

The matrices are constructed from certain statistics on the symmetric group
W = &, on n letters. Given a permutation w in W, define the k-noninversion
number[! noninvy(w) to be the number of k-element subsets {i1,...,ix} with 1 <
i1 < -+ < i < n for which w;, < --- < w;,. In the literature on permutation
patterns, one might call noninvy(w) the number of occurrences of the permutation
pattern 12--- k. Alternately, noninvy (w) is the number of increasing subsequences
of length k occurring in the word w = wiws - - - wy,.

From this statistic noninvy (—) on the group W = &,,, create a matrix V(k,1n—k)
in ZIWIXIWI having rows and columns indexed by the permutations w in W, and
whose (u, v)-entry is noninvg(v~1u). One of the original mysteries that began this

project was the following result, now proven in

THEOREM 1.1. The operators from the family {v 1n—+)}tr=1,2,..n pairwise
commute.

It is not hard to see (and will be shown in [Proposition I1.2.2]) that one can
factor each of these matrices vy 1n—x) = 7" 7 for certain other integer (even 0/1)
matrices 7. Therefore, each v 1»—#y is symmetric positive semidefinite, and hence
diagonalizable with only real non-negative eigenvalues. [Theorem 1.1.1] asserts that
they form a commuting family, and hence can be simultaneously diagonalized. The
following conjecture also motivated this project, but has seen only partial progress
here.

CONJECTURE 1.2. The operators {v(j 1n—+)}k=12,...n have only integer eigen-
values.

In the special case k = n — 1, this matrix v(,,_1,1) was studied already in the
Stanford University PhD thesis of Jay-Calvin Uyemura-Reyes [76]. Uyemura-Reyes
examined a certain random walk on W called the random-to-random shuffling op-
erator, whose Markov matrix is a rescaling of v(,_1,1). He was interested in its
eigenvalues in order to investigate the rate of convergence of this random walk
to the uniform distribution on W. He was surprised to discover empirically, and

IThe terminology comes from the case k = 2, where noninva(w) counts the pairs (i,5) with
1 <i < j < n that index a noninversion in a permutation w in W, meaning that w; < wj.

1
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2 I. INTRODUCTION

conjectured, that v(,_q 1) has only integer eigenvalues@. This was one of many un-
expected connections encountered during the work on this project, since a question
from computer science (see independently led to our [Theorem L1.1] and

onjecture [.1.2

2. Using the W-action

One can readily check that the matrix v, 1»—+) in ZIWIXIWI represents multi-
plication on the right within the group algebra ZW by the following element of ZW
(also denoted vy, 1n—xy, by an abuse of notation):

V(kn—+) = Z noninvy (w) - w.
weW
Consequently, the action of v, 1n—x) commutes with the left-regular action of RW
on itself, and the (simultaneous) eigenspaces of the matrices v 1n-# are all repre-
sentations of W. This extra structure will prove to be extremely useful in the rest
of the work.

In fact, Uyemura-Reyes [76] conjectured descriptions for the RW-irreducible
decompositions of certain of the eigenspaces of v(,_1 1), and was able to prove
some of these conjectures in special cases. Furthermore, he reported [76] §5.2.3]
an observation of R. Stong noting that one of the factorizations of v(,,_1 1) = aln
mentioned earlier can be obtained by letting m be the well-studied random-to-top
shuffling operator on W. These operators are one example from a family of very
well-behaved random walks on W that were introduced by Bidigare, Hanlon, and
Rockmore, BHR for short, in [10] and [I1]. These authors showed that the BHR
random walks have very simply predictable integer eigenvalues, and the W-action
on their eigenspaces are also well-described.

We exploit this connection further, as follows. First, we will show (in
[Proposition I1.6.1]and [Corollary 1V.2.2)) that more generally one has a factorization
V(i) = 777 in which 7 is another family of BHR random walks. Second, we
will use the fact that this implies ker v, 1»—x) = kerm, along with [Theorem T1.1]
to obtain a W-equivariant filtration of RW that is preserved by each vy 1n—x),
with a complete description of the RW-structure on each filtration factor. This has
consequences (see e.g. for the RW-module structure on the simultaneous
eigenspaces of the commuting family of v, 1n-x).

3. An eigenvalue integrality principle

Another way in which we will exploit the W-action comes from a simple but
powerful eigenvalue integrality principle for combinatorial operators. We record it
here, as we will use it extensively later.

To state it, recall that for a finite group W, when one considers representations
of W over fields K of characteristic zero, any finite-dimensional KIW-module U is
semisimple, that is, it can be decomposed as a direct sum of simple KW-modules.

2In addition, the thesis [76 p 152-153] mentions other shuffling operators that have “eigenval-
ues with surprising structure”. We have been informed by Persi Diaconis, the advisor of Uyemura-
Reyes, that among others this refers to computational experiments on shuffling operators that
are convex combinations with rational coefficients of the shuffling operators corresponding to
V(j,1n—k)- Uyemura-Reyes observed integral spectrum for small n after suitable scaling. Clearly,

using [Theorem L1.1] this fact for general n is implied by

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



I1.4. A BROADER CONTEXT, WITH MORE SURPRISES 3

When considering field extensions K’ D K, the simple KW-modules may or may
not split further when extended to K’'W-modules; one says that a simple KW-
module is absolutely irreducible if it remains irreducible as a K'W-module for any
extension K’ of K. Given any finite group W, a splitting field (see [20, Chapter X])
for W over Q is a field extension K of Q such that every simple KIW-module is
absolutely irreducible. Equivalently, K is a splitting field of W over Q if and only
if every irreducible matrix representation of W over Q is realizable with entries
in K [20, Theorem 70.3]. For such a field K, the simple KW-modules biject with
the simple CW-modules, that is, the set of simple KWW -modules when extended
to CW-modules gives exactly the set of simple CW-modules corresponding to the
complex irreducible W-characters x. For finite W the splitting field K over Q can
always be chosen to be a finite, and hence algebraic, extension of Q [20, Theorem
70.23]. If W is a reflection group, then there is a unique minimal extension K of
Q such that K is a splitting field for W in characteristic 0 (see [9, Theorem 0.2],
[6 Theorem 1], and [39, §1.7]).

Denote by o the ring of integers within the unique minimal splitting field K for
the reflection group W in characteristic 0; that is, the elements of K that are roots
of monic polynomials with coefficients in Z. An important example occurs when W
is a crystallographic reflection group or equivalently a Weyl group. Here it is known
that one can take as a splitting field K = Q itself (see [62], Corollary 1.15]), and
hence that o = Z.

ProrosITION 3.1 (Eigenvalue integrality principle). Let W be a finite group
acting in a Z-linear fashion on Z™ and let K be a splitting field of W in characteristic
0. Further let A : Z"™ — Z" be a Z-linear operator that commutes with the action
W. Eztend the action of A and of W to K™

Then for any subspace U C K™ which is stable under both A and W, and on
which W acts without multiplicity (that is, each simple KW -module occurs at most
once), all eigenvalues of the restriction of A to U lie in the ring of integers o of K.

In particular, if W is a Weyl group these eigenvalues of A lie in Z.

PROOF. An eigenvalue of A is a root of its characteristic polynomial det(¢ -
Ix»n — A), a monic polynomial with Z coefficients. As usual Ix» denotes the identity
matrix. Hence, it is enough to show that the eigenvalues of A acting on the K-
subspace U all lie in K.

Because K is a splitting field for W, one has an isotypic KW-module decompo-
sition U = @X UX in which the sum is over the irreducible characters x of W. Since
A commutes with the W-action, it preserves this decomposition. The assumption
that U is multiplicity-free says each UX is a single copy of a simple KW-module.
Schur’s Lemma asserts that, on extending K to its algebraic closure, A must act
on each UX by some scalar \,. However, A, must lie in K since A acts K-linearly.
Thus, the isotypic decomposition diagonalizes the action of A on U, and all its
eigenvalues lie in K (and hence in o). O

4. A broader context, with more surprises

Some of the initial surprises led us to consider a more general family of oper-
ators, in the context of real reflection groups W, leading to even more surprises.
We describe some of these briefly and informally here, indicating where they are
discussed later.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4 I. INTRODUCTION

Let W be a finite real reflection group, acting on an R-vector space V, with
set of reflecting hyperplanes A, and and let £ be the (partially-ordered) set of
subspaces X that arise as intersections of hyperplanes from some subset of A. The
hyperplanes in A dissect V into connected components called chambers, and the
set C of all chambers carries a simply-transitive action of W. Thus, if 1 denotes the
identity element of W, then one can choose an identity chamber ¢; and an indexing
of the chambers C = {¢y, := w(cy) fwew-

Given a W-orbit O of intersection subspaces, define noninvep(w) to be the
number of subspaces X in O for which the two chambers ¢, and ¢, lie on the same
side of every hyperplane H O X. In the case where W = &,, acts on V = R" by
permuting coordinates, if one takes O to be the W-orbit of intersection subspaces
of the form x;, = --- = x;,, one finds that noninve (w) = noninvy (w).

Consider the operator vo representing multiplication by >~y noninve (w) -w
within ZW or RW. As before, one can show that vp = w77 for certain integer
matrices m, and again one such choice of a matrix 7 is the transition matrix for
a BHR random walk on W. In this general context, but when O is taken to be
a W-orbit of codimension one subspaces (that is, hyperplanes) one encounters the

following surprise, proven in

THEOREM 4.1. For any finite irreducible real reflection group W, and any (tran-
sitive) W-orbit O of hyperplanes, the matriz vo has all its eigenvalues within the
ring of integers of the unique minimal splitting field for W. In particular, when W
is crystallographic, these eigenvalues all lie in Z.

This result will follow from applying the integrality principle (Proposition I.3.1])
together with the discovery of the following (apparently) new family of twisted

Gelfand pairs. This is proven in

THEOREM 4.2. Let W be a finite irreducible real reflection group and let H be
the reflecting hyperplane for a reflection s € W.
Then the linear character x of the W-centralizer Zw (s) given by its action on

the line V/H or H* has a multiplicity-free induced W -representation Ind%VW(S) X-

We mention a further surprise proven via |[Proposition 1.3.1] and some standard
representation theory of the symmetric group. With W = &,, acting on V' = R"
n

by permuting coordinates, for each k = 1,2,...,[ 5| consider the W-orbit O of
codimension k intersection subspaces of the form

{Iil = Iiz} N {‘Tis = ‘Ti4} n---N {‘Ii2k—1 = xi2k}7

where {i1,i2},...,{iok—1,i2r} are k pairwise disjoint sets of cardinality two. Let
V(2k 1n—2r) denote the operator vo for this orbit O.

THEOREM 4.3. The operators from the family {V(2k71n—2k)}k:172..'7L%J pairwise
commute, and have only integer eigenvalues.

Interestingly, the proof of this given in tells us that the non-kernel
eigenspaces V), in the simultaneous eigenspace decomposition for {¥/(gk 1n-2x) } should
be indexed by all number partitions A of n, and that V) carries the irreducible RS,,-
module indexed by A, but it tells us very little about the integer eigenvalue for each
V(gk 1n—2k) acting on V.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.5. OUTLINE OF THE PAPER 5

More generally, we can define an operator vy for each partition A=(A1, Ag, ..., A¢)
of n by considering the &,-orbit of the subspace
{1 =wo ==z} N{orn 1 =ax42 == Tx 42}
n {l‘)\1+)\2+1 = Ta 42 = 0 = '/13>\1+)\2+/\3} AR

In light of [Theorem [.1.1l and [Theorem [.4.3] it is natural to ask whether these
operators commute and have integer eigenvalues. Our computer explorations led us
to conjecture the following, which we verified for 1 < n < 6.

CONJECTURE 4.4. Let A and vy be distinct partitions of n, both different from
(1™) and (n). The operators vy and v, commute if and only if they both belong to
{V(k’ln—k) 1<k < n} or {V(Qk)ln—ﬂc) 0<k< 5] } Furthermore, vy has integer
eigenvalues if and only if vy belongs to one of these two families.

5. Outline of the paper

We will define and study the operators vp at various levels of generality.

(H) For hyperplane arrangements A (see [EIL1).
(L) For hyperplane arrangements invariant under a (linear) action of a finite
group W (see [FIL.3).
(R) For reflection arrangements corresponding to a real reflection group W
(see [BILE).
(W) For crystallographic reflection groups or, equivalently, Weyl groups W.
(S) For the symmetric group &,, (see [Chapter V] and [Chapter VI)).

Different properties of the operators v manifest themselves at different levels of
generality.

In we define v as in (H) for all hyperplane arrangements A, and
prove semidefiniteness by exhibiting a “square root” 7 for which vp = 77r. We
also explain how vo interacts with any finite group W acting on A as in (L). We
then particularize to case (R), and exhibit a second square root 7 that will turn
out to be the transition matrix for a certain BHR random walk. The rest of this
chapter contains some general reductions and principles, including a reduction to
eigenspaces and an analysis of the Perron-Frobenius eigenspace.

In we discuss and prove [Theorem 1.4.2] and deduce from it
[Theorem 1.4.71 We also discuss some interesting conjectures that it suggests, and a
relation to linear ordering polytopes.

In[Chapter IV]we review some of the theory of BHR random walks, with features
at different levels of generality. In particular, some of the W-equivariant theory of
the BHR random walks presented here have neither been stated nor proven in the
literature in the generality required for the later results, so these are discussed in full
detail here. This equivariant theory extends to a commuting Zs-action coming from
the scalar multiplication operator —1. Whenever W does not already contain this
scalar —1, the W x Zs-equivariant picture provides extra structure in analyzing the
eigenspaces of vp. This chapter concludes with some useful reformulations of the
representations that make up the eigenspaces, which are closely related to Whitney
cohomology, free Lie algebras and higher Lie characters.

The remainder of the paper focuses on the case (S), that is, reflection arrange-
ments of type A, _1, where W = &,,.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6 I. INTRODUCTION

In we discuss 1ok 1n—2r) and prove [Theorem T.4.31 As mentioned
earlier, although the proof predicts the RWW-module structure on the simultaneous
eigenspaces, it does not predict the eigenvalues themselves.

In we discuss the original family of matrices {v(y 1n-k)}r=12....n,
starting with a proof of [Theorem I.1.1l We then proceed to examine their simul-
taneous eigenspaces. Here one can take advantage of a block-diagonalization that
comes from a certain W-equivariant filtration respected by these operators. One
can also fully analyze the irreducible decomposition of the filtration factors using a
close connection with derangements, desarrangements and the homology of the com-
plex of injective words. We review this material, including some unpublished results
[60] of the first author and M. Wachs, and extend this to the W X Zs-equivariant
picture mentioned earlier. Some of this is used to piggyback on Uyemura-Reyes’s
construction of the eigenvectors of v(,_1 ;) within a certain isotypic component;
we show with no extra work that these are simultaneous eigenvectors for all of the

Wkan—+) te=1.2,... n-

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CHAPTER 1II

Defining the operators

1. Hyperplane arrangements and definition of vo

We review here some standard notions for arrangements of hyperplanes; good
references are [48] and [66].

A (central) hyperplane arrangement A in a d-dimension real vector space V will
here mean a finite collection {H } e 4 of codimension one R-linear subspaces, that
is, hyperplanes passing through the origin.

An intersection X = H;, N---N H;  of some subset of the hyperplanes will be
called an intersection subspace. The collection of all intersection subspaces, partially
ordered by reverse inclusion, is called the intersection lattice £L = L(A). This turns
out to be a geometric lattice (= atomic, upper semimodular lattice), ranked by the
rank function r(z) = dim V/X with bottom element 0 = V := (o H, and a top
element 1 = MNpea H (see [TT, Section 3.2.3]). We will sometimes assume that A
is essential, meaning that (. 4 H = {0}, so that £ has rank d = dim(V').

For each X in L, we will consider the localized arrangement

A/X ={H/X:He A HDX}

inside the quotient space V/X, having intersection lattice £(.A/X) = [V, X]. Here
for elements Uy,Us; € L we denote by [Uy, Us| the closed interval {U € L | U} <
U < Us}. The complement V' \ Uy H decomposes into connected components
which are open polyhedral cones ¢, called chambers; the set of all chambers will be
denoted C = C(A).

Given any chamber ¢ in C and any intersection subspace X, there is a unique
chamber ¢/X in V/X for the localized arrangement A/X for which the quotient
map q: V — V/X has ¢~ !(c/X) D ¢ (see [Figure 1.

We can now define our main object of study.

DEFINITION 1.1. Given two chambers ¢, ¢’ in C, and an intersection subspace
X in L, say that X is a noninversion subspace for {c,c'} if ¢/X =¢//X.

Given any subset O C L, define a statistic on (unordered) pairs {c,c'} of
chambers

noninve (¢, ¢’) := noninvp (¢, ¢) := ’{X €0:¢/X = c’/X}‘.

Define the matrix vp in Z€*¢ whose (c, ¢')-entry equals noninve(c, ¢’). Alter-
natively, identify v» with the following Z-linear operator on the free Z-module ZC

that has basis indexed by the chambers C:

7C 28 7e
(1) A

d = Y .cenoninvo(c ) - c.

7
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8 II. DEFINING THE OPERATORS

. Hy/X
H,
>< c/X
Hs }<\ )/

H3/X — R3/X

H,

FIGURE 1. Arrangement and its localization

Note that since by definition noninve (e, ¢’) = noninve(c’, ¢) it follows that vo
is a symmetric matrix.

EXAMPLE 1.2. We consider the arrangement A = {H;, Ho, H3} of the coordi-
nate hyperplanes in R? from [Figure 1] Chambers C are in bijection with {+1, —1}3,
where the image of the chamber is the sign pattern € = (€1, €2,€3) of any of its
points.

If X = Hy N Hs, then A/X = {H,/X,H3/X}. For ¢ = (+1,41,+1), the
chamber ¢/X in R3/X = R? can again be seen as the positive quadrant. The only
other chamber ¢/ € C for which ¢/X = ¢//X is the image ¢/ = (+1,—1,+1) of ¢
reflection through Hs.

ExAMPLE 1.3. Let V = R"™ and A the reflection arrangement of type A,_1,
whose hyperplanes are H;; = {z; = & }1<i<j<n with the action of W = &,, per-
muting coordinates.

Intersection subspaces X, such as the subspace {x1 = 23 = x4, 22 = x7} inside
V = R7, correspond to set partitions of the coordinates [n] := {1,2,...,n} into
blocks [n] = | |, B; which indicate which coordinates are equal; in this example, this
set partition is

[71=1{1,3,4} U {2, 7} U {5} L {6}.

The intersection lattice £ is therefore isomorphic to the lattice of set-partitions of
[n], ordered by refinement, having the discrete (all singleton) partition as 0, and
the trivial partition with one block as 1.

Chambers in the reflection arrangement of type A,,_; are the collections of
vectors (21,...,2Ty) € R™ for which xy, < @y, < -+ < Xy, given a fixed w € &,
where w; = w(i) for i € [n]. We will denote the chamber corresponding to a fixed
w by ¢y -

Given an intersection subspace X, corresponding to the partition [n] = | |, B;,
and a chamber c¢,, the information contained in the chamber ¢, /X records for
each 7 the linear ordering in which the letters of B; appear as a subsequence within
w = (w1, ws,...,w,). Therefore, ¢,/X = ¢,/X if and only if for each i the letters
of B; appear in the same order in both v and v.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



I1.3. EQUIVARIANT SETTING 9

2. Semidefiniteness

As explained after [Definition 11.1.1] the matrix v is symmetric and hence the
corresponding linear operator is self-adjoint with respect to the usual pairing (—, —)
on ZC that makes the basis vectors ¢ orthonormal. It is also positive semidefinite,
as it has the following easily identified “square root”.

DEFINITION 2.1. Consider for each intersection subspace X the Z-linear map
e % ZC(A/X)
c — ¢/X
and having chosen a subset O C L, consider the direct sum of maps mp =
Dxcomx
zc — €P ZC(A/X)

Xeo
PROPOSITION 2.2. One has the factorization
vo = T4 0 To.
In particular, when scalars are extended from Z to R, one has
ker v = ker mo.
PROOF. The (c,c')-entry of 7} o mo equals

Yo Y (mx)ae(mx)ae

Xe€O deC(A/X)

-y ‘{d EC(A/X):¢/X =d=c/X}

Xeo
- ‘{X €0:c/X = /X}
= noninve (¢, c). O
3. Equivariant setting

Now assume that one has a finite subgroup W of GL(V') that preserves the
arrangement A in the sense that for every w in W and every hyperplane H of A,
the hyperplane w(H) is also in .A. Then W permutes each of the sets A, £,C, and
hence acts Z-linearly on ZC.

PROPOSITION 3.1. If the subset O C L is also preserved by W, then the operator
vo on ZC is W -equivariant.

Proor. This is straightforward from the observation that since W preserves
O, one has

noninve (e, ¢’) = noninve (w(c), w(c')). O

ExAMPLE 3.2. We resume and let V' = R"™ and A the reflection
arrangement of the symmetric group W = &,,. Hence the intersection lattice £ is
the lattice of set partitions of [n] ordered by refinement. The group &,, acts on R™
by permuting coordinates. Thus, w € &, acts on £ by sending the set partition
[n] = |, B; to the set partition [n] = | |, w(B;), where w(B;) = {w(j) | j € B;}.
Therefore, the &,,-orbits on L are indexed by number partitions A - n. The orbit
O, consist of those intersection subspaces or equivalently set partitions of [n] for
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10 II. DEFINING THE OPERATORS

which the block sizes ordered in decreasing order are the parts of \. We call such a
set partition a set partition of type .

For example, for A = (k,1"7*) we obtain as O the (}) set partitions of [n]
whose only non-singleton block is a block of size k.

4. Zo-action and inversions versus noninversions

Let Iy be matrix of the identity endomorphism of V. The scalar matrix —Iy
acting on V preserves any arrangement .4, and hence gives rise to an action of
Zs = {1,7} in which 7 acts by —Iy. When one has a subgroup W of GL(V)
preserving A, since T acts by a scalar matrix, this Zs-action commutes with the
action of W, giving rise to a W x Zs-action. Of course, if W already contains the
element —Iy, this provides no extra information beyond the W-action. But when
—Iy is not an element of W already, it is worthwhile to consider this extra Zs-action.

We wish to explain how carrying along this Zs-action naturally eliminates a
certain choice we have made. Instead of considering the matrix/operator vy, one
might have considered the matrix/operator o = (invo(c,c’))e,eec having entry
invo(c,c’) defined to be the number of subspaces X in O which are inversions for
¢, ¢’ in the sense that ¢/X = —¢'/X. Taking into account the Zs-action eliminates
the need to consider ¢ separately:

PROPOSITION 4.1. The two operators vo and Lo are sent to each other by the
generator T of the Zy-action:

Lo =Tovop=vporT. [l

Thus, if we want to consider the eigenvalues and eigenspaces, it is equivalent
to consider either v» or 1o, as long as we also keep track of the Zs-action on the
eigenspaces. In what follows, we prefer to consider the positive semidefinite operator
Vo rather than the indefinite operator ¢o.

ExXAMPLE 4.2. We return to the setting of [Example II.1.3| and [Example II.3.2}
For A = (k,1"%) we had seen that O, consists of all set partitions of [n] whose
unique non-singleton block is of size k. Thus, X € O, is uniquely defined by spec-
ifying a k-subset B of [n]. Let u,v € &,, with corresponding chambers ¢, and c,.

From [Example TI.1.3 we know ¢, /X = ¢,/X if and only if the linear orders defined

by u and v coincide on B. Since there are (Z) choices for k-subsets B we have

. n .
1nvo(k’1n_k)(cu,cv)= . —nonlnvo(kyln_k)(cu,cv).

In particular, invo , |, _,, (Cu, Cy) is the number of inversions of v~ tu.

5. Real reflection groups

We review here some standard facts about real, Fuclidean finite reflection
groups; a good reference is [38].

Here we will adopt the convention that an (orthogonal) reflection in GL(V') for
an R-vector space V is an orthogonal involution s whose fixed subspace V* is some
hyperplane H. Necessarily, such an element s has s? = Iy, and acts by multiplication
by —1 on the line H+. A (real) reflection group W is a finite subgroup of GL(V)
generated by reflections.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



II.5. REAL REFLECTION GROUPS 11

To any reflection group W there is naturally associated its arrangement of re-
flecting hyperplanes A, consisting of all hyperplanes H arising as V'* for reflections s
in W. In this situation it is known that the set of chambers C carries a simply tran-
sitive action of W. Therefore, after making a choice of fundamental/identity/base
chamber c,, one can identify the W-action on ZC with the left-regular W-action on
the group algebra ZW:

W — ZC
(2)

w o = w(cy).
Now assume one is given a W-stable subset O C L, and define the statistic
noninve (w) := noninve (¢, ¢y)
= noninve (¢y, ¢1)
= noninve (w(cy ), w(cy-1))
= noninvp(¢y, ¢y-1)
= noninve (w™1).
PROPOSITION 5.1. For any W -stable subset O C L, under the identification 2],
the operator vo acts on ZW as right-multiplication by the element
Z noninve (w) - w.
weW

Proor. Within the group algebra, for any basis element v in W, one has

v- ( Z noninve (w) w> = Z noninve (w) - vw

weWw

= Z noninve (v'u) - u
ueW

= E noninve (Cy—1q,¢1) - u
ueW

= Z noninve (¢y, ¢y) - u. a

ueWw

By abuse of notation, we will also use the notation v to denote the element
> wew Doninve (w) - w of CW.

When W is a real reflection group, the Zs-action corresponds to the action of
the longest element wg in W, defined uniquely by the property that

(3) Cwy = —Cu,
where ¢,,, = wo(c, ). Note that this forces wq to always be an involution: wi = 1.

PROPOSITION 5.2. Under the identification 2, the scalar matriz —Iy or the
generator T of the Zs-action on ZC acts on ZW as right-multiplication by wy.

PROOF. Applying w on the left of B gives
Cwwy = WWo(c1) = —w(ey) = —cy

for any w in W. O
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12 II. DEFINING THE OPERATORS

It is known that —Iy is an element of a reflection group W acting on V if
and only if W only has even degrees dy,...,d, for any system of basic invariants
fi,---, fn that generate the W-invariant polynomials C[V]" = C[fi,..., f»]. If
—Iy is an element of W, then necessarily —Iy = wy.

For the irreducible real reflection groups, one has

e —Iy = wy in types B, = C},, in type D,, when n is even, in the dihedral
types I2(m) for m even, as well as the exceptional types Fy, Er, Es, H3, Hy.

e —Iy ¢ W in all other cases, that is, in type A,_1, in type D,, for n odd,
in dihedral types I3(m) for m odd, and in type Fg. Thus, in these cases
there is an extra Zs-action to consider.

EXAMPLE 5.3. Again we return to The longest word wy € &,

corresponds to the permutation n n — 1---2 1. Thus, multiplication by wg on the
right sends a permutation w(1)---w(n) € &,, to the permutation w(n)---w(l).

Given an intersection subspace X, denote by Ny (X) and Zy (X), respectively,
its not-necessarily-pointwise stabilizer subgroup and pointwise stabilizer subgroup
within W:

Nw(X)={weW:wlX)=X},

Zw(X)={weW:w(x) =z foral z € X}.
It is well-known (see for example [I, Lemma 3.75]) that Zy, (X) is itself a finite real
reflection group, called the parabolic subgroup associated to X, which one can view
as acting on the quotient space V/X, and having reflection arrangement equal to
the localization .4/ X. Consequently, the chambers C(A/X) are in natural bijection

with Zw (X). This gives the following interpretation to the map ¢ — ¢/X that we
have been using.

PROPOSITION 5.4. Let W be a finite real reflection group W, and X an inter-
section subspace in L. Then every w in W factors uniquely as w = z -y where z
lies in Zw (X) and y lies in

XWie={yeW:c,/X =c,/X}.
In particular, the map mx : C — C(A/X) sending ¢c — ¢/ X corresponds under (2))
to the map sending w — z.

PROOF. Given w in W, consider the chamber ¢, /X in the localized arrange-
ment A/ X . Since this localized arrangement is the reflection arrangement for Zy (X),
there is a unique element z in Zy (X) for which ¢,/X = ¢,/X. In particular, the
element z € Zw (X) acts on the chambers of A and on the chambers of A/X.
Conversely, given a factorization w = zy as asserted, it follows that ¢, /X = ¢,/ X.
Thus, we are done once we check that 3 := 2~ w lies in XW. But this follows from

cy/X =cy-1/X
= (2 tew)/(z71X)
=2 (cw/X)
=2"1(e./X)
=c /271X
=c/X.
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I1I.6. THE CASE WHERE O IS A SINGLE W-ORBIT 13

In the sequel, for a finite real reflection group W and an intersection subspace
X in £, we denote by W the set {y € W : ¢,,/X = ¢,/X}, which by the preceding
proposition is a set of right coset representatives of Zy, (X) in W. We write WX =
{w™! : w € XW} for the corresponding set of left coset representatives. If X
intersects the identity chamber ¢, then Zy (X) = W; = (J) for some subsets
J C S. Here W; is a (standard) parabolic subgroup for the Coxeter system (W, S)
that generates W using the set S of reflections through the walls of ¢;. In this case
we also write YW for XW and W for WX respectively. The YW and W+ are sets
of minimal length right and left coset representatives for W ;.

EXAMPLE 5.5. Returning to [Example I1.1.3| and [Example I1.3.2] where W =
G, acts on V = R"™ by permuting coordinates and X is the intersection subspace
corresponding to the partition [n] = ||, B;, the centralizer Zy (X) is the Young
subgroup [[, &p, that permutes each block B; of coordinates separately. The map
W +— Zw (X) that sends w — z corresponding to ¢ — ¢/X remembers only the
ordering of the coordinates within each block B;.

6. The case where O is a single W-orbit

When W is a real reflection group, and O = XW := {w- X : w € W} is the
W-orbit of some intersection subspace X, there are two extra features that will
help us to analyze the eigenspaces of vp.

6.1. A second square root. First, there is another “square root” for vo
when W is the orbit X}V of a single subspace Xy. This will connect v with the
BHR random walks in Given an intersection subspace X, with the
associated subgroups Zy (X) C Ny (X) we have introduced in [Proposition 11.5.4]
and subsequent definitions the parabolic factorizations and coset representatives

W =Zw(X) W
W =W*.Zy(X).

Define
nx = [Nw(X) : Zw (X)]

XR.= Z u
RY = Z Uu.

For later use and analogous to our previous convention we write R and R’
in case X lies in the boundary of the identity chamber ¢, and Zw (X) = Wy is a
(standard) parabolic subgroup.

PROPOSITION 6.1. Let W be a real reflection group and O = X}V C L the
W -orbit of the intersection subspace Xgo. Then

1
noninvey (w) = o 0 Xoww
nx,
and
1
vo = —RXO 'XOR.
nXD
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14 II. DEFINING THE OPERATORS

PRrROOF. Since O is the W-orbit of Xy, and Ny (Xg) the W-stabilizer of X, the
elements u- X as u runs over coset representatives for W/ Ny, (X)) give each X in O
exactly once. Therefore, the elements uX( as u runs over the coset representatives
WXo of W/ Zw(Xo) give each X in O exactly nx, = [Nw(Xo) : Zw(Xo)] times.
Since

noninve (w) = [{X € 0 :w € XW}}

this implies that
nx, - noninve(w) = [{u € WXo w e "XOW}‘

We wish to rewrite the set appearing on the right side of this equation. Note that
u lies in WXo if and only if u~! lies in oW if and only if ¢,-1/Xo = ¢,/Xo.
Similarly, w lies in “XoW if and only if ¢,, /uXo = ¢, /uXy if and only if ¢, —1,,/ X0 =
cy-1/Xo = ¢,/ X if and only if u~'w lies in X0W. Letting v = u~ 1w, one concludes
that v lies in both ¥°W and in ¥°Ww. Thus, so far we have shown that

nx, - noninve (w) = XOWOXOWU)’ = ’ {(U, v) € WXo x XoW = w} ‘

The first equality proves the first assertion. The second assertion follows from the
equality between the first and third terms in the preceding equation and the fol-
lowing calculation.

R¥0 . XoR = Z u Z v| = Z w - nx, - noninve (w) O

ueWXo veXoW weW

6.2. Nested kernels. Second, there is an inclusion of kernels ker vp C ker veo:
whenever O, 0’ are W-orbits represented by nested subspaces. To see this, define
in the general setting of hyperplane arrangements a map

& Pea/x)» @ c/x)
Xeo X'eo’
as a direct sum of the natural maps
CA/X) — C(A/X")
c/X — c/X'
indexed by pairs of subspaces (X, X’) € O x O’ for which X C X’. Given X' € O,
define an integer co x+ to be the number of X € O for which X C X'.

PROPOSITION 6.2. Let A be an arrangement with a group of linear symmetries
W, and let O, O’ be two W -orbits within L represented by two nested subspaces.

Then the integers co x+ do not depend upon the choice of X' within O, and
denoting this common integer co o one has

(4) Co,0  Tor = 778, oTo.

Consequently,

kermop C kermor

ker vp ker v,
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PROOF. Because mx/ = m%, o mx, one has generally that

7T8,07T(9= E Co,x" TX'.
X'eO’
However, whenever O, 0’ are W-orbits, if X', X" are subspaces in the same W-
orbit @', say with w - X’ = X", then the element w gives a bijection between the
two sets counted by co x/,co,x. Thus, co 0 1= co, x satisfies

7T8, oo = CO,0! E X' = CO,0 " TO!. ([l
X/eol

EXAMPLE 6.3. We again consider the setting of [Example I1.1.3| [Example 11.3.2|
and the partitions A = (k,1"7%), 1 < k < n. Then for each 1 < k < k' < n
and each subspace X € Oy 1n-x) there is a subspace X' € Oy, jn-w) for which
X’ C X. Thus, [Proposition I1.6.2]applies, and we will take advantage of the nesting

ker v (gn-ry C ker v 1n-ry in VL2

7. A reduction to isotypic components

The fact that we are considering operators which are right-multiplication on
the group algebra CW by elements of ZW allows us to take advantage of standard
facts from representation theory.

As preparation, let A and B be finite dimensional C-algebras, ¢ a primitive
idempotent of A and f a primitive idempotent of B. Then for any (A-B)-bimodule
C the primitivity of e and f implies

(5) Homy(Ae,Cf) = eC§f=Homp(fB,eC).

Again primitivity implies that dim¢c Homy(Ae, Cf) is the multiplicity of the left
simple A-module A e in C'f and dim¢ Homp(f B, ¢ C) is the multiplicity of the right
simple B-module B in e¢C. This fact is the core of the proof of the following
proposition.

PROPOSITION 7.1. Let W be a real reflection group and let O C L be a W -
stable subset. Fiz a complex irreducible W-character x and a representation p, :
W — GL¢(UX) in some complex vectorspace UX affording the character x. Then
the multiplicity of x in

(6) ker(vo — Mew) Nker(rT — elew)
equals the dimension of
(7) ker(py (vo) — Muyx) Nker(py (wo) — €lyx).

In particular, if A is an eigenvalue of vo and € an eigenvalue of T, then the
multiplicity of x in the \-eigenspace for vo intersected with the e-eigenspace for T
is the same as the dimension of the A-eigenspace for p,(vo) intersected with the
e-eigenspace for py (wo).

PrROOF. We may assume that A and € are eigenvalues of vy and 7 respectively,
since otherwise the first part of the claim is trivial.

Let A = CW and B be the subalgebra of A generated by wg and ve. Since wy
and vp commute and are diagonalizable, B is a commutative semisimple algebra.
Since A and € are eigenvalues of vp and wy respectively, sending v» to A and wq
to € defines a 1-dimensional representation of B with character ¢. Let e, (resp.
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16 II. DEFINING THE OPERATORS

¢y) be the primitive idempotent of A (resp. B) corresponding to the irreducible
character x (resp. ¢). In linear algebra terms ey is the product of the projection to
the e-eigenspace of wy and the A-eigenspace of 9. Hence CW ¢4 is the intersection
of the A-eigenspace of vp and the e-eigenspace of wy and thus coincides with (6.
Hence, by definition of ¢,,, we have that dimc Homa(Ae,, Aegy) is the multiplicity
of x in (@). By the same arguments one sees that dimc Homp(es B, e, A) equals
the dimension of (@). Now (@) with C'= CW completes the proof. O

The preceding result can also be obtained in a more explicit but less elegant
way by partially block diagonalizing v». The latter technique sometimes goes by
the name “Fourier transform”.

We note that as a very special case of this, when x is a degree one or linear
character of W, one can be much more precise.

PROPOSITION 7.2. For any degree one character x of W and any W -stable
subset O C L, multiples of the x-idempotent

1 1 1
o= 3 x(w)w= 3 () w
SR A P
i QW are eigenvectors for vo, with integer eigenvalue

Ao(x) = Z noninve (w)x(w)

weW

= ) > x(w).
XeOo weW:
cw/X=c1/X

In particular, the trivial character 1 gives rise to an all positive eigenvector eq =
\_V%/I > wew W, having eigenvalue

Mo(1) =Y ([W N (X)) - [W ZW(Xi)])
i
where {X;} is any set of representatives for the W-orbits within O.

PROOF. First note that since a reflection group W is generated by involutions,
any degree one character x takes values in {1} and satisfies y(w™!) = x(w). Now
check the eigenvalue equation:

[Wiley, -vo = (Z x(w) u) (Z noninve (v) -v)

ueW veW
- Z Z x () noninve (v) - uv
ueW veWw
= Z w (Z X(wv_l)noninvo(v)>
weWw veW
= (Z X(w)w) <Z X(vl)noninvo(v)>
weW veW

= 2000 (IW]ey)
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One can also rewrite

Ao(x) = Z noninve (w)x(w)
wew

=> > xw)

weW XeO:
cw/X=c,/X

=Y > xw)

Xeo weW:
cw/X=c /X

Lastly, when x = 1 one has

Ao(x) = Z HweW:c,/X =c,/X}|
XeO

=3 Y HweW:cw/X]=c/X]}|

i X[EW-X;
=D W Nw (X;)][W : Zw (X5)]
i
where the last equality uses both the fact that [W - X;| = [W : Ny (X;)] and that

[Proposition I1.5.4] tells us that the elements from XW = {w € W : ¢,,/X = ¢,/ X}
form a set of coset representatives for W/ Zy (X). O

EXAMPLE 7.3. We return to the setting of [Example TI.1.3| with W = &,, acting
on V =R", and O = O 1n_g). There are two degree one characters of W, namely
the trivial character 1, and the sign character sgn. Since a representative subspace
Ty = 29 = --- =z in O has Nw(X) = 6 X 6,,_ and Zw(X) = Gy, for the
trivial character 1 one finds that

Ao(1) = [W : Ny (X)][W : Zw (X RN S () W
o(1) = [W: Nw (X)W : Zw ( )]_W.H_Qi) (n— k).
For the sign character sgn one finds that

dobz) = Y Y smw)

XeO0 weW:cy,/X=c,/X

= Z Z sgn(w)

1<i1 << <n weW:
{i1,\ix} appear
left-to-right in w

ifk=n

if k=n—1and n is odd,

if k=n—1 and n is even,

if1<k<n-2,

O O = =

for the following reasons.

When k£ = n this is because there is only one term in the outer sum, and the
inner sum contains only w = 1.

When 1 < k < n—2, picking any pair {4, 7} in the complement [n]\ {i1,..., i}
gives rise to a sign-reversing involution w < (i, ) - w, which shows that the inner
sum vanishes.
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18 II. DEFINING THE OPERATORS

When k£ = n — 1, this calculation appears as [76], Proposition 5.3]. Each term
in the outer sum is determined by the index 4 in the complement [n]\ {¢1,...,x},
and each w in the inner sum determined by the position j where i appears in w,
that is, j = w~1(i). Hence the result is

PHAEIE (i(—l)i)g

i=1 j=1 i=1

which is 1 for n odd and 0 for n even.

8. Perron-Frobenius and primitivity

Since the matrices representing the v» have non-negative entries, and since the
trivial idempotent ¢y gives an eigenvector with all positive entries, one might wish
to apply Perron-Frobenius theory (see e.g. [37, Theorem 8.4.4]) to conclude that
the eigenspace spanned by e; is simple. This is true in the cases of most interest to
us, but we must first deal with a degenerate case that can occur when the reflection
group W does not act irreducibly.

Recall that for any finite reflection group W acting on the real vector space
V', one can always decompose W = Hle W@ and find an orthogonal decomposi-
tion V = @’;:1 V(@ such that each W acts as a reflection group irreducibly on
V() In this situation, one has a disjoint decomposition of the arrangement A of
reflecting hyperplanes of the reflections from W as A = |_|§:1 AW where A® is
the arrangement of reflecting hyperplanes of the reflections from W),

EXAMPLE 8.1. Let W be of type A; x Ay, that is, the reflection group isomorphic
to Zsy x Zsy acting on V = R? generated by two commuting reflections s;, so through
perpendicular hyperplanes Hy, Hy (lines, in this case). Thus, W = W) x W
where W) = {1,5;}. Choose O = {H;}. Then one finds that

w noninve (w)
1 1
S1 0
S92 1
§182 = S281 = Wp 0

so that as an element of ZW, one has vp = 1+ 53 whose action on ZW on the right
can be expressed in matrix form with respect to the ordered basis (1, s1, s2,wp) as

Even though this matrix is non-negative, it is imprimitive in the sense that no
power of it will have all strictly positive entries. Thus, one cannot apply the simplest
version of the Perron-Frobenius theorem. However, under the identification ZW =
ZW1 Q7 ZW5 one has

vo=(1-14+0-5)®@(1-1+1-s2).
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and correspondingly the above matrix can be rewritten as

b 3ol ]

Note that this second tensor factor is a primitive matrix, to which Perron-Frobenius
does apply.

The following proposition can be proven in a completely straightforward fash-
ion.

PROPOSITION 8.2. Let W be a finite real reflection group and let A denote its
arrangement of reflecting hyperplanes. Let W = H£=1 W and A = |_|§=1 AW pe
the decomposition described above.

Let O C L be W-stable and suppose there is an 1 < i <t such that

o every X in O is a subspace of X := Niean H.
Then every X in O can be uniquely written as X = X NYy for some intersection
Yx of hyperplanes from | ;_; AW Letting W' := 1,2 W; and identifying ZW =
ZW D @ ZW', one has
v = lzw(i) X Vo
where O' :={Yx : X € O}.

ExAMPLE 8.3. [Example TT.8Tillustrates the scenario of [Proposition 11.8.2 with
V=R2=VW pV® =R'@ R Here i =1 with X = X) = H; and Y = V?
is the second copy of R! considered as the empty intersection of hyperplanes from

A®) . In the tensor decomposition of v, the first tensor factor is 1,y,1) and the
second tensor factor is veor.

Let W be a finite real reflection group that decomposes as W = szl w®
with each W an irreducible reflection group and let A() be the arrangement of
reflecting hyperplanes associated with W (. We say a W-invariant subset O C £
is irreducible if there is no 1 < i < ¢ such that all X € O satisfy X C (¢ 40 H.
As a consequence of the proposition, in analyzing the eigenvalues and eigenspaces
of vo, it suffices to assume that O is irreducible.

PROPOSITION 8.4. Let W be a finite real reflection group and O C L an ir-
reducible W -invariant subset of L. Then the non-negative |W| x |W| matriz vo
s primitive in the sense that it has some positive power vy whose entries are all
strictly positive. In particular, the A(1)-eigenspace is simple, spanned by the trivial
idempotent eq.

PROOF. Recall that vo = ), .y noninve(w) - w as an element of ZW, and
that it has non-negative coefficients. Consequently, it suffices to show: that the
set of w in W satisfying noninvep(w) > 0 is a generating set for W; and that
noninvp(1) > 0. The first claim implies that for any position in the matrix there
will be a power v5 for which the entry in this position is positive. The second claim
shows that the positive entries accumulate and therefore all entries will be positive
for a suitable power.

The second claim is obvious since the definition of v» implies vp(1) = |O|. For
the first claim, we will exhibit an explicit generating set for W for which noninve
is positive.
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20 II. DEFINING THE OPERATORS

As usual we write W = szl W as a product of irreducible reflection groups
W, Recall [38], §4.3] that for finite real reflection groups W, the set S of reflections
through the hyperplanes which bound the chosen fundamental chamber ¢, gives rise
to a Cozeter presentation for W, or a Coxeter system (W, .S). Recall also that here
we identify W with its canonical image in W = szl W acting on the same
space as W. In this situation, for each ¢ = 1,2, ..., ¢, we can choose the fundamental
chambers for each group W independently — the fundamental chamber of W being
their intersection. We denote by (W(i), S (i)) the corresponding Coxeter systems.

By assumption for each 1 < ¢ <t there is a Y® € O such that

(8) Yo ¢ () A,

HeA®

where A is the reflection arrangement for W . Let Z(®) be the projection of
Y to the intersection lattice of A®). Using the action of W on O to alter Y,
if necessary, we can assume that Z(9) equals the intersection of a subset of walls
of the fundamental chamber for W (). This subset of walls is indexed by a proper
subset J(®) of S (that this containment is proper follows from (§)).

Because each W) acts irreducibly, the Coxeter system (W), S()) has con-
nected Coxeter diagram, and one can number its nodes sgl), sg), e s‘(;)(,;)‘
a way that sgl) is not in J®, and each initial segment of the nodes induces a
connected subdiagram. We claim that the union of the sets

{Sga, RONORINMONONS 5‘%)(1,)‘}

in such

is a generating set for W, and that noninve is positive for each of these elements.

The reason these elements generate W is that S = {sgi), s(Qi), ceey S\(?<"'>I} generates

W), We want to show that every w = s(li)s(;) e sgi) verifies noninvey (w) > 0. For

that consider the subspace Y of @. We claim that Y () forms a noninversion for
w. To see this, by [Proposition I1.5.4] and subsequent comments one needs to check
that w is one of the minimal length coset representatives for W;u) \W ), that is,
it has no reduced expressions that start with an element of J® on the left. But
by our construction of the word w = sgi)séi) e sg-i), and by Tits’ solution to the
word problem for W (see [I, Theorem 2.33]), this would be impossible because no

element of J( can be commuted past the s{” on the left.
The fact that the A\(1)-eigenspace is simple and is spanned by the trivial idem-
potent e; now follows from the Perron-Frobenius theorem [37, Theorem 8.4.4]. O

For future use (in EIIL.3), we mention another trivial reduction, similar to
[Proposition I1.8.2] that can occur when the finite real reflection group W acting on
V' does not act irreducibly. Its proof is similarly straightforward.

PROPOSITION 8.5. Let W be a finite real reflection group and W = szl w®
for irreducible reflection groups W . Let AW be the arrangements of reflecting
hyperplanes of the reflections from W 1 < i < t. Let O C L be a W -invariant
subset of L.

Assume that there is an 1 < i < t such that O contains no subspaces X
lying below any hyperplanes from AW. Then we can consider O as a subset of
the intersection lattice for the arrangement A := A\ A® of the reflection group
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W'i=1T1,. W;. We have ZW = ZW @ ZW' and
Vo = lzw(i) ® vor
where 1) is represented by the [W @ | x |W®| matriz having all ones as entries.

Since the eigenvalues and eigenvectors of 1z are easy to write down, by
|Proposition II.8.5| one is reduced to studying v in this situation.

EXAMPLE 8.6. also illustrates the scenario of [Proposition 11.8.5)|

except now ¢ = 2, and one should interpret the first tensor factor as vp, and the
second tensor factor as Ly (2.
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CHAPTER III

The case where O contains only hyperplanes

1. Review of twisted Gelfand pairs

We review here some of the theory of (twisted) Gelfand pairs; a good introduc-
tion is Stembridge [72].

DEFINITION 1.1. Given a finite group G, a subgroup U, and a linear character
x : U — C*, say that (G, U, x) forms a twisted Gelfand pair (or triple) if the induced
representation Indg x is a multiplicity-free CG-module.

One can fruitfully rephrase this is in terms of the algebra structure of A := CG
and the x-idempotent for U

1 -1
(9) ¢ = Il Z x(u™")u.

uelU

It is well-known and easy to see that the left-ideal Ae carries a left A-module
structure isomorphic to M = Indg X. As with any finite dimensional A-module,
M can be expressed as M = @,(S;)®™ for distinct simple A-modules S; and
uniquely defined multiplicities m;. One can detect these multiplicities by looking at
the commutant algebra End M, which is isomorphic to the direct sum of matrix
algebras @; Maty,, xm,; (C). Thus, the commutant algebra is itself a commutative
algebra if and only if each m; = 1, that is, if and only if M is multiplicity-free as
an A-module. Therefore, the condition for (G, U, x) to be a twisted Gelfand pair is
equivalent to End 4 M being commutative.

On the other hand, for any algebra with unit A and idempotent e, taking
M = Ae, the map defined by

End M = EndA(Ae) — eAe
o p(e)

is easily seen to be an algebra isomorphism. In the case A = CG and ¢ is the
idempotent in [ the algebra eAe is sometimes called the (twisted) Hecke algebra.
If one chooses double coset representatives {g1, ..., g:} for U\G/U, then it is easy
Hecke algebra eAe. This leads to the following commoﬁi}.l used trick for verifying
that one has a twisted Gelfand pair.

PRrROPOSITION 1.2 (Twisted version of “Gelfand’s trick”). Let G be a finite
group, U a subgroup of G and x : U — C* a linear character with x(u™') = x(u)
for all w in U, that is, x takes values in {£1}.

If every double coset UgU within G for which ege # 0 contains an involution,
then (G,U, x) forms a twisted Gelfand pair.

23
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24 III. THE CASE WHERE O CONTAINS ONLY HYPERPLANES

PROOF. As above let ¢ := ﬁ > wew X(w™Hu. Consider the algebra anti-
automorphism 1) of A = CG that sends g — ¢g~!. The assumption that x(u=1) =
x(u) implies v(e) = e. Thus, for any involution g = g~! in G, one has that v also
fixes the element ege in CG:

P(ege) = (e)1(g)1h(e) = eg™ e = ege.
The assumption that every double coset UgU for which ege # 0 contains an involu-
tion therefore implies that v fixes every element in a spanning set for the subalgebra
¢Ae within the group algebra A = CG. Since 1 is an anti-automorphism on all of
A, this subalgebra eAe must be commutative: for any z,y in eAe, one has

z-y=v@)ly) =Ply-2) =y -
Thus, Ends(Ae) = e¢Ae is commutative. Hence Ae is a multiplicity-free left A-
module, i.e. (G,U, ) is a twisted Gelfand pair. |

2. A new twisted Gelfand pair
Recall the statement of [Theorem 1.4.2] from the introduction.

Mheorem 142l Let W < GL(V) be any finite irreducible real reflection group
and H any of its reflecting hyperplanes with associated reflection s.

Then the linear character x of the W-centralizer Zy (s) given by the determi-
nant on V/H or HY has a multiplicity-free induced W -representation Ind%vw(s) X-

In other words, (W, Zw (), x) forms a twisted Gelfand pair.

As preparation for proving this, we begin with some well-known general observations
about group actions on cosets, and double cosets. Let Z := Zy (s) and O the orbit
of H under the action of W. Then Z is the stabilizer of the element H in the
transitive action of W on O. In other words, O carries the same W-action as the
coset action of W left-translating W/Z. One then has inverse bijections between
the double cosets Z\W/Z and the W -orbitals, that is the W-orbits of the diagonal
action of W on O x O:

Z\W/Z — W\ (0O x O)
ZwZ — W-(H,w(H))
W\ (O x0) — 2Z2\W/Z
W (wi(H),wy(H)) — Zwy weZ

PROPOSITION 2.1. Let (W, S) be a Cozxeter system with W finite, and J C S
such that the Cozeter graph for (W, J) is a connected subgraph of the Coxeter graph
for (W, S). Then for two reflecting hyperplanes H, H' whose reflections s, sp lie
i Wy we have: sg, sy lie in the same W-orbit if and only they lie in the same
W j-orbit.

PROOF. Since every reflection in W; is W -conjugate to a simple reflection in
J, one may assume without loss of generality that sg, sy are simple reflections
lying in the subset J. It is well-known (see e.g. [I2, Chapter 1, Exercise 16, p. 23])
that two simple reflections s, s’ in S are W-conjugate if and only if there is a path
in the Coxeter graph for (W, S) having all edges with odd labels. Since W is finite,
the Coxeter graph for (W, S) is a tree. Hence such a path with odd labels exists if
and only if it exists within the Coxeter subgraph for (W, J), that is, if and only if
sH, s are Wj-conjugate. O
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Proor or [Theorem 1.4.21 We will show that the twisted version of Gelfand’s
trick (Proposition TIT.1.2)) applies. Let w € W and H' := w(H). Let sy and s be
the reflections corresponding to H and H'.

Case 1: H, H' are orthogonal.

In this case we claim that ewe = 0. To see this, note that in this situation, both

sH, sy lie in Z, with

X(sm)=—1

X(smr) = +1.
Thus, factoring the subgroup Z = Zw (s) according to cosets Z/(spy/) and cosets
(sg)\Z gives rise to factorizations

e=a(r+sy)=(1—sy)b
for some elements a,b in RIW. One then calculates
ewe =a(1+ sy )w(L —sy)b
=a(w—wsy + sgw — sgrwsy )b
=a-0-b
=0
where the third line uses the following equalities:
w(H) = H', implying

wus_l = sy

WSy = SHgw
w=SHWSH.

Case 2: H, H' are not orthogonal.

A trivial subcase occurs when H = H’ and then the double coset ZwZ = Z
contains the involution sg. Hence we are done by [Proposition I11.1.2]

Otherwise, the parabolic subgroup Zw (H N H') is dihedral, and W-conjugate
to some standard parabolic W for some pair J = {s,s'} C S; without loss of
generality (by conjugation), sg, sg lie in W. Since H, H' are not orthogonal, one
must have s, s’ non-commuting, and hence the Coxeter graph for (W, J) is an edge
with label m > 3, forming a connected subgraph of the Coxeter graph of (W, S).
Since H, H' were assumed to lie in the same W-orbit, [Proposition I11.2.T] implies
they lie in the same W j-orbit. However, when sy, sy lie within a dihedral group
Wy, it is easy to check that if w in W sends H to H’, then either w or wsy is a
reflection, and hence an involution, sending H to H’. Again the assertion follows
from [Proposition I11.1.2] O

REMARK 2.2. The preceding proof is perhaps more subtle than it first appears.
When H and H’ are orthogonal hyperplanes lying in the same W-orbit, so that
H' = w(H) for some w in W, it can happen that H, H' do not lie in the same
Zw (H N H')-orbit, and that the double coset ZwZ for Z = Zy (sy) contains no
involutions.

As an example, this occurs within the Coxeter system (W, S) of type Hs with
Coxeter generators S = {s1, 52,53}, satisfying s? = 1 and (s152)° = (s183)? =
(s253)% = e. The hyperplanes H, H' fixed by si, s3, respectively, are orthogonal.
They lie in the same W-orbit, and in fact w(H) = H’ for w = s$98152535152.
However, H, H' do not lie in the same orbit for the rank 2 parabolic Zy (HNH') =
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Wis,,s53, and one finds that the double coset ZwZ for the subgroup Z = Zy(s1) =
(s1, 83, wp) contains elements of orders 3 and 6, but contains no involutions.

3. Two proofs of [I’heorem 1.4.1]

We recall the statement of the theorem.

[Theorem 141l For any finite real reflection group W, and any W-orbit O of
hyperplanes, the matrix vo has all its eigenvalues within the ring of integers of the
unique minimal splitting field for W. In particular, when W is crystallographic,
these eigenvalues lie in 7Z.

We will offer two proofs. In both proofs, one first notes that one can immediately
use [Proposition I1.8.2] to reduce to the case where W acts irreducibly on V. Also
note that if W = H§:1 W@ for irreducible reflection groups W* and A® the
arrangements consisting of the reflecting hyperplanes of the reflections from W,
then a W-orbit O of hyperplanes in A contains only hyperplanes from a single
subarrangement AW for some 1 <3 < t.

Thus, one can assume W acts irreducibly on V', and both proofs will rely on

[Theorem T.4.2]

3.1. First proof of [Theorem I.4.1l The first proof is shorter, but makes
forward reference to the equivariant theory of BHR random walks in
This BHR theory will show that when v» acts on RW, its image subspace U :=
ker(vp)* affords the W-representation 1y, @ IndEVW(S) X, where x = det |y 5. This
deduction will be based on [Theorem [V.4.2] and |Corollary IV.6.1l Note that the
image U can have no multiplicity on the trivial representation 1y, since the ambient
space RW contains only one copy of 1y. Hence [Theorem 1.4.2] tell us that the vo-
stable subspace U is multiplicity-free as a W-representation. Since U = ker(vp)*
is a Q-subspace (as vo has Z entries) an application of [Proposition 1.3.1] finishes
the proof.

3.2. Second proof of [Theorem I.4.1l This proof, although longer, does
not rely on results to be proven later, and also introduces an important idea, useful
both in understanding the eigenspaces of v, and with potential applications to the
analysis of linear ordering polytopes (see [EIIL5)). We start by developing this idea
here.

For the moment, return to the situation where A is a central arrangement
of hyperplanes in V' = R? having some finite subgroup W of GL(V) acting as
symmetries, with chambers C, intersection lattice £, and O any W-stable subset of
L. Recall that vo = 7}, o mo where

o 1 ZC — P ZC(A/X)
Xeo
c— (¢/X)xeo

Note that 7 is W-equivariant for the obvious W-actions on the source and targets.
It is also equivariant for the commuting Zs-action that sends ¢ — —c in the source,
and sends ¢/X — —c¢/X in the target.
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This gives us the freedom to consider instead of vp = 7T£ omo, the eigenvectors
and eigenvalues of the closely related map

po =Toomy @ 7C(A/H) __ @ 7C(A/H)
HeO HeO
having matrix entries given by

(HO) e, /x1.e0/ x5 = ’{c €C:c¢/X1=c /X1 and ¢/ Xy = CQ/XQ}’.

PROPOSITION 3.1. For each non-zero eigenvalue X in R, the maps mo and w},
give W X Zso-equivariant isomorphisms between the A-eigenspaces of vo and po.

PROOF. This is a general linear algebra fact. Assume A : U — U’ and B : U’ —
U are K-linear maps of finite-dimensional K-vector spaces U and U’ such that all
eigenvalues of AB and BA lie in K. We claim that for each potential non-zero
eigenvalue A in K, the maps A and B give isomorphisms between the generalized
A-eigenspaces defined to be the subsets of U and U’ on which A — BA and A — AB
act nilpotently. To see that A, B map between these generalized eigenspaces, note
that given a vector v in V with (Aly — BA)Vv = 0, the fact that

(Mlyr — AB)A = A(M\ly — BA)
implies
(My» — AB)YN Av = A(\ly — BA)Nv = 0.
To see that A, B are injective, note that if Av = 0 then (A — BA)v = Av and hence
0=\l — BA)Ny =Ny

would imply that v = 0. Since the generalized eigenspaces for non-zero eigenvalues
plus the kernel sum up to U, resp. U’, it follows from dimension considerations that
the maps A and B are indeed isomorphisms between the generalized eigenspaces
corresponding to non-zero eigenvalues.

When applying this with A = 7o and B = 75 and K = R, self-adjointness
implies not only that all the eigenvalues A all lie in R, but also semisimplicity, so
that generalized A-eigenspaces are just A-eigenspaces. (Il

Now we specialize to the situation where A is the reflection arrangement for a
finite real reflection group W, and the W-stable subset O contains only hyperplanes
H (but we do not assume yet that O is a single W-orbit).

In this case, each of the localized subarrangements .A/H has only one hyper-
plane H, and only two chambers/half-spaces in C(A/H), which one can identify
with the two unit normals +a (or roots) to the hyperplane H. Letting ®» denote
the union of all such pairs of roots +a normal to the hyperplanes H in O, one
can identify @z ZCA/H) with Z%0 | having a basis element E, for each « in the
orbit of roots ®p. Let &, C ®» be the set of a € & for which ¢; and « lie on the
same side of the hyperplane H, orthogonal to a.. The elements of @, are called the
positive roots inside ®. Clearly, ® depends on the choice of ¢;. Using this notation
and under the above identification, the map ZW =$ Z® has

(7o) 1 ifwa)e dy
T, . =
©Jw ko 0 otherwise.

To see this note that by definition (7p)y e, = 1 if and only if ¢,,/Hy = ¢1/H,
and « € & or ¢,/Hy # ¢,/H, and a ¢ ®,. Since in the first case we have
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w~(a) € @ if and only if @« € ®; and in the second case w™(a) € @, if and
only if o & @4 the claim about (7o )y g, follows.

Hence, mo sends a basis element w in ZW to the sum of basis elements E,, for
which w~!(a) is an element of the positive roots ® . Therefore, the map Z® LEN
Z%° has entry
(10)  (1o)pamy = #{w € W :w™ (), w"(B) both lie in &, } = [W]- %

where Z{a, 8} is the angular measure in radians of the sector which is the inter-
section of the half-spaces HI N H;F For the second equality in (I0) we use the
fact that the elements of the set on the left hand side are the minimal length coset
representatives of the group generated by the reflections along H, and Hg. These
reflections generate a dihedral group of order ﬁ Now the equality follows from
Lagrange’s theorem.

Note that the Zy-action now sends E, to E_,. We use this Zs-action to decom-
pose

R®o = R%o.+ o R®o.—

in which

®0, : o
R®°* has R-basis {f] := Eq + E_a}tacoons, ,

R®©:~ has R-basis {f, := B, — E_o}acdond, -

For the formulation of the following proposition, recall Ap(x) defined in
[Proposition I1.7.2

PROPOSITION 3.2. Acting on R®oF, the map po has a one-dimensional eigen-
space with eigenvalue Ao (1w ) carrying the trivial W -representation 1y, and whose
orthogonal complement within R®o+ lies in the kernel.

If O decomposes into W-orbits as O = |_]§:1 O; in which O; is the orbit
of a hyperplane H; having associated reflection s;, then R®©~ carries the W-
representation @E:Jndng(si))(ia where x; is the one-dimensional character det v, .

PROOF. Using the fact that for any w in W, exactly one out of w~!(a) and
w~(—a) will be a positive root, one checks using [0 that

polsh) = WL~ g

2
(XE‘boﬁ‘i’+

for any B in ®p N ®,. This implies that pue acts on R®©F as an operator of rank
one, whose only non-zero eigenspace is the line spanned by Eéoman 1.+, affording

the trivial W-representation 1y, and with eigenvalue Ao (1w ) = |VQV—‘|(’)| Because
Lo is self-adjoint, the subspace of R*©'* perpendicular to this eigenspace will be
preserved, and must lie entirely in the kernel.

Next we turn to the assertion about the W-representation carried by R®:~. Let
H,; be the representative of the W-orbit O;, s; the reflection along H; and a; € @
the positive root corresponding to H;. The subgroup Zw (s;) is the stabilizer of
the real line spanned by f. . Hence all 2 € Zy (s;) have f; as an eigenvector
for eigenvalue +1. The eigenvalue for z is +1 if « is stabilized by z and —1 if «
is sent to —ca. In either case the eigenvalue coincides with det /g, (2). Thus, the
character of Zy(s;) on the line spanned by f7. is given by det v, ,. Since Zy (s;)
is the stabilizer of that line it follows that Ind%vw(si) det v, g, is a character whose
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degree equals the cardinality of the space spanned by the orbit of f, under the
action of W. By a simple calculation one then checks that IndEVW(Si) det /g, and
the character on the latter space coincide. Summing up over the W-orbits then
yields the asserted formula. ]

SECOND PROOF OF [Theorem 1.4.1l Assuming O is a transitive W-orbit of some
hyperplane H with associated reflection s, [Proposition IT1.3.2] says that the R-
subspace U := R®2~ which is a rational subspace in the sense that R®o— =
R ®g Q%0 ~, affords the W-representation IndEVW(S) x. Then [Theorem 1.4.2] and
[Proposition I.3.1]imply that the operator ue has all eigenvalues on U lying within
the algebraic integers of any splitting field for W. Its remaining eigenvalues on

the complementary subspace R?:T are either zero or Ao(lwy) = ‘—V;/'|(’)\ by
[Proposition II1.3.2] Now an application of [Proposition [II.3.1| completes the proof.
(]

REMARK 3.3. After posting this work on the arXiv, the authors discovered that,
independently, P. Renteln [52] §4] recently studied the spectrum of the operator
vo for a real finite reflection group W, taking O to be the set of all reflecting
hyperplanes for W. Note that irreducible finite reflection groups can have at most
two W-orbits of hyperplanes, and whenever W has only one orbit of hyperplanes
(that is, outside of types B, (= Cy,), Fy and the dihedral types I5(m) with m even),
Renteln’s object of study is the same as our operator vo.

In particular, he also uses the technique from our second proof of [Theorem L.4.1]
introducing the maps mo and pe in his context. We will point out in [Remark TIT.4.5]
and [Remark TIT.Z.8 below the places where we borrow from and/or extend his work.

4. The eigenvalues and eigenspace representations

We return again to the situation where O is a single W-orbit of hyperplanes.
Having proven [Theorem 1.4.1] on the integrality of eigenvalues of vp or o, one
can still ask for the eigenvalues of pp and the W-irreducible decomposition of its
eigenspaces. It turns out that one can be surprisingly explicit here.

Note that [Proposition TI1.3.2] reduces this to the analysis of uep acting on
U := R?~ which affords the W-representation Ind?j X, where Z = Zy (s) for
a reflection s whose hyperplane H represents the orbit O, and x : Z — {£1} is the
character of Z acting on the line H+. We analyze this representation more fully.

We know the W-irreducible decomposition of Ind‘év x is multiplicity-free from
[Theorem 1.4.21 Recall this is controlled by the double cosets ZwZ, or W-orbitals W -
(H,H') in O x O, giving rise to non-zero elements ewe in the twisted Hecke algebra
eRWe (see FIII.I)). We next explain how dihedral angles between hyperplanes play
a crucial role here.

DEFINITION 4.1. Given two hyperplanes H, H' within V', define their dihedral

angle Z{H, H'} to be the unique angle in the interval [0, 7] separating them.

PROPOSITION 4.2. Let W be a finite real reflection group, and H,H' ,H" hyper-
planes in the same W-orbit O, but with neither H' nor H" orthogonal to H. Then
(H,H"),(H,H") lie in the same W-orbital on O x O if and only if Z{H,H'} =
Z{H,H"}.
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PROOF. The forward implication is clear. For the reverse, assume Z{H, H'} =
Z{H,H"}, and consider three cases based on the codimension of X := HNH' NH".
Case 1: X has codimension 1.

This case is trivial, since then H = H' = H".

Case 2: X has codimension 2.

This case is also straightforward. One checks inside the dihedral reflection sub-
group Zw (X) containing sy, sy, sy~ that whenever Z/{H, H'} = /{H, H"'}, either
one is in the trivial case H' = H”, or else sy sends (H, H') to (H, H").

Case 3: X has codimension 3. Then by conjugation, one may assume that the
rank 3 reflection subgroup Zw (X) containing sy, sy, sy~ is a standard parabolic
subgroup W for some triple J = {s1, $2,$3} C S among the Coxeter generators
S of W. In fact, (W;,J) must be a connected subgraph of the Coxeter graph
of (W, S), else W; contains no three reflections sg, sg/,sy» with H N H' N H”
of codimension 3 having Z{H,H'} = Z{H,H"} # %. Thus, [Proposition TIT.2.1]
implies that H, H', H" lie in the same Zy (X )-orbit, since they lie in the same W-
orbit. Finiteness of W further forces Zy (X) to be one of the rank three irreducible
types As(= D3) or B3(= C3) or Hs. Now it is not hard to check by brute force in
any of these three types that a triple H, H', H"” in the same Zy (X)-orbit having
Z{H,H'} = Z{H,H"} # % will have (H,H') and (H,H") in the same Zy (X)-
orbital. This then implies that (H, H') and (H, H") lie in the same W-orbital. [

The following example shows that the non-orthogonality assumption in
[Proposition I11.4.2]is perhaps more subtle than it first appears. Indeed, if Z{H, H'}=
Z{H,H"} = %, it is possible that (H, H'), (H, H") lie in different W-orbits of OxO.

ExaMpPLE 4.3. Let W be of type D,, for n > 4, and
H={z; =z}
H = {1, = -5}
H" = {x3 = 24}
Then it is easily checked that (H, H'), (H, H") lie in different W-orbits of O x O.

The problem here is that X = H N H' N H"” has Zw (X) of the reducible type
Ay x A1 x Ay, so that [Proposition T11.2.1] does not apply.

[Proposition I11.4.2] has very strong consequences in the crystallographic case,
that is, where W is a finite Weyl group. For this we distinguish two cases for a
given reflecting hyperplane H for a finite reflection group W and its W-orbit O:

(%) There is a hyperplane H' € O for which for which /{H,H'} = Z.

(#) There is no hyperplane H' € O for which for which /{H, H'} = Z.

Note that () occurs only in the situation when W is of type B, (= C,), and
the reflection sy along H is the special “non-simply-laced” node, corresponding to
a sign change in a coordinate of V = R".

COROLLARY 4.4. Let W be a finite irreducible Weyl group acting on V = R"
in its reflection representation, O the W-orbit of a reflecting hyperplane H with
reflection s, and Z = Zy (s). Let x : Z — {£1} be the character of Z on H*.

Then:

(i) In situation (§) we have

ndy xy=VaoV
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for a unique W -irreducible V' of dimension |O| — n.
(ii) In situation (F) we have

Ind) x =V.

Moreover, in (i), one can realize the W -irreducible V' as the subspace of R0~
that is R-linearly spanned by the vectors

Va8, = Ea +Eg + By — (E—q + E_g + E_,)

as {a, B,v} run through all triples of roots in the W-orbit O having a + +v =0
and having normal hyperplanes Hy, Hg, H, with pairwise dihedral angles of % .

PRroo¥F. By [Proposition 111.4.9] and Case 1 of the proof of [Theorem 1.4.2] the
number of W-irreducible constituents in IndEV X is the number of dihedral angles
Z{H,H'} other than 7 which occur among pairs {H, H'} in the W-orbit O. By
conjugation, one may assume Zy (H N H') is a standard parabolic subgroup W,
of some dihedral type Is(m) with m > 3. Since W is a Weyl group, this limits m to
be 3,4,6, and then one can check that {H, H'} lying in the same W-orbit O forces
either H = H' or Z{H, H'} = %. It follows that Ind} x has exactly two irreducible
constituents in situations (%), and exactly one irreducible constituent in situation
(3).

To prove the remaining assertions, let Y C R®0:~ C R?®® be the subspace
spanned by the vectors 1), g, described above. Consider the R-linear map R0 2,
V' that sends E, — «. It is easy to see that g is W-equivariant, and also Z,-
equivariant for the Zs-action on R®® that swaps E, <> E_, and the Zs-action on

V by the scalar —1. The calculations

Eqa—E_q = a—(—a) =2a

Eo+E o = a+4(-a) =0
Gapy = 20a+B+7y) =0
then show that

e the kernel ker(g) contains R?©>* and hence g induces a map R*0:~ N Vv,
e the map g, and hence also g, surjects onto V, since V is irreducible, and

e the subspace Y lies in the kernel of g, so also Y C ker <R‘I’O’ 5 V).
The surjection g shows that Indg/ x always contains V' as one of its constituents.
Hence, there are no other constituents in situation (7). However, in situation (%),

the subspace Y is nonzero, and hence must form the other irreducible constituent
of Ind} x. O

REMARK 4.5. Here we have borrowed from Renteln’s paper [52] §4.8.1] the
explicit realization of V’ by the vectors 14 g ~, and its proof via the map g, although
we substitute our argument via irreducibility for his dimension-counting argument.

EXAMPLE 4.6. In type A,_1, when W = &,, and O is the unique W-orbit of
hyperplanes, one can check that

Ind?f X = Indg;‘xeni2 sgn ®1
= (LD (2.1
=VaenV
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using standard calculations with the &,,-irreducible characters x* indexed by inte-
ger partitions A of n. Thus, the irreducible V'’ 2 A2V = y(?=2.1.1) in this case.

Based on the W-irreducible description for R®e:— = Ind?j x given in Corollary
I11.4.4, one can now be more precise about the eigenspaces of vp or pe.

THEOREM 4.7. Let W be a finite irreducible Weyl group acting on V = R"™
in its reflection representation, O the W-orbit of a reflecting hyperplane H with
reflection s, and Z = Zy (s). Let x : Z — {£1} be the character of Z on H*.

Then either of vo or po have non-zero eigenvalues and accompanying W -
irreducible eigenspaces described as follows:

(i) There is a 1-dimensional eigenspace carrying the trivial W -representation
with eigenvalue Ao = %

(ii) In the case of situation (%) there is an (|O| — n)-dimensional eigenspace
W]

carrying the W -representation V' with eigenvalue 5.

(iii) In either situation (3) and (%), there is an n-dimensional eigenspace

carrying the W -representation V' with eigenvalue

{W in situation (%)

s
3/
27~ 1n! in situation (7).
Furthermore, in the subcase of situation () where W is simply-laced (type

(h+1)|W|
6

Ay, Dy, or Eg, E7, Eg), one can rewrite this eigenvalue as , where

h is the Coxeter number.

PROOF. [Proposition 111.3.2already shows assertion (i), and the fact that R®o:~

gives the remaining non-kernel eigenspaces of po. Calculating traces, one sees from
[0 that the diagonal entry (1o),, , = @ for each root « in @, so that ue has trace
m = |W||O| when acting on R?©. Since the eigenvalues of uo on R?o:F are
— \WQO\

all zero except for the eigenvalue \p with multiplicity one, one concludes
that ueo has trace |W||O| — ‘Wéj = w when restricted to R0~

Thus, in situation (%), where R®0:~ =2 | = R™_ it acts with eigenvalue |W2LLO| =
2n—1nl,

In situation (%), Schur’s Lemma implies that the WW-irreducible constituent V'
of R?©:~ will lie in a single eigenspace for pe. Since this copy of V' is realized as
the span of the elements {14 g}, one can, for example, determine this eigenvalue
by using [I0] to compute that the coefficient of E, in o (¢a,s,y) is

W] LT ) 2 2w |[W|
— |ttt +-0—-=-=)="—.
2m 3 3 3 3 6

Thus, V' is an eigenspace for uo with eigenvalue %, having dimension |O| — n.
Since the only other constituent V of R®©:~ has dimension 7, it must lie in a single
eigenspace, whose eigenvalue A satisfies A\-n = m — % (0] = n) = w,
and hence \ = W.

For the last assertion, in the simply-laced case, one has that O is the set of all
hyperplanes, whose cardinality is well-known [38] §3.18] to be "Th The formula for

the eigenvalue follows. O
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type

factored characteristic polynomial

Anfl = 671

n—1
(n+1)!
(o= 5)

(@8

B,,, s = sign change

( _on— 1n|)n

B,,, s = transposition

2"~ n' 2" .nl(2n—1) "
T —

on—1, n(n—2)
)

2"~ n' (2n— 1))"

( 2"*%1)”("_2)

D, <:c - x 3
FEg (r —112320)¢ (2 — 8640)3°
E; (x —9192960)7 (x — 483840)°°
Eg (z — 3599769600)° (z — 116121600)*2
Fy (v —1344)*  (z —192)®
H, (z% — 2487 + 3856)° (z —24)* - (z — 12)°
= (z — 124 4+48/5)3 (z—24)* (z —12)°
H, (2% — 79680z + 94233600)* (x — 3840)6 - (z — 1440)°
= (x — 39840 + 17280v/5)*  (x — 3840)'C - (z — 1440)°
FiGURE 1. Factored characteristic polynomials for vo or pe on their

eigenspaces affording Ind%VW(S) X, where x = det |y, if s =

SH.
REMARK 4.8. The above assertion about the structure of the eigenspaces of
po in the simply-laced subcase of situation (%) was a conjecture in the previous
version of our paper, and turned out to be Renteln’s [52] Theorem 39]. We have

adapted his method of proof to give the more general statement above.

We have implemented in Mathematica [79] the calculation of this matrix for ue
acting on R®©~, and produced the characteristic polynomials shown in
[Theorem 1IT.4. 7 predicts the answers for all rows of the figure corresponding to Weyl
groups, but makes no prediction for the non-crystallographic groups Hjs, H4. Note
that we have omitted any data on the dihedral types Is(m), as here the matrices
for po are easily-analyzed circulant matrices, discussed thoroughly in [52] §4.1 and
§4.6].

REMARK 4.9. [Theorem 1.4.7] can fail without the hypothesis that O is a single

W-orbit of hyperplanes. For example, when W = By = I5(4) and O is the set of all
four hyperplanes, one finds that

det(tlgs — vo) = t3(t — 16)(t* — 8t + 8)?,

which contains quadratic factors irreducible over Q, the unique minimal splitting
field of W in characteristic 0. The issue here is that O contains two different W-
orbits of hyperplanes, so that [Theorem 1.4.2] does not apply. It turns out that the
irreducible quadratic factors (t> — 8t + 8)? are the characteristic polynomial for vo
acting on two eigenspaces that both afford the reflection representation V' for W.
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5. Relation to linear ordering polytopes

We pause here to discuss a topic from discrete geometry and polytopes that
motivated some of these explorations. We refer to Ziegler’s book [80] for basic facts
and unexplained terminology from polytope theory.

Given the hyperplane arrangement A, with some possible subset of linear sym-
metries W, and (W-stable) subset O of £, note that the map from [Definition 11.2.1]

o ZC — @xecoZC(A/X)
c — Pxecoc/X

is W-equivariant for the natural W-permutation actions in the source and target.
Clearly, mo extends to a mapping from RC to ®xecoRC(A/X), which allows a
definition of a new class of polytopes. Recall for the definition that the image of a
convex polytope under a linear map is again a convex polytope.

DEFINITION 5.1. Let A be an arrangement of hyperplanes and C its set of
chambers. Denote by A¢|—; the standard (|C|—1)-dimensional simplex A|¢|_; which
is the convex hull of the standard basis vectors within RC. The convex polytope
Line is defined to be

Linp = mo(Ajej-1),
the image of the polytope Aj¢|—; under the linear map mo.

Since the map 7w has all entries in {0,1} when expressed with respect to the
standard basis, Line is a 0/1-polytope, and its vertex set will simply be the distinct
images (after eliminating duplicates) mo(c) of the chambers ¢ in C. Letting A(O)
denote the subset of hyperplanes H in A that contain at least one subspace X in
O, it is easy to see that two chambers in C have distinct images under 7o if and
only if they do not lie in the same chamber of the arrangement A(Q). Thus, Ling
has vertex set in bijection with the chambers C(A(O)).

PROPOSITION 5.2. The polytope Linp has dimension r — 1 where
r :=rankmp = rank vp = rank up.

In particular, when A is a reflection arrangement and O is a W-stable subset
of hyperplanes H, the dimension of Line is the cardinality |O|.

PrOOF. Consider the vector vy := . c inside RC that has all coordinates
equal to 1, and note that its image 7o (v1) within & xcoRC(A/X) is non-zero. On
the other hand, the perpendicular space vi-, which is spanned by the elements ¢ — ¢/
for ¢,c’ € C, is sent by 7o into the codimension one subspace of ®xcoRC(A/X)
where the sum of the coordinates is zero. This is easily checked on the above span-
ning set for vi.

This shows that 7o restricts to a linear map out of v that has rank r — 1,
where 7 is the rank of mo. Since the simplex Aj¢|_; contains an open neighborhood
within the affine translate of vi where the sum of coordinates is 1, the image of
the simplex under 7o will also have dimension r — 1.

When A is a reflection arrangement and O is a W-stable subset of hyper-
planes H, either the BHR theory (see [Corollary TV.6.1] and [Example TV.6.2) or
[Proposition II1.3.2] shows that the space perpendicular to the kernel of 7o carries

the W-representation
t

=1
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Since the dimension of the representation Indg/w(si) Xi is [W: Zw (s:)] = |O;], this
shows that the rank of 7o is 1 + 22:1 |O0;| =1+ 10|. O

EXAMPLE 5.3. Let W = &,, and A its reflection arrangement. Consider the

(0,1,1,1,0,0) > 213 123 + (1,1,1,0,0,0)

(0,0,1,1,1,0) <> 312

132 + (1,1,0,0,0,1)

(0,0,0,1,1,1) > 321 231 < (1,0,0,0,1,1)

FIGURE 2. Linear ordering polytope for G3

case when O is the set of all hyperplanes A. The polytope Liny lives in a space
isomorphic to R™”~1) whose coordinates are indexed by ordered pairs (i, j) with
1 < i # j < n. The vertices of Linp are labelled by the n! elements of &,, or,
equivalently, the different linear orders < on [n]. If we consider the vertex labelled
by w € &, then its coordinate indexed by (7, 7) is 1 if w(i) < w(j) and 0 otherwise.
If we choose the labeling by linear orders, then the vertex labelled by < has a 1 in
coordinate (i, j) whenever i < j, and 0 otherwise. [Figure 2|shows the linear ordering
polytope for &3 with coordinates indexed by (1,2), (1,3), (2,3), (2,1), (3,1), (3,2).

Note that Line lies in an affine subspace where the sum of the (4, ) and (3, 1)
coordinates is 1. Therefore, Liny is affinely isomorphic to its projection onto the
space R() via the map p preserving the coordinates (¢, ) with ¢ < j, and forgetting
the rest of the coordinates.

This projection of Linp onto R() is called the linear ordering polytope, and
has a rich history, having appeared in several guises (see [27]), with great impor-
tance in combinatorial optimization; see e.g. [33], [26]. Its possible first appearance
was in mathematical psychology, where the question—phrased in our terms—was
the following. Consider A,;_; as the set of all probability distributions on &,, or
equivalently on the set of linear orders on [n].

QUESTION 5.4. Describe the set of vectors (uij)1<i<j<n il R() for which

Uij = Z P(m)

TES
(i) <7 ()

as P ranges over all probability distributions P € A,1—_1.
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Note that in the terminology used above the set described in
is given as p o mo(Ani—1) and hence is the linear ordering polytope. The descrip-
tion asked for in mathematical psychology is the same crucial question asked in
optimization: find a list of facet inequalities. Since it is known (see [33]) that op-
timization of a general linear cost function over the linear ordering polytope is
NP-hard, providing a polynomial size description of its facets would prove P=NP.
However, this suggests the following problem.

PROBLEM 5.5. Let W = &,, and O = A the set of all reflecting hyperplanes so
that ®» = ® is the set of all roots. Can one make use of the explicit RW-module
orthogonal decomposition of R® = V & A2V, coming from [Corollary I11.4.4] worked

out in this special case in as a good coordinate system in which

to study the polytope Linp, which is isomorphic to the linear ordering polytope

EXAMPLE 5.6. Let W be the hyperoctahedral group of all signed permutations,
that is, the Weyl group of type B,,, and let O be the set of all reflecting hyperplanes.
Then O is a union of two W-orbits, namely the coordinate hyperplanes x; = 0, and
the hyperplanes of the form z; +x; = 0 for 1 <7 < j < n. Then the polytope Linp
is affinely isomorphic to one considered by Fiorini and Fishburn [25], having the
linear ordering polytope as one of its faces.

LA partial answer to this problem was given in [40]. It is shown that this coordinate system
gives rise to two mutually orthogonal &,, X Zs-equivariant projections of Line into the nth per-
mutahedron and the (n — 1)5* linear ordering polytope. The paper also lists other guises in which
the same coordinate system has arisen.
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CHAPTER IV

Equivariant theory of BHR random walks

It will turn out to be useful to exploit a relation between the operators v» which
we have been considering and certain operators studied by Bidigare, Hanlon and
Rockmore [11]. We begin by defining these operators, and then exhibit the special
case which is relevant for us when considering vo for a reflection arrangement A
and O a single W-orbit.

After this we review the (non-equivariant) aspects of the theory, followed by
the equivariant versions that we will need, which are in some cases stronger than
what we find in the literature, that is, [ITIL[I5L[16155]. However, we generally borrow
some of the proofs from the literature directly, or in other cases, simply beef-up the
techniques. One new feature here is the consideration of the extra Zs-action that
comes from the antipodal action on chambers and faces of a central arrangement.

1. The face semigroup

Given a real, central arrangement of hyperplanes A in a d-dimensional real
vector space V, we have already discussed the dissection of the complement V \
Upea H into the chambers C. More generally, A dissects V' into relatively open
polyhedral cones which we will call the faces F, that are the equivalence classes for
the relation = having v = v’ whenever v and v’ lie within exactly the same subset
of the closed half-spaces defined by all the hyperplanes H in A.

There is a natural semigroup structure on F defined as follows. Given two faces
x,y, define a new face x oy (x pulled by y) to be the unique face that one enters first
(possibly z itself) when following a straight line from a point in the relative interior
of the cone = toward a point in the relative interior of the cone y. More formally,
the face = oy is uniquely defined by the properties that for each hyperplane H of
A the points of x o y lie

e on the same side of H as x if x ¢ H,
e on the same side of H as y if x C H, but y Z H, and
e inside H if z,y C H.

It is not hard to see that if ¢ is a chamber then z o ¢ is always a chamber, and
hence KC becomes a left-ideal within the semigroup algebra KF of the semigroup
F with coefficients in K.

For our subsequent considerations we need the following simple lemma which
connects the multiplication in KF with the operators vo.

LEMMA 1.1. Let A be central arrangement of hyperplanes in R%. Let F € F and
X be the linear subspace spanned by F. Then for C,C" € C the we have FoC = FoC'’
if and only if C/X =C'/X.

PROOF. Since C,C’ € C there are no hyperplanes from A containing C or C’.
Therefore, FoC = Fo(C" if and only if for all hyperplanes H containing F' we have

37
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38 IV. EQUIVARIANT THEORY OF BHR RANDOM WALKS

that C' and C” lie on the same side of H. The hyperplanes containing F' are exactly
the hyperplanes containing X . Therefore, their images H/X are the hyperplanes of
the arrangement .4/X. But then the assertion follows, since C'/X = C’/X if and
only if C/X and C’'/X lie on the same side of the hyperplanes from A/X. O

DEFINITION 1.2. We will define a BHR random walk or BHR operator to be
any of the family of K-linear operators on the left-ideal KC within KF that comes
from multiplication on the left by an element

(11) Zp:cx

TEF

for some p, in K.

Note that we are not assuming that the p, are real, nor even non-negative, nor
that they sum to 1 as in the case of a probability distribution on the faces F; for
the moment, they lie in an arbitrary field K.

2. The case relevant for vp

When W is a finite subgroup of GL(V') acting as symmetries of .4, it permutes
the faces in F, and it is easily seen that the W-action respects the semigroup
structure, that is, w(z) o w(y) = w(z o y). Thus, W acts as a group of algebra
automorphisms on KF. Let (KF)"W be the algebra of W-invariants of this action.
Then for w € W, z € KF and y € (KF)" we have that w(z) oy = w(x oy). Thus,
KF becomes a (W—(KF)") bimodule, as does the left-ideal KC within KF.

For the remainder of this subsection, assume that A is the reflection arrange-
ment for a finite real reflection group W acting on V. As discussed in hav-
ing picked a fundamental base chamber c,, the simply transitive W-action on
the chambers C leads to a W-equivariant identification KW — KC that sends
W ¢y = w(cy).

Let S denote the set of Coxeter generators for W that come from the reflections
through the walls of ¢,. It is well-known that every face x in F lies in the W-orbit
of a unique subface x(J) of ¢,, stabilized by the parabolic subgroup W := (J) for
some unique subset J C S.

Consequently, the W-invariant subalgebra (KF)W of KF will have K-basis
given by the 2/5 elements

>y

yex(J)W JCS

where as usual x(J)" denotes the W-orbit of the face x(J).

The following observation, due originally to Bidigare [10] §3.8.3] (see also [15],
Theorem 8)), is crucial. For the formulation, we use the notation /W, W and 7R,
R’ from [Proposition 11.5.4} subsequent comments and

PrROPOSITION 2.1. Under the W -equivariant isomorphism KW — KC, multi-
plication on the right of KW by the element R’ := Y wew u of KW corresponds to
the action on KC coming from multiplication on the left by the element Zy@(])w Y

of (KF)W.
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PrOOF. We wish to show that for each w in W,

Z Y ) oCw = Z Cwu-

yex(J)W ueWwJ
Acting by w™! on the left, and using the W-equivariance, this is equivalent to
showing
w™! Z yloc = ZC“'
yez(J)W uewJ
Since ZUEw(J)W y lies in KF", this means showing

Z yoc, = Z Cy-

yex(J)W uewJ

On the other hand, as W is the W-stabilizer subgroup for the face x(.J), and W7
are coset representatives for W/Wy, one has x(J)V = {u-z(J) : u € W’}. Thus,
it suffices to show that for u € W+ one has u-z(J) o ¢, = ¢,. This follows because

weW’ eutew
Sy /X =0/X
s x(J)oc,—1 =¢,
Su-x(J)oc, =c¢y

where X is the subspace fixed pointwise by W, that is the linear subspace spanned
by z(J). Here the third equivalence follows from [Lemma IV.1.1] and the last equiv-
alence comes from applying the left-action of w. O

This has the following consequence. Denote by b; the linear operator on KC
given by multiplication on the left by Zyeg;( Hw Y- Let b4 denote its adjoint operator
with respect to the standard inner product on KC in which the elements of C form
an orthonormal basis.

COROLLARY 2.2. Let W be a finite real reflection group and O C L a single W -
orbit of intersection subspaces. Choose a representative subspace Xg for the W -orbit
O that contains a face x(J) of the fundamental chamber c,, for some J C S.

Then the action of vo multiplying KW on the right corresponds under the W -
equivariant isomorphism KW — KC to the operator ﬁb?b 7. In particular, vo

and by share the same kernel.

PRrOOF. [Proposition I1.6.1] asserts that as an element of KW one has vp =

%RXU -XoR. Here we choose minimal length coset representatives WX¢ and oW
0

in the definition of R*° (see[§IL.6.1). Note that multiplication on the right by R*X°
and X°R are adjoint with respect to the standard inner product on KW (since
multiplying on the right by w and by w™! are adjoint). Thus, one must show that
multiplication on the right by RXe = R’ in kW corresponds to multiplication on
the left by b;. This is exactly [Proposition IV.2.1] ([l
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3. Some non-equivariant BHR theory

It is an interesting and non-trivial fact that, when working over K = R and
assuming that the coefficients p, are non-negative, the BHR operators as in [T
act semisimply. We recapitulate in this section a beautiful argument for this due
to Brown [I5]. We remark that there are now simpler proofs of this result in the
literature. The simplest proof can be found in [71]. Other simple proofs begin with
a construction of the eigenvectors for the BHR operators [211[57].

Brown begins with an interesting way to capture the minimal polynomial of an
element a in a finite-dimensional K-algebra A, via generating functions. Recall that
this minimal polynomial is the unique monic polynomial m,(7T') in the univariate
polynomial ring K[T| that generates the principal ideal which is the kernel of the
map defined by

K[T] — A
T+— a.

For the sake of factoring m,(T'), extend coefficients to the algebraic closure K of
K, that is, replace K with K, and replace A with K ®x A. Then one can uniquely
express
ma(T) = H(T — )"
i

for some distinct \; in K and positive integers m;.

It turns out that the roots A; and multiplicities m; can be read off from a
certain generating function

fa(z) = z:alzZ -t

T 1-a-z
£>0

We claim that f,(z) makes sense an element of A ®x K[z]: if we choose for A some
K-basis {a;};=1,2,... ¢, then expressing each power at = Z;=1 o0
one has

uniquely as a

fa(2) = Zaj ® fa,j(2)

where f, ;(z) =Y, o ;2 lies in K[2].

PROPOSITION 3.1. In the above setting, each coefficient fq(z) in K[z] is a
rational function in z, that is, it lies in K(z). Furthermore, one can recover the
roots A\; and multiplicities m; in the minimal polynomial of a from the location and
orders of poles in the partial fraction expansion of the related function

1 1 1
ga(z) = ;fa <;> = c—a
bl

b) ! bt
:;<Z—Ai+(Z—)\z‘)2+m+(3—)\i)mi>

where the b; are some elements of A satisfying b"* = 0 but b;m*l #0.

PROOF. The Chinese Remainder Theorem says that the subalgebra R of A
generated by a is isomorphic as an algebra to the product [], K[T]/(T — A;)™:.
From this one can immediately reduce to the case where the minimal polynomial
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has only a single factor (T' — \)™. Then one can express a = A + b where b™ = 0
but b1 # 0, and compute directly that
1 1 1 1
9a(2) = z—a (z—)\)—b: (z—A) 1- -2

z—A
1 bt
N (z—)\)%%(z—/\)e
bO bl bm—l
- e 0
oy W e v R PP VD

Brown then applies this criterion to elements a of the face semigroup algebra
A = RF, and more generally for semigroup algebras KF of semigroups F that
satisfy the left-reqular band axioms:

2=z and TYyxr = xY.

He shows that for any left-regular band F, one recovers a semilatticd] L, playing
the role of the intersection lattice for the arrangement when F is the face semi-
group, in the following fashion. Consider the quasiorder (reflexive, transitive, but
not antisymmetric) on F defined by = < y if xy = x, and then let £ be the associ-
ated poset structure on the equivalence classes. One obtains in this way a (meet)
semilattice £, endowed naturally with a surjection of posets supp : F — L, sending
F € F to the subspace spanned by F. This surjection fulfills the following:

supp(zy) = supp(z) A supp(y),
zy = x if supp(y) 2 supp(z).
If the semigroup F has an identity element 1, which we assume from now on, then
supp(1) = 0 is a minimum element of L.

This leads to the following considerations for factorizations of elements of F,
which will help expand the generating function f,(z).

DEFINITION 3.2. Given a word x := (x1,...,2,) in F¢, let £(x) := ¢ denote its
length, and let [[x := 1 - - - 2y denote its product as an element of the semigroup
F. Define for i = 1,2,...,¢ the elements X;(x) := supp(z1z2---x;) in L, with
convention Xo(x) = 0, so that

0= Xo(x) < Xq(x) <+ < Xy(x)

is a multichain in the semilattice £. Say that x is reduced if this multichain is
actually a chain, that is, the {X;(x)}¢_, are distinct.

Given the word x, uniquely define a reduced subword x of x by repeatedly
removing any letter x; for which supp(z;) < supp(z1z2---z;—1). Note that [[x =
[[xin F.

From this we can now calculate the generating function f,(z) that determines
the minimal polynomial of any element a = ) _»p, in the semigroup algebra
KF. Having fixed a, define

Ax = Z Pz

reF:
supp(z)CX

1Brown orders the semilattice £ using the opposite order that we have chosen here. Explicitly,
he orders intersection subspaces of a hyperplane arrangement by inclusion rather than reverse-
inclusion.
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for X in £, and define px 1= py, - - - Py, for words x = (z1, ..., x¢).

PROPOSITION 3.3. Given a left-regular band F with identity, and a =) psT
in KF, as above, one has the rational expansion

(12) ga(2) = Z (H Y) (2= Axo)( >

reduced words y £ AXI (y)) e (Z - )\Xe(y)(Y)) '

PROOF.
fule) = a' = 30 2 (] x) v
>0 words x
SD SIS o1 S
reduced words y words x:
x=y
For a given reduced word y = (y1,...,¥¢), the set of all words x having X =y

is obtained by inserting between y; and y; 1 an arbitrary collection of elements of
F having support contained in X;(y); this means elements of support 0 = Xo(y)
can be inserted before y;, and elements of support X,(y) after y,. From this one
concludes that

1 1 1
falz) = (IT¥)p .
reduce%\;vords y H 1z )\XO(Y) -z )\XI(Y) -z >\Xe(y) )
= 2 (H y) ' ) /\py ) '
reduced words y (1 & Xo(y))(l - Xl(y)) o (1 —E Xﬁ(y)(Y))
The formula claimed for gq(z) := 1 f (1) then follows. O

COROLLARY 3.4. Assume a =), .7 p.x lies in RF for a left-regular band F,
and that the p, are non-negative. Then the minimal polynomial of a has only simple
roots, contained in the set {\x}xer.

In particular, a generates a semisimple subalgebra of A, and a acts semisim-
ply on any finite-dimensional A-module U, with eigenvalue support contained in

{/\X}XEL-

PROOF. Under the above hypotheses, the only terms in the sum (I2) for g,(z)
that contribute with py # 0 will be indexed by reduced words y = (y1,. .., y¢) for
which

AXo(y) <Axi(y) < < Axu(y)

since y; is an element of X;(y) \ X;—1(y) with p,, > 0 for each i = 1,2,...,{(y).
Hence the corresponding product term in the summation

1
(2 — /\Xo()'))(z - >\X1(y)) (2= )\Xg(y)(y))

for g.(z) has only simple poles at each of these Ax,(y). Thus, g.(z) itself has
only simple poles, all of which are contained in the set {Ax}xer. Now apply
[Proposition IV.3.1] to conclude the asserted form for the minimal polynomial of
a. The remaining assertions are immediate from this. (Il

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



IV.4. EQUIVARIANT STRUCTURE OF EIGENSPACES 43

4. Equivariant structure of eigenspaces

We now return to the setting of a central, essential hyperplane arrangement A
in V = RY, having F as its face semigroup (with identity, since A is central). Recall
that the BHR operator may be thought of as the action by left multiplication of an
element a = ) > p,x inside RF on the left-ideal RC spanned R-linearly by the
chambers of A.

Bidigare, Hanlon, and Rockmore computed the eigenvalue multiplicities. In
their re-proof of this result, Brown and Diaconis [16] introduced an important exact
sequenc% of KF-modules, allowing them to compute the eigenvalue multiplicities
for any BHR operator inductively, using the recurrence for the Mobius function of
the intersection lattice L.

In this section, we will recall their exact sequence, and then use it in the equi-
variant setting, where W is some finite subgroup of GL(V) & GL,,(R) that preserves
the arrangement A, to identify the RW-module structure on the BHR-eigenspaces.

To this end, recall that in[§IT.1|we defined for each subspace X in £ the localized
arrangement

A/ X ={H/X:He A HDX}

inside the quotient space V/X, having intersection lattice L(A/X) = [V, X|.. Ac-
companying this is the restriction arrangement of hyperplanes

Alx ={HNX:He A HpX}

inside the subspace X, having intersection lattice L(A|x) = [X, {0}]z. We will use
Cx to denote the subset of faces in F that represent chambers of A|x.
The exact sequence used by Brown and Diaconis then takes the form

13) 0—KF 2. .  KFE Y. KA KR 2K -—0

in which F; is the set of faces  in F for which supp(z) has codimension 4. Thus,

KF= € Kex
XeL:
dim V/X =i
so, for example, KFy = KC and KF; = @HGA KCg. The boundary map Jy sends
each chamber ¢ of A to the same element 1 in K. The boundary map 9; for i > 1
sends a face x to the sum
>l yly

Y

where y ranges over all faces containing x as a codimension one subface, and where
[z : y] are certain incidence coefficients taking values +1 defined in the following
way. First choose an arbitrary orientation on each subspace X in £, and then
decree [z : y] to be the sign with respect to the orientation in supp(y) of any basis
for y that is obtained by appending to a positively oriented basis for supp(z) any
vector that points from z into y. Exactness of ([3]) follows because it is essentially
the complex of cellular chains for the regular CW-decomposition into faces of the
zonotope having A as its normal fan.

2Later observed in [56] to be a projective resolution of K as a KF-module.
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Each KCx carries the structure of a (left-) KF-module by deforming the product
in KF as follows: for x € F and y € Cx, set

xy, ifx C X (sothat zy € Cx),
xQy:= .
0, otherwise.

One can check that this makes the exact sequence (I3]) a complex of (left-)KF-
modules. Consequently for any choice of a = ) » pyx in KF, it becomes an exact
sequence of K[T]-modules by letting T act as the element a.

An important feature to note about this structure is that for each subspace X
in £ having dimV/X = i, the subspace KCx inside KF; is again a KF-module
and K[T]-module of the same type as KC. Combined with the semisimplicity of the
K[T]-structure when K = R and p, > 0, this will allow for arguments about the
T-eigenspaces by induction on dim V. For example, Brown and Diaconis use such
an argument, along with the defining recurrence for the Mobius function of £, to
show in this setting that the BHR eigenvalue Ax occurrs in KC with multiplicity
|(V, X)|, where u denotes the Mébius function of L.

There are two preliminary observations we need before proving the W-equivar-
iant version of this assertion. First, note that in order to place the desired KW-
module structure on KC, and to have ([I3)) be a complex of KW-modules, each
summand KCx inside the term KF; with ¢ = dimg(V/X) has to be twisted by
det v, x. This means that, as a KW-module, KF; has the following description:

(14) KF,= @ Indy, (RCx ®detyx).
XWerL/w:
dimg(V/X)=i

Note that the sign twist dety,x arises from the fact that for the definition of
([@3) one has to orient the subspaces in L. Indeed, it is a simple calculation to show
that the twist det ) x makes the differentials from (I3)) equivariant.

Secondly, we will need a W-equivariant version of the Mdbius function recur-
rence. It can be deduced from [73] Lemma 1.1] and [74], Proposition 2.2]. However,
since the proof of Proposition 2.2 in [74] only invites the reader to verify that the
non-equivariant proof generalizes, we give an explicit proof here for completeness.
The proof proceeds via the equivariant generalization of a standard sign-reversing-
involution proof for P. Hall’s Mobius function formula.

As preliminary notation, when a group W acts on a set M, let M /W denote
the set of W-orbits, with the W-orbit containing some element m of M denoted
by m"W. Let Staby (m) := {w € W : w(m) = m} denote the W-stabilizer of
m, so that one can identify the permutation W-action on m" with the action
of W on the left cosets W/ Staby,(m) by left multiplication. Note that if A is an
arrangement that is invariant under the action of some linear group W, then W acts
as a group of permutations on £ and for any X € £ we have Staby (X) = Ny (X).
Let I'(KW) denote the Grothendieck group of virtual KIW-modules (see [7), §5.1]).
Finally, for a poset P and X < Y in P we denote by (X,Y) the open interval
{ZeP:X<Z<Y} By Ijll(P;K)7 respectively IZIZ((X, Y);K), we denote the
i*" reduced cohomology group of the order complex of P, respectively (X,Y). Recall
that the order complex of a poset is the simplicial complex of all chains in the poset.

If P has a unique smallest element then we call this element the bottom of P
and we denote it by 0. Analogously, if P has a unique largest element then we
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call this element the top of P and we denote it by 1. Also recall that a poset P
with bottom and top element is called Cohen-Macaulay over K if it is ranked and
IZIZ((X,Y);K) = 0 for all i # rank(Y) —rank(X) —2 and all 0 < X <Y < 1.
For more details on homological and geometric aspects of posets and their order
complexes we refer the reader to the survey article by Wachs [77].

PROPOSITION 4.1. Let P be a finite poset with bottom and top elements 0 and

1, respectively, and W a finite group acting as a group of poset automorphisms on
P. Then in I'(KW) one has

E (1) IndStab )ﬁ ((X,1);K) =0.
xWeprP/w
i>—1

and .
> (-1 Indgla,, (x) H (0, X):K) = 0.
xWepP/w
i>—1
In particular, if P is a poset which is Cohen-Macaulay over K, with rank function
rankp(—), then one has

~1(X) .
Z (_1)t(X) Ind‘S}[t/abw(X) H ((X7 1)7 K) =0.
XWeP/W
and bX)
Y (DM Indg, o HO((0,X);K) = 0.

XWeP/W
where t(X) := rankp(1) — rankp(X) — 2 and b(X) := rankp(X) — rankp(0) — 2.

PROOF. Since the assertions about the cohomology groups of intervals (@, X)
follow from the ones about intervals (X, i) by considering the poset with the oppo-
site order relation, it suffices to verify the assertions about intervals (X, i) to the
top. By the Hopf trace formula (see [77, Theorem 2.3.9]), it is equivalent to show
that )

> (D g, o) C (X, 1K) =0,
xWepP/w
i>—1
where (NJZ((X, 1); K) is the i*" reduced cochain group of the order complex of (X, 1)
with coefficients in K. Because W acts by poset automorphisms on P, the stabi-
lizer Staby, (X) acts as a group of poset automorphisms on (X,1) and therefore

Staby (X)) acts on the cochain group (NJZ((X, 1); K) as a permutation representa-
tion: the usual K-bases dual to oriented simplicial chains [X7, ..., X; 1], listed in
their P-order X; < -+ < X;41, will be permuted without any =+ sign.

Consequently, if we let M be the set of all pairs (X, C) where X is an element
of P and ¢ = {Xj,...,X;41} satisfies X < X; < ... < X;41 < 1in P, then it is
enough to show

> (=) ImdE,, x0 1 =0.
(X,c)WeM/W

To show this, note that every X # 0 in P has Staby (X, ¢) = Staby, (0, {X} U 0).

Hence the two terms Indsmbw( x,0) 1 and Ind?’ 1 cancel in the sum. [

Stabyw (0,{X }YUc)
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We can now state and prove our W-equvariant description of the BHR eigen-
spaces when K = R and the coefficients p, in a = .- p. are chosen not only
non-negative, but also W-invariant:

Pgs =Py forall g e W,z € F.

Of course, when W is the trivial group, one recovers the usual theory. Our statement
will involve H ((V, X);R). As usual H ((V, X);R) denotes a&;H ((V, X);R). But
since £ is a geometric lattice any interval (V, X) will have its cohomology trivial

except for the top dimension rank(X)—2 (see [77, Section 3.2.2]). Thus, one can also

see ﬁ*((V,X);R) as a short notation for ITIrank(X)d((V, X);R). Since Staby (X)
acts on the order complex of (V, X) it then follows that ﬁ*((K X);R) is indeed a
Staby (X )-module.

One further bit of notation: for an R[T]-module U, and an eigenvalue A, let Uy

denote the A-eigenspace of T on U, that is, Uy := ker(T — My ).

THEOREM 4.2. For any choice of coefficients {py}ocr which are non-negative
and W -invariant, the R[T|[W]-module structure on RC is semisimple. The T-eigen-
values are contained in the set {Ax}xer, and the A-eigenspace has the following
description as an element of the Grothendieck group T'(RW):

(®O), = Y. Ind¥u, 0 (B (VX R) @ dety)x ).
xWer/w:
Ax =X

ProoF. [Corollary TV.3.4] tells us that RC is a semisimple R[T|[W]-module and
that its T-eigenvalues are contained in the set {\x } xc-. We claim that it suffices to
show the assertion of the theorem only for those choices of p,, which make Ay > Ax
for X C V. First we explain why this is a valid reduction. Note that such choices
of p, form a dense subset of all the relevant choices of p, in the theorem. Also
note that the theorem can be viewed as asserting for each W-irreducible Y, that
the operator T (p,) acting on the x-isotypic component RCX of RC has a certain
factorization for its characteristic polynomial

det(tIch — Tx(px)) = H (t - Ax (px))mx
XeL

with mx independent of {p,}, but with the operators T} (p,) and the eigenvalues
Ax (pz) depending polynomially on the {p,}. If this identity holds on a dense set of
{p=}, it holds for all of them.

So assume Ay > Ax for X C V', and we will prove the assertion of the theorem
by induction on d := dimg (V). The base case d = 0 is easily verified.

For the inductive step, we first consider the exact sequence of RW-modules
obtained by restricting the terms JF; in ([I3)) to their eigenspaces

(Fox= P ®Cx)x
XeLl:
dim V/X=i
Thus, in the Grothendieck group I'(RW) we obtain:
(RO)x = — 3 (—1)'(RF)s.

i>1
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By induction, and because Ay > Ax for X C V', only the last two terms RFy = RC
and R have a non-zero Ay -eigenspace. Hence the two Ay -eigenspaces are isomorphic,
which proves the assertion for A = Ay. For A < Ay we refine (I4)) to an eigenspace
decomposition.

YyWeL/w:
dimg (V/Y)=1
YWeL/w:
dimg (V/Y)=1

By assumption on A, we can apply the induction hypothesis to each (Cy )y, thus
obtaining the following decomposition of (RF;)».

i Stab H" (Y, X);R)
_ Z (-1) Indgt/abw(Y) Z Indstab‘s/‘::z;)v(y)(X) ( det%/x )®det vy
yWecL/w: xStabyy (V) ¢
dimp (V/Y)=i (£]Y)/ Stabyy (Y):
Ax =X

We can simplify the two sums to a single sum over pairs (YW, XStabW(Y)) in which
YW is a W-orbit in £ not equal to {V'}, and X5t2Pw () is a Staby, (Y)-orbit on the
set {X € £L: X CY,Ax = A}. Note that a set of representatives (Y, X) for such
pairs is the same as for the pairs (X", YStabW(X)) in which X" is a W-orbit not
equal to {V} on the set {X € £ : Ax = A} and YStbw(X) is a Staby, (X)-orbit
not equal to {V} on the set {Y € £ : X C Y}. Consequently, using the fact that
dety,x dety,x = dety/y and transitivity of induction, one obtains

(15) (RC)x = — > (—1)dime V/Y qpqStabw (X) H (Y, X);R) @ det v x.

Stabgtaby, (x) (Y)
(XW7YstabW(X))
The lattice £ is a geometric lattice and therefore the full lattice and all its inter-
vals are Cohen-Macaulay [77), Lecture 4]. Its rank function is given by rank(X) =
dim V/X . Therefore, by [Proposition IV.4.1]we have that in the Grothendieck group

(—1)TmV/X=2H((V, X); R) equals

. B ~dimY/X -2
(16) - > (=) g, 0 B
yStabw (X) e £/ Staby (X)

We multiply (I8) with (—1)~4mY/X+2 and use dim V/X — dimY/X = dimV/Y
to obtain

(Y, X);R).

~ % im ~dimY/X -2
H((V,X);R) = — > (=)™ VY Indg () H (Y, X);R).

yStabw (X) e £/ Stabyy (X)

Observe that the right hand side of this equation contains exactly the terms from
the righthand side of (IH) for which (X,Y) is in the appropriate range. Thus,
combining the two equations shows

RO = > Wd¥u, oo (T ((V,X):R) @detyx ). 0
xWer/w:
Ax=A

Note for future use the following consequence of [Theorem 1V.4.2] which simply
ignores the R[T]-structure.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



48 IV. EQUIVARIANT THEORY OF BHR RANDOM WALKS

COROLLARY 4.3. For any finite subgroup W C GL(V) thatl preserves A, one
has in the Grothendieck group I'(RW)

RC= 3 md¥,x (ﬁ*((v’ X):R) ® det V/X) .
XWeL/w

[Corollary IV.4.3] can also be seen as a special case of the equivariant version
[74] Theorem 2.5 (ii)] of the Goresky-MacPherson formula for the cohomology of the
complement of a subspace arrangement. For a hyperplane arrangement A invariant
under W, the complement is the union of the (open) chambers in C. Its non-reduced
cohomology with coefficients in R is RI¢l carrying the representation induced by
the action of W on C. This reduces [74, Theorem 2.5 (ii)] to [Corollary TV.4.3|
once one observes that the representation of non-reduced cohomology differs from
reduced cohomology by a copy of the trivial representation and the fact that the
representation of W on the unique non-vanishing homology of X intersected with
a W-invariant sphere is det v, x.

5. (W x Zs)-equivariant eigenvalue filtration

Because we have been working with a central hyperplane arrangement A, the
map on the set F of faces that sends z — —x gives a Zs-action on F, on KF, and
on the complex (I3). Furthermore, it commutes with the action of any group of
symmetries W C GL(V) of A.

If we only assume that py, = p; for g € W and z € X, but make no assumption
that p_, = p;, then in general this Zy-action does not commute with the T-action
coming from the element a = . - p,x. However, the Zy-action will preserve a
certain natural filtration that comes from the T-eigenspaces, as we now show. Given
a semisimple K[T']-module U having only real T-eigenvalues, and a real number ),

let
UﬁA::ZGE)Uﬁ'
HEA
Note that since there are only finitely many different eigenvalues u, these subspaces
U< as A increases through all real numbers form a finite filtration of U. For the
formulation of the following result we denote by x* := 1z, the trivial character of
Zo and by x~ the unique non-trivial character of Zs.

THEOREM 5.1. Let {py }zecx be real numbers such that py. = px for allw € W
and x € F. Then the Zs-action on RC preserves the filtration of RC by {(RC)<x}.
Furthermore, in the Grothendieck group T'(R[W x Zs]), one has

== * _ dimg V/X

RO = > (¥, 0 B (VX R) @ dety/x ) @ ()™
XWer/x:
Ax <A

PrOOF. We first show (RC)<y is Zg-stable. Since all eigenvalues of T on RC
lie in {Ax}xer by [Corollary TV.3.4] when A > Ay one has (RC)<y = RC and the
stability is trivial. When A < Ay, one can induct on the dimension d of the ambient
space (with the base case d = 0 trivial as before) using the exact sequence (I3)
restricted to the spaces (RF;)<x. From this restricted exact sequence one concludes
that

(RC) < = (imh)<r = 04 (@ (RCH)§A> :

HeA
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Since (RCpr)<x is Za-stable by induction, and since the Zs-action does commute
with the 9;, this shows that (RC)<, is Za-stable.

Regarding the description of the R[W x Zs]-module structure of (RC)<y, one
also checks this in two cases. When A > Ay so that (RC)<y = RC, it follows by
applying to the finite subgroup

Wi=W xZy =W x (=Iy) € GL(V)
and noting that

e 75 acts trivially on the lattice L,
e 5o in particular, W and W have the same orbits on £, and
e the Zy-characters ()()(X)dlm]R vix

erator of Zsy acts by —I, on V.

and dety, x are the same when the gen-

When A < Ay, one proceeds by induction on d using the exact sequence (3]
restricted to the (RF;) <y, proceeding exactly as in the proof of Theorem 1V.4.21 [

EXAMPLE 5.2. It is worth examining the d = 1 case of the preceding results
in detail. Here the central arrangement A inside the real line V = R! has two
chambers ¢, ¢/, separated by the unique hyperplane H = {0}. So the face semigroup
Fis {H,c,c}, and H is the identity element of F. The sequence ([I3) is

0 RR & RFE, B R S0
I I I
R{H} R{c, '} R{z}
with 0y (H) = ¢ — ¢ and 9y(c) = 9y(¢') = @. Let T act by the element
a=poH + pc+p'c

in RF. Then the R[T]-module structure on RF; has T scaling H by py, and on
RF_1 has T scaling & by pg + p + p’, while on RFy, the element T acts in the
ordered basis (c,c’) by

P po+p.
Changing to an ordered basis of T-eigenvectors (¢ — ¢, pc + p'c’), will diagonalize
the action of T on RC:

{po+p P ]

¥ wes]
0 potp+p]’
Note that
(RC)Ay = (RC)potptp = R{pc +p'c}
is not Zs-stable unless p = p’. However
(Rc)/\{o} = (Rc)po =R{c— C/}

is always Zo-stable.

REMARK 5.3. [Theorem 1V.5.1lsuggests a conjectural stronger statement in the
case of a reflection arrangement A corresponding to reflection group W, tying in
with the work of Hanlon and Hersh [35] in type A. We discuss this briefly here.

For a reflection arrangement, one can identify the W x Zs-action on KC dis-
cussed above with the W x Zs-action on KW where W acts via left-translation
and the generator of Zy acts via right-translation by wgy. Note that here the face
semigroup KF also acts on the left on the ideal KC inside KF.
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Since wy is the unique element of W having descent set all of S, it not only lies in
the group algebra KW, but also inside the descent algebra, which is spanned by the
sums over w in W having a fixed descent set. Furthermore in type A,_1, it lies in a
subalgebra called the Fulerian subalgebra, spanned by the sums over w in W havin,

a fized number of descents. There is a complete system of orthogonal idempotents for
this Eulerian subalgebra known as the Fulerian idempotents {955 )}j:172 ,,,,, n defined
by the generating function

n

(17) Zenj n' Z (t — des(o

j=1 ceS,,

where des(o) is the number of descents of the permutation o € &,, and ¢! denotes
the increasing factorial t™ = t(t+1)(t+2) - - - (t+n—1). These idempotents decom-
pose spaces U on which the Eulerian subalgebra acts into their Hodge decomposition

U=, Uen , and have the property that

j=1
(—1)"wo = Y (~1)7e)
=1

(These identifies can be proved by taking ¢ = 1 and t = —1, respectively, in [I7])
Consequently, the two projectors onto the x™ and y ~-isotypic components for the
group Zs = {1,wp} can be expressed as

1

3 (1+( Z e
j even

1 .

S = (D) = 3 e,
7 odd

In light of this, the following result generalizes[I'heorem IV.4.2as well as the results
of [35], Section 2.

THEOREM 5.4 (Saliola). Let A be a hyperplane arrangement, L its intersection
lattice (ordered by reverse-inclusion, as usual), and F its semigroup of faces.

(i) There is a natural filtration of KC by KF-modules indexed by the order
ideals of L. Explicitly, there is an inclusion-reversing map T — Uz where
T is any order ideal of L and

Uz :={a € KC: za=0 for every x € F with supp(z) € T}.

(ii) For any choice of a € RF giving a R[T|-module structure on RC, this
poset-filtration refines the T -eigenvalue filtration (RC)<y in the following
fashion: one has (RC)<x = Uz for the order ideal T = {X € L : Ax < A}.

3Note that Hanlon and Hersh [85] and other authors put a coefficient of det(w) in front of
each w in the sum. Thus, for our purposes we need to twist by the automorphism w — det(w) - w
in order to compare our BHR operators with the signed random-to-top shuffle operator they are
using.
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(iii) Now assume A is the type A,_1 reflection arrangement and the p, are
chosen W -invariant, so that the W-invariant subalgebra of RF acts on
RC = RW, and can be identified with the descent algebra acting on the
right within RW . Then for any W -stable order ideal T of L, the j*" Hodge
decomposition component Uzeslj) of the poset-filtration space Uz carries
RW -module structure isomorphic to

~ %

Ugel)) = ZInd‘S/It/abw(X) (H (V; X);R) @ det V/X) )

where the sum ranges over all W-orbits XV in L/W with X € T and

A proof of this theorem would lead us too far afield; it will be published sepa-
rately [58].

6. Consequences for the kernels

For A a real hyperplane arrangement and W a finite group of linear symmetries,
introduce a notation for the following RIW-modules that recur in the W-equivariant
BHR theory:

(18) WHo, = Indy,, (x) (ﬁ*((Vv X);R) ® det V/X)

where Ox := X" is the W-orbit on £ represented by some subspace X. The mod-
ule WHp,, is almost a submodule of the Whitney cohomology WH*(P;R) with
real coefficients of a poset P with unique minimal element 0. The latter was intro-
duced by Baclawski [3] by truncating the usual differential of the simplicial cochain
complex. Tt follows that WH*(P;R) := EBpep ﬁ*((ﬁ,p);R). From the definition
it is obvious that if a finite group W acts as a group of poset automorphisms on
P then WH"(P;R) becomes a W-module with submodule P, ., ﬁ*((ﬁ,p);R) =

~ %

Indg[t/abw(q) H ((0,¢);R) for any W orbit O of P and ¢ € O. Clearly, if W is a
finite subgroup of GL(V') acting on A then W acts on £ and except for the twist
with dety,x our module WHp, coincides with a submodule of the Whitney co-
homology of £. We have chosen this twist since if facilitates the formulation of our
applications of Whitney cohomology.

Also, define a partial order on the W-orbits O in L/W by setting O < O’ if
there exist representatives X, X’ in O, 0’ with X < X’ in £, that is X' C X.

COROLLARY 6.1. For O C L a single W-orbit, one has

ker(vp) = @ WHer @ ()@ dime(V/X)
o'eL/w:

0'£0

@ WHe ® (Xf)®dimR(V/X)

O'eL/W:
0'<0

1%

im(V@)

as R[W x Zs]-modules.

PrOOF. By the semisimplicity of the self-adjoint operator vy acting on RC,
together with [Corollary TV.4.3] it suffices to prove the assertion about ker(vp).

[Corollary TV.2.2] tells us that ker(vp) = ker(b;) where by is a BHR-operator
that has p, > 0 if and only if z is in the W-orbit of some particular face z(J)
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whose support subspace X lies in the W-orbit O. Since ker(by) = (KC)<o for
this BHR-operator b7, one deduces from [Theorem 1V.5.1] that its kernel carries the
R[W x Zs]-module structure which is the sum of WHe: @ (x )@ 4m=(V/X) gyer those
W-orbits O for which each representative subspace X has Ax = > -y p. = 0.
This occurs if and only if each subspace X in O’ contains no face in the W-orbit of
x(J), which occurs if and only if X contains no subspace in the W-orbit O of Xy,
which occurs if and only if O" £ O. O

ExXAMPLE 6.2. When A is the reflection arrangement for a finite real reflection
group W, and O is the W-orbit of an intersection subspace having low codimension,
[Corollary IV.6.1|says that ker v» will be large, and im vp small.

In particular, if O is the W-orbit of some hyperplane H corresponding to a
reflection s, then imve is the following sum over two W-orbits: O itself and the
singleton orbit {V'}.

imvp & (Indg/w(s) det V/H ®X7) S (1W &® X+) .

EXAMPLE 6.3. For future use in|Chapter V|and [Chapter VIl we wish to discuss
two further examples in which A is the reflection arrangement of type A, _1 with
W = &,,. Recall from that an intersection subspace X here corre-
sponds to the set partition [n] = | |, B; whose blocks B; tell us which coordinates x;
are equal on the subspace X. The W-orbit Ox is then determined by the number
partition A of n whose parts \; are the weakly decreasing reorderings of the block
sizes |B;|. Let X be any representative of this W-orbit indexed by A. Note that
dimg (V/X) = n — £(\) where £()\) is the number of parts of A.

If O, 0’ are the orbits of Xy, X, one finds that O < O’ if and only p refines
A, that is, if one can combine some of the parts of x to obtain .

Therefore, [Corollary IV.6.1|implies that if O is the orbit of X then ker v» and
imvp, respectively, are the sums of WHp, ® (X_)(Xm_e(”) over all u which do or
do not, respectively, refine \.

An interesting instance is when A = (n — k, 1*), and the set of y which do not
refine A are those p that have at most k — 1 parts of size 1. When k = 1, this is the
set of all u having no parts of size 1.

Another interesting instance is when A = (2% 1772%) and the set of y which
do refine \ are those of the form p = (27,1"~%) for j < k.

7. Reformulation of WHp

When A is the reflection arrangement for a finite real reflection group W, the
representation WHe , in (I8) has some well-known extra features and reformula-
tions, which we discuss below. When W = &,,, there are even more reformulations,
also discussed below, some of which will be used in [Chapter V| and [Chapter V|

7.1. Reformulations for any reflection group. Our first reformulation
originates in topology. Let A be an arrangement of (real) hyperplanes in V = R9,
The chambers C of A are the connected components of the complement. Since
each of them is easily seen to be contractible the complement is not an interesting
topological space. One gains interesting topology when one extends scalars to C
and considers the arrangement A4 ® C of complex hyperplanes H ® C, H € A, in
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C? defined by the same linear forms as H. We call A® C the complezxification of A
in Vo = C?. The complexified complement

Ma:=C"\ |J HoC
HeA

is a rich and complicated mathematical object (see for example [48]). It has coho-
mology algebra OS(A) := H* (M 4;R) described by the Orlik-Solomon presentation
[46] Theorem 5.2], which we now recall.

Choose for each hyperplane H € A a linear form ¢y : C¢ — C with kernel
H ® C. Then there is an R-algebra surjection from the exterior algebra A A over R
on generators {Eg } ge4 onto the cohomology algebra H* (M 4; R)

\(A) — H (M4 R)
Eg — ——
H =
whose kernel is generated by the elements

t
Z(—l)SEHl A---ANEg. A+ AEg,
s=0
as {Hy,..., H;} runs through all (minimal) subsets of hyperplanes in A that are
dependent (in the sense that 02:1 H; has codimension strictly less than ¢). The
algebra OS(A) is called the Orlik-Solomon algebra of A. Note that the result by
Orlik and Solomon holds even for integer coefficients. We use coefficients in the real
numbers since we will consider the Orlik-Solomon algebra as a module.
The above presentation of the Orlik-Solomon algebra leads to a direct sum
decomposition of OS(A) that comes from the subspaces OS(A)x which are the

images of the decomposable wedges Ex, A --- A Ep, having ﬂle H,; = X for some
fixed X in L:

OS(A) = (P 0S(A)x.

XeL

PROPOSITION 7.1 (Theorem 5.2 [46] and Lemma 2.5 [43]). For any arrange-
ment A in V = R? and subspace X in L, there is a natural isomorphism

H'((V, X);R) = OS(A)x.
Consequently, when a finite subgroup W of GL(V') acts on A, one has
IndY,, ) H ((V, X);R) 2 Indy, (x) OS(A)x.

In particular,
WHo, = Indy,, x)OS(A)x ® dety,x.

In the case of reflection arrangements, the dimension of WHep, has a well-
known reformulation.

PROPOSITION 7.2 (Lemma 4.7 [47]). For a finite real reflection group W acting
on the arrangement £ in V = R, and for any intersection subspace X in L, one
has

WV, X) = (_1)dimV/X‘{w € W : Fixy, (V) = X}’,
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where Fix,, (V) is the set of elements in V fized by the action of w. Consequently,
dim WHo,, = ‘{w €W : Fixy(V) € (’)X}‘.

This reformulation suggested an interesting conjecture of Lehrer and Solomon,
which they verified in [43] for W = &,, of type A,,_1 (see also [Proposition IV.7.4)
and also for dihedral groups W = I3(m). Note that the subset {w € W : Fix,, (V) €
Ox} of W is stable under conjugation, and hence a union of W-conjugacy classes.

CONJECTURE 7.3 (Conjecture 1.6 [43]). There is an isomorphism of W -modules

WHo, = @ Indy,, &

where v runs over a system of representatives of the W-conjugacy classes which
comprise {w € W : Fix,, (V) € Ox}, and & : Zw(v) — C* is a degree one
character of Zy (v).

7.2. Reformulations in type A. When W = &,,, one can both

e be much more explicit in the Lehrer-Solomon reformulation, and
e tie this in with other interesting reformulations, involving Lyndon words,
free Lie algebras, etc.

As explained in [Example II.1.3] an intersection subspace X for W = &,, will
correspond to a set partition [n] = | |, B; of [n], and its W-orbit Ox is determined
by the number partition A of n whose parts give the block sizes | B;|. Let X be any
representative of this W-orbit indexed by A, and say that A contains the part of
size j with multiplicity m; for each j. A typical element vy € W having V" = X
will be a product of disjoint cycles of sizes A\; supported on the blocks B;. One then

has that
H Gmi [61}

where &,,[G] denotes the wreath product of G with the symmetric group &,,, and
Z; denotes the cyclic group of order i.

In [43] Lehrer and Solomon describe a degree one character & of Zw (vy) that
sends each of the disjoint cycles of size j in vy to the same primitive j** root of
unity. This character fits the motivating type A case of their [Conjecture TV.7.3]|
which they prove in their paper.

1%

Ny (Xa)

1%

Zy (vy)

PROPOSITION 7.4 (Theorem 4.5 [43]). Let W = &,, and X a partition of n.
For an element vy € W such that V> = X\ we have

WHo,, = Indg, )&

One has a reformulation of the previous proposition in the language of sym-
metric functions; see [44] and [64, Chapter 7 (see in particular Exercise 7.89)] for
the basic facts used here.

Recall Frobenius’s characteristic map ch giving an isomorphism between virtual
&,,-characters and symmetric functions of degree n. Under this isomorphism, one
has

Snitn
ch (IndG e, e x2) = ch(x1) - ch(x2)

n
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where the product on the right is in the ring of symmetric functions. Also, given
representations U, V of &,,,, &, one can construct a representation U[V] of &,,,[G,,]
on VM @U by having (&,,)™ act on V™ in the usual way, while &,,, permutes the
tensor factors of V™ and simultaneously acts on U; this construction is well-known
(see for example [44] 1.8 Remark 2, p. 136]) to have

chU[V]=chUlch V]

where f[g] denotes the plethysm operation on symmetric functions f, g. We denote
by Ay, := ch(1ls,,) the m'" homogeneous symmetric function.

For W = &,,, let w, denote the W-representation V\/Hox(n)7 corresponding
to the subspace X(,) which is the intersection of all the hyperplanes. Thus, by
definition of WHe, the representation w,, is the &, -representation on the top
homology of the order complex of the proper part of the lattice of all set partitions
of n, twisted by the character dety = sgn. Based on work of Hanlon [34] it was
shown by Stanley [63] Theorem 7.3] that w, = Ind%S exp(22) is induced from a
degree one character of the cyclic group Z, generated in &, by a fixed n-cycle
with character value exp(Qm) From this the case W = &,, and Ox = OX(n) of
[Proposition IV.7.4] follows. This fact implies that Proposition 4.4 (iii) from [43]
proved along the way to[Proposition IV.7.4] actually can be stated as follows.

PROPOSITION 7.5. For W = &,, and A any partition of n,
Sn
WHoy, 2Indg" (s, 1xs,., (Sa1x- (16, W1] @16, [wo] ® ),
or in other words,

(19) ch WHo, Hh [ch(w;)]

A proof of this result based solely on the description of WHo,, in terms of
simplicial homology was first presented by Sundaram [73, Theorem 1.7]. Note that
the result by Sundaram is stated for WHp X5 tensored with the sign representation.
Tensoring once more by the sign and some standard transformations of plethysms
show the equivalence of her formula with the above formula.

[Proposition IV.7.5] can be further reformulated in terms of the combinatorics
of Lyndon words and quasisymmetric functions. Let A = {a1 < az < a3 < ---}
be a linearly ordered alphabet. Recall that a word x = x; ---x,, with letters x; €
A, 1 < i < n,is called a Lyndon word if it is lexicographically strictly smaller
than any of its cyclic rearrangements (see [53, §5] for more details). It is also well
known [53, Theorem 5.1] that every word x has a unique Lyndon factorization
x = x(Mx? ... x9) meaning that the x*), 1 < i < g, are Lyndon words satisfying

x> x@ > > x9)

The Lyndon type of x is the weakly decreasing rearrangement of the lengths of
the x(¥. We use this to define a power series in the ring of formal power series

Clta | a € A] by
SA(t) = Yo
words x
of Lyndon type A
where tyx 1= tx,tx, - - tx, for x = x1---x,. In [31L Theorem 3.6] it is stated that

£, (t) coincides with the symmetric function on the right hand side of ([I9) from
[Proposition IV.7.5] This then yields the following description of ch WHep Xy -
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PROPOSITION 7.6. For W = &,, and A any partition of n,
ChWH@XX = 2)\(13).

This reformulation is proved by Gessel and Reutenauer in [31] in parallel with
a reformulation in terms of quasisymmetric functions. It is derived from a bijection
attributed to Gessel (see e.g. [53l p. 175], [23], [76]) and described in [31]. The
bijection allows one to expand £, (t) in terms of the fundamental quasisymmetric
functions associated with subsets D C [n — 1]:

FD = Z til"'tin-

1<in < S
ij<ij41 if jED

Given a permutation w = (wy,...,w,) in &,, define its descent set by
Des(w) :={j € [n —1] : wj; > wj;1}.

Theorem 3.6 in [31] states that >
at the desired reformulation.

w of cycle type A Fpes(w) equals £,. Thus, we arrive

PROPOSITION 7.7. For W = &,, and A any partition X of n,
ch VVI’I(QXA = Z FDcs(w)'

w of cycle type A

In parallel to the study of WHo,, motivated by the action of the symmetric
group on the Orlik-Solomon algebra, the module WHo,, appeared in a different
guise already in the 1940’s, in the context of the free Lie algebra (see [75], [14]).
Before we can explain this connection we introduce the free Lie algebra and related
notation (see [53] for more background information). The tensor algebra

(V) :=ve
d>0

is an associative algebra, and hence also a Lie algebra for the usual bracket operation
[z,y] = zy — yx. The Lie subalgebra Lie(V) of T(V) generated by its degree one
part TH(V) = V is called the free Lie algebra. It inherits a grading

Lie(V) = ®g>oLie(v)q

where Lie(v)q = Lie(V) N V®4, Because (see [53, Theorem 0.5]) T(V) turns out to
be the universal enveloping algebra for Lie(V'), the Poincaré-Birkhoff-Witt theorem
(see [63], Theorem 0.2]) gives a &,,-equivariant vector space isomorphism

(V) = V" 2> "Liey(V)
AFn

where for a partition A = (1™1,2™2_...) one defines
Liey(V) := Sym™ (Lie(V)1) ® Sym™? (Lie(V)2) & - - -

Here Sym™ (U) denotes the m'" graded component of the symmetric algebra over a
vector space U. For a partition A of n each Liey (V) is itself an &,,-module. Assume
dimV = n, fix a basis of T1(V) = V and denote by E,, the space spanned in
T"(V) = V@™ by the tensors of the n! permutations of the basis elements. For A
a partition of n the multilinear part of Liey (V) is its intersection with F,. Since
both E, and Liex(V) are &,-modules it follows that the multilinear part is also
an &,-module. For A\ = (n) it was shown by Klyachko [41] that Lieg, (V) N E,, is
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isomorphic as an &,,-module to Indgél exp(%) and hence by the above mentioned
result of Stanley [63] Theorem 7.3], it is isomorphic to WHo,,,. More generally
a result by F. Bergeron, N. Bergeron and A. Garsia [8] (see also [53] Theorem
8.23]) shows that the characteristic of the &,-representation on the multilinear
part of Liey(V) is the symmetric function on the right hand side of (I9) from
[Proposition IV.7.5]

PROPOSITION 7.8. Let V. = R™ and A any partition of n. Then there is an
isomorphism of &, -modules

WHOXA = F, N Lie)\(V).

Indeed, using this reformulation, Theorem 8.24 of [53], which was first proved
in [8], gives an alternative proof of [Proposition IV.7.4]

The action of the group GL(V) on T (V) induces a diagonal action of GL(V') on
each T4(V). By standard facts about the representation theory of GL(V) and from
[Proposition IV.7.§] and [Proposition IV.7.6] the character of Liey(V) as a GL(V)-
module (that is, the trace of a diagonal element of GL(V) having eigenvalues
X1,...,Tn) I8 £x(x). In other words, one has the following.

PRrROPOSITION 7.9. For W = &, and X any partition of n, the symmetric
function ch WHo, is the GL(V))-character of Liex(V').

Thus, the following problems are equivalent, and attributed by Schocker [59]
to Thrall [75].
PRrROBLEM 7.10. Find any of

e the G, -irreducible decomposition of ch WHOan
e the GL(V)-irreducible decomposition of Liey(V), or
e the Schur function expansion of £ (x).

Ounly partial results are known in this regard. For example for A = (n) it was
shown by Kraskiewi¢z and Weyman in a preprint from 1987, published as [42], that

S(n) (X) = Z SA(T)-

T in SYT,:
maj(T)=1 mod n

This result can also be seen as a reformulation of a result by Springer from [61].
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CHAPTER V
The family vk jn-2k)

Our goal here is to prove [Theorem 1.4.3, whose statement we recall.

[Theorem 1.4.3l The operators from the family {V(2k71n72k)}k:172..'7L%J pairwise
commute, and have only integer eigenvalues.

Recall that here one is considering the reflection arrangement for the reflection
group W = &,,, and the W-orbit on L, denoted here O(ax 1n-2x), consisting of all
intersection subspaces of the form

{xil = xiz} N {xis = xi4} n---N {xi2k—1 = xi2k}'

Then v(gr 1n—2k) . Define also mgk 1n-—2ry = TO i 2k

= Vo(zk’lnfzk)

1. A Gelfand model for &,

[Theorem 1.4.3] will follow from applying our eigenvalue integrality principle
[Proposition 1.3.1] to the following representation-theoretic fact, which will identify
the non-zero eigenspaces of the operators {1/(ox 1n—2xy} With a certain Gelfand model
for W = &,,, whose construction is related to the construction of the Gelfand model
of &,, in [2]. Recall that a Gelfand model for W = &,, is an &,,-module that carries
exactly one copy of each &,,-irreducible x*; see [2] for further references. Given a
number partition A, let oddcols(\) denote the number of columns of odd length in
the Ferrers diagram for A, or the number of parts of odd length in the conjugate
partition \.

PROPOSITION 1.1. For W = &,, and non-negative integers a,b with 2a+b=n
one has

A
WHO(2‘1‘1I’) = @ X

A
oddcols(X)=b
Consequently, we obtain a Gelfand model for &,, by combining the modules:

Lz

_ A
WHO(2a71n—2a) - @X .
a=0 AFn

59
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PRrOOF. By |[Proposition 1V.7.5] one has

Z ch (WHO(za,lb)) th = Z ha[chws] hylchw] t°

a,b>0 a,b>0
= Y halea(x)] h(x) t°
a,b>0
= H(l - 1‘1$j)71 H(l - tl‘i)71
1<J 7

— Z tOddCOIS()\)S)\ (X)
A

where the last equality uses a well-known identity (see [64] Exercise 7.28(b)], [44]
Chap. I, §5, Ex. 7]). O

2. Proof of [Theorem 1.4.3]

We will actually prove following version of [Theorem 1.4.3] which is more precise
and tells us more about the eigenvalues of the operators vk 1n-2x).

THEOREM 2.1. There exists an orthogonal direct sum decomposition of R[S,, x
Zs]-modules

(20) RS, =K ® (EB UA>

AFn
with the following properties.

(i) The subspace K is annihilated by each of the operators
{var an—2my ti=0,1,2,.., 2]

(i) For k = 0,1,2,...,[%] the subspace U lies inside the eigenspace for
V(gk 1n—2k) having eigenvalue

(21) V(g an-2k) \ = Z noninv gk 1n-2xy(w) M w).
weS,
(iii) The subspace U™ affords the irreducible R[S,, x Zs]|-module

n—oddcols())
2

e (x7)?

PRrROOF OF [Theorem V.23l We set kmax := |5 |, and define
K := ker W(kaax,lvhzkmax) = ker V(kaax)ln—kaax).

Since one can find a nested chain of representative subspaces for the W-orbits
O(ax 1n—2ky as k varies, [Proposition T1.6.2]implies the following inclusions of kernels:
(22)

K= ker T (2kmax ,1n—2kmax ) [GIEERNE ker7r<2271n74) C kerﬂ'(21)1n72) C kerﬂ'(ln)

ker V(kaax’ln—z’kmax) ker V(2271n74) ker V(gl,ln—2) ker V(ln)
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In particular, K is annihilated, and hence preserved, by every one of the self-adjoint
operators {V(gk 1n-2k) }£=0,1,2,... kmax-

Hence they also preserve the perpendicular space U := K=+, a Q-rational sub-
space of RG,,. Note that [Corollary IV.2.2] implies that the &,,-representation af-
forded by U is the same as that afforded by the non-zero eigenspaces of a certain
BHR operator b;. Meanwhile, shows that this &,,-representation is
the sum of @Z“:‘%"WHO(W pn—2ay" Note that this sum is isomorphic to the multiplicity-
free Gelfand model described in [Proposition V.1.1]

This multiplicity-freeness has two consequences. First, it shows that by combin-
ing the &,-isotypic decomposition U = @, U A together with the complementary
space K, one obtains a direct sum decomposition as in (20) that simultaneously
diagonalizes all of the operators {v(gk 1n—2x) }x=0,1,2

) 7--*7kmax'

Secondly, the eigenvalue integrality principle, [Proposition 1.3.1] implies that
each operator v(ox 1n—2x) acts on U with integer eigenvalues. Since vk 1n—2x) also

annihilates the subspace K = U+ complementary to U, it has only integer eigen-
values on all of RG,,.

However, we know more about the eigenvalu V(2,1 —2ky,x With which vk 1n—2k)
acts on U?. Picking any realization &,, 2y GL¢ (V) of the irreducible &,,-representa-
tion with character x*, [Proposition I1.7.1] tells us that PA(V(2k 1n—2ky) has
Y(2k,1n—2k),x a8 its only potential non-zero eigenvalue, and hence

Yak 1n-2k),x = Trace px(V(or 1n-2r)

= Trace ( Z noninv ok 1n -2y (w) -pA(w)>

wes,

= Z noniny (o« n—2x)(w) - Trace p(w)
wes,,

= Z noninv(gk,lnfzk)(w) 'X)\(w)-
wes,

Lastly, to see how Zy acts on U*, note that [Proposition V.1.1]implies that U*
lies in

(23) im(V(QaJn—za)) N im(u(2a7171n72a+2))l
where a := %COIS()‘). Since v(ga 1n-2), T(20,1n—24) share the same kernels, one
has an isomorphism of R[&,, X Zy]-modules
im(l/(2a’1n—2a)) = im(7r(2a71n—2a)).

Consequently the space (23) carries R[S,, x Zs]-module structure isomorphic to
that of

im(ﬂ-(2a71n72a))/ im(W(Qa—lvl'rL—2a+2))
which is WHo ,, ,,_,,, ® (x7)®* by Thus, Zs acts by (x7)®* on
U O

REMARK 2.2. One does not have that the associated BHR-operators by pairwise
commute, in contrast with the situation for the original family {I/(kvln—k)}k:LQ”“n.

1The first author thanks C.E. Csar for discussions leading to this expression for Y(zk,1n—2k) -
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REMARK 2.3. The formula for the eigenvalue y(or 1n-2r) y given in (2I) is some-
what explicit, but still leaves something to be desired. For example, the character
values x*(w) for w in &,, are integers, but they can be negative. Thus (ZI]) does not
manifestly show the fact that yox 1n-2r) ) is non-negative, nor does it show the fact
that y(ox 1n-2k) 5 vanishes unless oddcols(\) > n — 2k. This suggests the following
problem.

PROBLEM 2.4. For each partition A of n, and each k with oddcols(\) > n — 2k,
find a more explicit formula for the non-zero eigenvalue 7y(gr 1n—2x) x Of V(ok 1n-2x)
acting on its (non-kernel) eigenspace U* affording x*.

We have computed some of these eigenvalues using Sage [68], and we present
this data for 3 < n < 6 in the tables below. The data is presented as follows:
e cach row of the table corresponds to the subspace U* affording x*;
e the entry in the column indexed by v(gr 1n-2r) is the eigenvalue y(or 1n-2k) x;
e the entry in the column indexed by wy is the eigenvalue for the Zs-action
on U™,
To enhance the presentation of the data, every zero eigenvalue has been replaced
by a dot.
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I/(14) I/(21712) l/(22) ZQ

va) verwy 2 i 24 72 18 1

X3 6 9 1 3! . 20 10 -1
Y2 ) 4 -1 21 . 4 2 -1
Xlll . 1 =1 X22 8 1
Xllll 2 1

I/(15) l/(21713) I/(22711) Z2

e 120 600 450 1
Y4 120 180 —1
Y31 : 20 30 —1
32 : . 68 1
X221 . . 12 1
X2111 . A 12 1
Xlllll . A 2 1
I/(le) l/(21714) I/(22712) I/(QS) ZQ
x© 720 5400 8100 1350 1
¥5! : 840 2520 630 -1
A - 120 360 90 -1
12 : : 616 308 1
32t : . 96 48 1
V311 : : 84 42 1
222 : : 24 12 1
X21111 . A 12 6 1
33 : : .204 -1
X2211 . . . 36 —1
NAEEREE! . . . 6 —1

Eigenvalues of v(yx 1»—2k) acting on the non-kernel eigenspace afforded by .
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V(17) l/(21)15) l/(22)13) I/(23711) Zg

X’ 5040 52920 132300 66150 1

X°! 6720 33600 25200 -1

XU 840 4200 3150 -1

x> 6048 9072 1

X' 840 1260 1

XA 672 1008 1

X2 168 252 1

XA 84 126 1

X 2076 -1

X3 306 -1

X2 306 -1

X2221 96 -1

X22111 48 -1

Y2 48 -1

X1111111 6 -1
V(ls) U(21716) U(22714) V(Qs)lz) U(24) ZQ
x® 40320 564480 2116800 2116800 264600 1
X 60480 453600 680400 113400 -1
611 6720 50400 75600 12600 -1
62 64512 193536 48384 1
Y 8064 24192 6048 1
G 6048 18144 4536 1
x122 1344 4032 1008 1
YAt 672 2016 504 1
53 42240 21120 -1
x 13 5376 2688 -1
Y2 4544 2272 -1
332 960 480 -1
x3221 896 448 -1
y32111 512 256 -1
311111 432 216 -1
D 128 64 -1
X2111111 48 24 -1
Y4 . 11904 1
y 331 1584 1
X2222 384 1
X221111 192 1
X11111111 24 1

Eigenvalues of v(yx 1»—2k) acting on the non-kernel eigenspace afforded by .



CHAPTER VI
The original family v, 1n-+)

Let us return to the context of [Theorem T1.Tl Here W = &,, and O = Oy, 1n-k)
is the W-orbit containing the subspace X 1n-r), s0 we wish to analyze the elements

VO = Vj,in—k) i= E noninvg (w) - w
weW

where noninvy(w) is the number of increasing sequences of length k contained in
w.

1. Proof of [Theorem I.1.1]
Recall the statement of [Theorem 1.1.1]
Mheorem TTIl The operators from the family {vy 1n—k) }r=1,2,....n Pairwise com-

mute.

PROOF. Fix k and ¢. One has v 1n—k V(g 1n—0) = Zween dk* . w, where

uv = w,
(24) dht = Z (u,v) € &, X &, uliy) < -+ < ulig),
1<iy << <n U(jl) < < ’U(jg)

1<j1<--<ge<n

We want to show that dF* = d%F for any permutation w in &,,.

Let us reformulate this coefficient d¥;* a bit. First get rid of v using v = v~ w.

Second, if one names the sequences of lengths k and /¢
K = (u(iy),...,u(iy))
L:=(j1,-.-,0)
so w(L) := (w(j1),...,w(je)),
then the condition on w in (24]) is that both sequences K and w(L) appear from
left-to-right as subsequences inside (u1,us,...,uy). In other words, u lies in the

set L(Pg (1)) of all linear extensions of the poset Pg ) on [n] = {1,2,...,n}
defined as the transitive closure of the order relations

w(iy) <--- < u(iy)
w(j) << w(je).
ExXAMPLE 1.1. If n =10, k=6, £ =4 and

1 2 3 45 6 7
9 1 73 5 2 6

K =(1,3,5,6,8,10)
w(L) = (7,3,2,8)

9 10
10 4

w— 8
o 8

65
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10
8
6
1@ @
5
3
1 7

FIGURE 1. The poset P .z with K = (1,3,5,6,8,10) and w(L) = (7,3,2,8).

then the poset Pk () for this example is shown in

Lastly note that when w is written in two-line notation, K is a k-subsequence
of the top line, while w(L) is an ¢-subsequence of the bottom line. Thus one has

dﬁ;’éz Z #‘C(PK,w(L))

such K,L
and we wish to show that d%* = d’;* for all permutations w in &,,.

First we fix the intersection and union of the underlying sets of K and w(L)

I.=Knuw(L)
J:=KUw(L)
and define a new coefficient
V]
(25) din = >, H#L(Prww)
K,L:
Knw(L)=I
Kuw(L)=J

Thus it suffices to show that for each fixed pair I C J C [n], one has dﬁf =

0k
d(w,l,,])'

One can reduce to the case where J = K Uw(L) = [n] as follows. If m lies in
the complement [n] \ J, then m is incomparable to all other elements in Py (1)
(such as m =4 or m = 9 in the previous example), and one finds

’['(PKM(L))’ =n- ’ﬁ(PKw(L))’

where pK,w( 1) is the poset on [n]\ {m} in which the element m has been removed.
Thus we will assume without loss of generality that J := K Uw(L) = [n].

We reformulate further. Think of the fixed elements in I := K Nw(L) as a set
of ¢ := |I| vertical dividers that partition the remaining elements [n] \ I in the top

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



VI.1. PROOF OF [Theorem T.1.1] 67

and bottom of w into 7 + 1 divisions:

D | +(2) | tE+1)
e A G I O e

Note that the sequences t) and bU) need not have the same length, and any of
them are allowed to be empty sequences.

EXAMPLE 1.2. If one has k =7, £ =5,

|1 2 3 4 5 6 7 8 9 10
“Tlo 1735268 10 6|
and I = {3,6}, then the divided w looks like
3 6
(26) 12 4 5|7 8 9 10
9 1 7|5 2 8 10 4

One may as well relabel 26l to look like the following divided permutation w’ of
[n'] := [8] where n/ :=n — |I|:

w,_[12 34‘5678]'
7 1 514 2|6 8 3
Note that the remaining choice of

K :=K\I

L' :=w(L)\ I

gives a disjoint decomposition [n]\I = K'UL’. So the number of linear extensions of
Pr¢ (1) becomes the product, running over each of the i + 1 divisions (¢, b)) in
w, of the number of shuffles of the two sequences K’ Nt) and L' N b)), Therefore,
to count the linear extensions that make up dﬁ’f, .7) in 23] it is equivalent to sum
over the decompositions of [n'] := K’ U L’ that have

K= |K'|=k—i

'=|L|=0—i
and for each such decomposition, sum up the product of the number of shuffles of
K' NtV with L’ N b9, that is, the product
s (|K’ Nt@D|+ L' N b(j)|)

27 _ _
@7) |K" N t@)],[L N b))

j=1

Call such a choice of decomposition and the shuffles, a decomposition-shuffle of

the divided permutation w’ of [n'], and call the total number of them dﬁ:,’é/. Thus

we wish to show that dﬁj/’[/ = dfl:}k/ for every divided permutation w’ of [n] and
every pair (k',¢') with k' + ¢ = n’. This will be done by induction on n’.

First, note that one can reorder the elements in any of the (), b() arbitrarily;
this does not affect the possible choices of a decomposition [n'] = K’ LI L’ nor does
it affect the product ([27]).

So without loss of generality, assume that the numbers appear in integer order
in each ¢t and b(); in particular, the largest number n’ will appear last within
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both its division on the top of w’ and its division on the bottom. For example, the
divided permutation w’ from 26 would be reordered to

, 12 3 4|5 6 7 8
11 572 4]3 6 8 '

We now count dg,’el by classifying the decompositions-shuffles according to the entry
m (if any) that appears directly after the entry n’, within the shuffle that contains
n'.
Case 1. The decomposition-shuffle has no such value of m, that is, n’ appears last
in the shuffle for its division.

Let w” be obtained from w’ by removing n’ from both the top and bottom.
Subcase la. The decomposition [n] :== K’ U L has n’ in K’. It is straightforward
kK —1,0

w!’!

to check that these decomposition-shuffles are counted by d

Subcase 1b. The decomposition [n'] := K'U L’ has n/ in L’. Similarly, it is straight-
forward to check that these decomposition-shuffies are counted by dﬁ}f -

Putting together the two subcases, the decomposition/shuffles in this Case 1
are counted by the sum dw,, LY + dk é/_l

Note that when considering the corresponding decomposition/shuffles counted
by de, W (where the roles of k', ¢/ have been reversed, but w’ is the same), those
that fall in this Case 1 will analogously be counted by the sum dz el + dz k/_l
where w' is the same permutation derived from w’. By induction,

dﬁﬁlk, 7dk -1

0 k' —1 K —1,¢
d =d,.
and hence these two sums are the same.

Case 2. The decomposition/shuffle has such a value m (i.e. something appearing
directly after n’ within the shuffle that contains n').

Then n', m must appear in opposite sets within the decomposition [n'] := K'U
L', due to the fact that n’ appears last in its division.

Subcase 2a. The decomposition puts m € K’ and n’ € L'.

Since m appears directly after n’ in its shuffle, both m,n’ must appear in the
same division, i.e. m € K’ Nt0) and n’ € L' N bY) for some j.

This time let w” be obtained from w’ by removing all occurrences of n’,m

and replacing the division [ZE;;} with two divisions separated by a divider labelled

t// ]

in which ¢/,¢” are the elements that appeared before and after m within ¢,

(n';m),

ExAMPLE 1.3. If n’ = 8 and m = 6 in the above example, with n’ € K and
m € L, one would replace the third division

t®) 5 6 7 8
b3 3 6 8

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



VI.2. THE KERNEL FILTRATION AND BLOCK-DIAGONALIZATION 69

obtaining
(8,6)
" 1 2 3 41|65 7
w"’ = )
1 5 712 413 -
It is not hard to check that the decomposition-shuffles in Subcase 2a are then

counted by dﬁ),,_l’g ~! Note that by induction on n’ one has

di//71’£l71 :di;ucbl'

Hence the decomposition-shuffles in the same Subcase 2a (with the same value of
m) when the roles of k', ¢ are reversed will have the same cardinality.

Subcase 2b. The decomposition puts m € L' and n’ € K'.
Same as Subcase 2a, with an analogous construction of w” from w’ by intro-
ducing one new divider labelled (n',m).

Thus in each case, reversing the roles of k', ¢ leads to cases with the same
cardinalities. Hence di/e = di}k , completing the proof. |

ProBLEM 1.4. Find a more enlightening (non-inductive?) proof of

[Mheorem TT.1

It turns out at that one also has pairwise commutativity for the family of BHR
operators {b(x 1n—#)}re[n) (this follows by combining [Proposition TV.2.1] and [60},
Main Theorem 2.1]), which are closely related to the operators v jn-x)
by [Corollary IV.2.2] Perhaps this fact can be used as a starting point to prove
Mheorem L1

2. The kernel filtration and block-diagonalization

There is a way to get a good start on simultaneously diagonalizing the com-
muting family {1/(,,371”_1@)}, by looking at a filtration that comes from their kernels.

As in the proof of [Theorem 1.4.3] since one can find a nested chain of represen-
tative subspaces for the W-orbits O, 1»—xy as k varies, [Proposition II.6.2] implies
the following inclusions of kernels:

(28)
0= kerm,) C kermu_1,1) C ker“(n_z,ﬂ) C---C kerfr(zyln,g) C kermny CRG,

ker v(y,) ker v(,_1,1) ker V(n—2,12) ker Vig1n—2) ker v(yn)

Since [Theorem TT.1] says that the v 1.—») pairwise commute, they preserve
each others kernels, and hence (28)) gives an R[W x Zs]-module filtration of RG,
which is preserved by each of the v 1n—x). Denote the filtration factors for j =
1,2,...,n by

FnJ‘ = ker u(n,j,171j+1)/ker Z/(n,j)lj)
= kerﬂ'(n,j,mjﬂ)/kerﬂ'(n,j,lj)
with the convention that F, ,, = R&,,/ ker 7(1»). One knows from the self-adjointness
of each v, 1»-r) that there exists an (orthogonal) direct sum decomposition

(29) RS, = (P Vn,
j=1
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of R[W x Zs]-modules in which
Vi,j = ker Vin—j—1,15+1) N ker I/(J;I_Mj) = F,

and hence ([29) gives a simultaneous block diagonalization of the operators
{vir, 1m0 bren)-

At this point, we can use some of the equivariant BHR theory to analyze the
R[W x Zs]-module structure of each Vi,j or F, j: one has ker v(,,_; 15y = ker by, _j 15)

for a certain BHR operator b,,_; 1), whose kernel was analyzed in [Example TV.6.3|
This shows that

(30) Vai2F,;2 @ WHo, ® ()W,

A has exactly

J parts of size 1
This shows that the dimension of V,, ; is the number of permutations w in &,,
having j fixed points, in light of [Proposition TV.7.2] However it is not very ex-
plicit as decomposition into R[W X Zs]-modules since we do not have solution for
[Problem IV.7.10lin general.

It turns outs that with a little work, we can provide a much more explicit

description of V,, ;. The representation theory of W = &,, asserts an RWW-module
decomposition into irreducibles

G1) RS, = D@
Q

where @ runs over all standard Young tableauz of size n, and where shape(Q) is
the partition whose Ferrers diagram gives the shape of . Although we will not
need it here, one can also incorporate the Zs-action in [BIl) and give an explicit
R[W X Zs]-module decomposition

_ shape(Q) —\®maj(Q)
(32) INGH X ® (x7)
Q

where maj(Q) is the major indez statistic on standard Young tableaux; this follows
from Springer’s theory of regular elements [61], the fact that wq is a regular element
of 6,, [49, Lemma 8.4], and the formula for the fake degree polynomials in type
A, —1 in terms of major indices [42].

Instead our goal in the next few subsections, culminating in [Theorem VI.10.5|
will be to provide a similar decomposition of V,, ;, as a sum of irreducible R[W x Z]-
modules of the form

(33) Z Xshape(Q) ® XE(Q)
Q

where ) runs over a certain class of standard Young tableaux that depends on j,
and €(Q) is a + sign that depends upon Q. Here is an outline of how this goal is
achieved.

Step 1. Relate the bottom kernel F,, o = kerm(,,_; 1) in the filtration to the ho-
mology of the complex of injective words, by showing that 7, 1) is a
sign-twisted version of the top boundary map in this complex. This is
achieved in [Proposition VI.4.2

Step 2. Use homological techniques to describe this homology as an R[W x Zs]-
module recursively. This is achieved in (41l

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



VI.4. THE COMPLEX OF INJECTIVE WORDS 71

Step 3. Show that a description of F}, o automatically leads to one for F), ;. This

is achieved in [Theorem VI.8.5
Step 4. Solve this recursion for F), o and F;, ; in the form of (33]). This is achieved
in [Theorem VI.10.5

3. The (unsigned) maps on injective words

DEFINITION 3.1. Given a finite alphabet A, and an integer ¢ in the range
0<i<|Allet A denote the set of injective words of length 7 with letters taken
from the alphabet A, that is, those words which use each letter at most once.

For a set M let RM denote an R-vector space with basis indexed by M. Given
integers 4, j with 0 <14 < j < |AJ, define a map

TAGi: RAU) — RAu)
that sends an injective word a = (a1,...,a;) of length j to the sum ) b of its
subwords b = (ag,,...,ax,), 1 <k <--- <k; <j, of length i.
Note that the R-linear maps 74 ;, are actually maps of R[S 4 x Zs]-modules,

when we consider RA" as an R[S 4 X Zg]-module in the following fashion:

e &, permutes the letters A, and
e the non-identity element of Zs sends a word a = (a1,as,...,a;) to its
reversed word a*¥ := (a;,...,a92,a1).
Our goal in the next few subsections is to begin by understanding the kernel of
the first of the maps 74 ; 4, for which we use an abbreviated notation:

TA = TA,|Al|A|-1-

The kernel of this map will turn out be closely related to the homology of the
complex of injective words on A; see [§VI.4]

REMARK 3.2. In fact, the maps 74 |4, are simply instances of the maps mo
where W = &4 and O is the W-orbit of intersection subspaces where i of the
coordinates are set equal.

4. The complex of injective words

DEFINITION 4.1. The complex of injective words on A is the chain complex
(Ka,04,.) having i*" chain group K, := RA“™ and whose i boundary map
Oni Koy — Ko
is a signed version of the map m4 ;414:
i
Oailag,ar, ... a;) =Y (=1)™(ag,...,am, .-, a;).

m=0

One can check that the complex (K4,04,.) becomes a complex of R[G 4 X Zs]-
modules only after we slightly twist our previously-defined Zs-action: one must
now have the non-identity element of Z, send an injective word a of length /¢ to
(_1)[%] .qrev.

There is a very simple relation between the maps m4 and 04 41, once one
identifies their source and targets with the group algebra RS 4 appropriately. Define
an R-linear map 4 : RATY RG& 4 that sends an injective word u of length
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|A| — 1 that is missing exactly one letter a from A to the permutation of the set
A which starts with the letter a and continues with the word u. The following
proposition is straightforward.

. (1A]-1) . . .
PROPOSITION 4.2. The map i4 : R4 —> RS&4 is an R-linear isomor-

phism that makes the following diagram commute:

T (|A|—1) [
RG4, — 2 > RA — 2 S RG4
sgn sgn

da,1a1-1 (al-1  ia
L RA — > RGy

RG 4
where RS,, 25 RS, is the involutive map that scales the basis element correspond-
ing to a permutation w in S 4 by the sign of w.

In particular, as subspaces of RG 4, the kernels of the two maps wa and 0 4| 4|—1
are sent to each other by the map sgn.

5. Pieri formulae for &,, and &,, x Zy

We quickly review here the Pieri rules from the representation theory of &,, and
&, X Zs that we will need, and introduce a more compact notation for induction
products of characters.

Recall that for a finite group G, the irreducible complex representations Irr(G)
are determined by their characters x. Therefore, we will often speak of irreducible
characters when we speak of elements of Irr(G).

The irreducible characters Irr(&,,) are indexed x* by partitions A of n, with
x™ =1 and x") = sgn. Since Z, is abelian, its irreducible characters are both of
degree 1:

Irr(Zy) = {x" =1,x"}.

Therefore, the product group &,, X Zs has irreducible characters

(6, x Zy) = {x " =x @ xT, x™ :=x*®x~ : )\ a partition of n}.

Given this setup, the following is a corollary to [Proposition VI.4.2] Recall that
AT denotes the conjugate partition of \.

COROLLARY 5.1. For A = [n], as R[S,, X Zs]-modules, one has
kermy = @ x O oce

if and only if
T
ker@AJA‘_l = @X)\“’E“.
«

sgn

PROOF. The map RG,, — RG&,, has these effects:

e For the RG,,-module structure, it tensors with the sgn-character, which
on irreducibles does the following:

X = sgna® = N
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e For the RZy-module structure it is equivariant, since the non-identity
element of Zy acts by w — wwpy, when we are thinking of RS,, as the
domain of w4, but this non-identity element introduces an extra sign in
front when we are thinking of R&,, as the domain of 04, 4)—1 within the
complex of injective words:

’LAOTrA

wwo

T ]

sen(w 14004, (4004141 sgn(wwy) - wwg
: = (-1)!# sgn(w) - wuwy

O

The Young subgroup embedding &,, X S, — G,,4+n, leads to the usual
induction product of characters x; in Irr(S,,,), for ¢ = 1,2, defined by

nq +712

X1 % X2 i= Ind L X1 ® X2.

The Pieri formulae give two important spemal cases of the the irreducible expansion
for the induction product of two &, -irreducibles:

yox ) = Z '

A
A/ is a horizontal
strip of size j

XM= 3 A

A:
A/p is a vertical
strip of size j

(34)

One can define an induction product of characters x; in Irr(&,,, X Zs) for i = 1,2
by
nytng X(Z2)? n14ng X (Z2)?
X1 * X2 = ResG,LlinxZ; Ind n1t<Z22><Gi2><Zz (Xl 39 X2) .

where the restriction map above comes from the diagonal embedding Zy — (Z2)?
that sends = — (z, ).

PROPOSITION 5.2. For any partition p and signs €1, ez in {+,—}, one has

Y % X(j)ﬁz — Z e

A:
A/ s a horizontal
strip of size j

X[L,El " X(lj),ez _ Z X)\,6162

A ois a vertical
strip of size j

(35)

PROOF. More generally, for any embedding of finite groups G; x G — G, and
an abelian group A, along with characters y; in Irr(G;) for i = 1,2, and characters
€1, €2 in Irr(A), we claim

2
Resgiﬁ InngxAAszxA (X1 ® €1 ® x2 ® €2)

= @ <IIldG1><G2 X1 @ X2, X>G - X ® e€r€.
x€Irr(G)
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This comes, for example, using Frobenius reciprocity to calculate the inner product
with an irreducible x ® € in Irr(G x A):

2 2

< ResGi IndgffongA(Xl(X)el Rx2®e€2) , XD € >GxA

— GxA? GxA?

= ( vi@a®xeee, Resd g o >G1XAXG2XA
_ G A2
= < X1 ® X2, Resd, xa, X >G1><G2 ‘ < €1 ®er, Indy € >A
2
<Indg1><G2X1®X2 Y >G : <ReSj3 aQ®e, € >A

{< IndgleQ X1®X2 y X >G’ if6:6162
0

otherwise.

6. Some derangement numerology

The nullity of either map m4 or 94,41 turns out to be the number of de-
rangements (that is, permutations with no fixed points) in &,,. We review here
some easy, classical, enumerative results about derangements, along with a few
somewhat more recent results about even and odd derangements, relevant for the
R[S,, X Zs]-module structures on the kernels; see also Chapman [18], Mantaci and
Rakotandrajao [45], Gordon and McMahon [32] §4].

DEFINITION 6.1. Forn > 1,let d,,, d;}, d,; denote, respectively, the total number
of derangements in &,,, the number whose sign is positive, and the number whose
sign is negative. (The table in lists the first few values.)

no d, df d;
0o 1 1 0
1 0 0 0
2 1 0 1
3 2 2 0
4 9 3 6
5 44 24 20
6 265 130 135

FIGURE 2. The first few values of d,, d; and d,,: the total number of
derangements, even derangements and odd derangements in
&, respectively.

PROPOSITION 6.2. The numbers d,,,d},d, satisfies the initial conditions
dy=df =1,dy =0
dy=df =d; =0
as well as the following recurrences and identities:

(36a) dp =(n —1)(dp—1 + dpn—2) forn > 2;

(36b) dy =(n—1)(d,_; +d,_,) forn >2;
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(36c) dy =(n = 1)(d;_y +dy_5) forn 2 2;
(36d) dp =ndp_1 + (=1)" forn >1;
(36¢) df —d,; =(=1)""Y(n—1) forn>0;

(36f) dy = (”

(36¢) —Z( ) -

as (?)dn_j (resp. ( ) (”) d,_;) counts the number of per-

’I’Lj’

)2dn2 +(=1)™"(n—1) forn > 2;

[\]

mutations (resp. even, odd permutations) having exactly j fixed
points.

PROOF. Recurrences [36al, [36D] follow from the fact that given a derange-
ment w in &,,, erasing n from the cycle structure of w results in one of two possi-
bilities.

e A derangement @ in &,,_; having opposite sign to w. From @ one can
uniquely recover w by specifying the value w(n) in [n — 1].

e A permutation in &,,_; with exactly one fixed point. After removing this
fixed point w(n), one obtains a derangement w in &,,_s having opposite
sign to w. And again, from w one can uniquely recover w by specifying
the value w(n) in [n — 1].

Recurrence [B6dl follows from by induction on n. The base cases where
n = 0,1 are easily checked. In the inductive step where n > 2, recurrence
implies

dp —nd,_1 = _(dn—l — (n — 1)dn_2) = —(—1)”71
where the second equality uses induction.

Recurrence follows from [36H] and by induction on n. The base cases
where n = 0,1 are easily checked. In the inductive step where n > 2, recurrences

[36H] and B6d imply

n = =1) ((dyy — dy ) = (dy_y — d;_5))
=(n-1) (( o) = (dy_y d;—l))
=(n-1) (- ) f(n—3) = (-1)"*(n-2)
= (n—-1)(-1)"""

where the third equality uses induction.
Recurrence [36f] is a rewriting of the first iterate of recurrence B6dt

dy, = nd,—1 + (—1)”
=n((n—1)dp2+ (-1)""") +(-1)"

— <Z> 2dp—o+ (=1)""Hn—1)

The assertions in [36g] all come from the fact that every permutation w in &,
having j fixed points gives rise to a derangement w on its set of n — j non-fixed
points; this w has the same sign as w. (|

n—1
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7. (8,, X Zsy)-structure of the first kernel

We begin with a proposition showing that the kernel of the top boundary
map Jj,),,—1 in the complex of injective words satisfies the representation-theoretic
analogues of the derangement number recurrences in [36d] and [B6fl For the RG,,-
module structure, this was observed in [51], §2]; for the R[&,, X Zs]-module structure
it appears to be new.

ProOPOSITION 7.1. Considered as a virtual character of G,,,
(37) ker Oy n—1 = ker Opp_1) n—2 *X(l) + (—1)”X(").
Considered as a virtual character of &, X Zs,

p— 2 n— n—
(38)  kerdppn-1 = ker 9z -g % (X7 +x0F) + ()OO

PRrROOF. (cf. Proof of [51], Propositions 2.1, 2.2]) The complex of injective words
(Kn), Oppy,.) is known to be the augmented cellular chain complex corresponding
to a regular CW-complex of dimension n — 1, homotopy equivalent to a bouquet
of spheres of dimension n — 1; see Farmer [24], Bjorner and Wachs [13]. Conse-
quently, its homology ﬁ.(K [n]) is concentrated in dimension n — 1, and coincides
with ker 8[,1]1”,1.

On the other hand, the Hopf trace formula (see [77, Theorem 2.3.9]) gives the
following identity of virtual characters for any finite group acting on K{,;:

S D) H(Kp) = > (=1 Kpyie
i>—1 i>—1

From this we conclude that

(39) ker 8[n],n—l = Z (_1)n_i_1K[n],i~

i>—1

Using this expression (39), the two recurrences in the proposition will follow after
deriving recurrences for &,, and &,, x Zz-structures on the chain groups K, ;.
The recurrence as characters of &,, takes the form

oo x (™ ifi=—1
[n],l K[n—l]ﬂ'—l * X(l) lfl 2 O

This is because as RG,,-modules one has the general description

1+1 factors
The recurrence as characters of S,, X Zs takes the form
X iti=—1
Ky = ¢ XUy ifi=0
K92 % (X(Q)’f + x(12)’+) if i > 1.

To understand this, note that the Zs-action reversing the positions in injective
words of length 7 + 1 decomposes according to the cycle structure of the reversing

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



VI.7. (6n X Z3)-STRUCTURE OF THE FIRST KERNEL 7

permutation wy in &;41. This allows one to describe the chain groups via the
induction product as follows: as R[S,, X Zs]-modules,

Kppyi = RO
RSy *--- x RGy if 4 is odd,
—_——

o~ X("—i—l)r‘r % =
RSy % --- x RGy xRS, if 7 is even.
—_——

L factors

i
3 factors

Also note that
RG; = X(1)7+

RG, = ¢ 4 X(12)’+-
It only remains to explain the last term on the right in ([B8]), arising from the
following computation:

(1) Ko + (=1)" Ky, o1 = (1) (0705 (Dt — ()
— (_1)nflx(n71,1),+ 0

Combining this with [Corollary VI.5.1] immediately gives the following version
of the same recurrences, which are again analogues of the derangement recurrences

[36d] and 367l
COROLLARY 7.2. Considered as a virtual character of &,
(40) ker [, = ker 7, _q) * X 4 (=1)" (1,
Considered as a virtual character of &, X Zs,

(41)  kermp, = ker mp, o) * (X(Q)’Jr + x(12)’7) + (—1)"*1)((2’1"_2)*. O

COROLLARY 7.3. The kernels of the two maps ) and O] n—1 both have di-
mension dy, the number of derangements in &,,. Furthermore, both have the di-
mension of their Za-isotypic components equal to d}, d,, the number of even, odd
derangements in S, respectively.

PRrROOF. The first assertion follows upon comparison of the recurrence ([B7) with
B6dl

For the second assertion, note that (B8] implies that the dimensions d; d- of

n»'n

the Zy-isotypic components of the kernel of 7, satisfy for n > 2 the recurrences

it = (5)dat (5)da+ 0 =)

s n\ s n\ s
ir = (5)dia+ (5)do s
Subtracting these gives for n > 2,

di —dy = (-1)""(n 1) =d —d,

where the last equality is One can directly verify that this holds also for
n = 0,1. On the other hand, by the first assertion of the corollary, one has

df +d; =d, =df +d,

3

and hence one concludes that dAfz =d, for e =+, —. ]
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8. (6,, X Zy)-structure of the kernel filtration

We continue our study of the (&,, x Zy)-structure of the filtration factors F, ;
in ([28)). The following proposition is a straightforward special case of @] and will be
used in the proof of [Lemma VI.8.3land [I'heorem VI.8.5

PROPOSITION 8.1. For any finite set A and 0 <i < j <k < |A|, one has

k—1
TAGiOTAks = | . .| TAk-
]—’L

We first use this proposition in the proof of a technical lemma.

DEFINITION 8.2. Given a set A, let (‘]4) denote the collection of all j-element
subsets J of A. Given J in (?), define an R-bilinear concatenation product
RGJ X RGA\J —>R6A
by sending (u,v) to v e v = (u1,...,u;,v1,...,V,—;); that is the permutation
sending ¢ tou; if 1 <i<janditov,_;if j+1<¢<n.
LEMMA 8.3. For any J in ([?]),
ker 7y C 300 (T )

PROOF. Let u,v be permutations in &, &)\ s, respectively. Then their con-
catenation product u e v in RS, has the following image under () ;, n—;:

T[] nn—j (U @ V) = g oD
subwords 4,0 of u,v:
L(w)+L(v)=n—j

= Z U ® () mn—j—e(a) ()-

subwords 4 of u

Now assume z lies in ker )\ j. Since )\ 7 :=T[n)\ J,n—j,n—j—1,[Lroposition VI.8.1]
shows that x also lies in ker 7} , ,—j—¢ for every £ > 1. Therefore,

Tlnn—j(uez) = D Ao T nn (@) =2
subwords 4 of u

as only the empty subword & = @ can contribute in the sum above. Thus x lies in
im Tn],n,n—j- O

We will also need one simple general linear algebra fact.

PROPOSITION 8.4. Given any linear maps A RN BN C, the map f induces
an isomorphism

A/ ker(f) = im(f)

which restricts to an isomorphism

ker(g o f)/ker(f) = f(ker(go f)) = im(f) Nker(g). O

THEOREM 8.5. For each j =0,1,...,n, the map
)
Tl i RSy — R = () RS
7e('})
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induces an R[&,, x Zg]—module isomorphism

(42) @ ker(m = kermp,_j * Xt
Je(h)
PROOF. Since 71 5,n—; is a map of R[&,, x Zs]-modules, one needs only show

it is an R-linear isomorphism. We prove this by a dimension-counting argument,
beginning with a chain of equalities and inequalities justified below:

Z dlmRker( [n]\J)
7<()

< Z dimg im (7 70, —5) N ke (7] n,n—5)
3=0

n

= Z dimR ker(ﬂ-[n],nfj,nfjfl 9} W[n],n,nfj)/ ker(ﬂ'[n]’n’n,j)

S
HM§ T
o

3=0

)

= Z dimg ker (7] n,n—j—1)/ ker(Tn) n,n—j)
=0 —

©

= nl

Equality (1) is [36g] Equality (2) comes from [Corollary VI.7.3] Inequality (3)
comes from the inclusion
(43) @ ker(ﬂ[n]\J) - lm(ﬂ[n] n,n— ]) N ker( [n],n,n—j)
se()

implied by [Lemma V.83 Equality (4) comes from [Proposition VI.8.4] applied to
the composition

RS, L (N RGpy, L (N RS k.
JG([W]) KG( [n] )

Equality (5) comes from [Proposition VI.8.1] Equality (6) comes from telescoping
the dimensions of the factors F), ; in the filtration 2§ of RS,,.

One concludes that the inequality (3) is actually an equality. Hence the set
inclusion M3l must actually be an equality of sets. Since Equality (4) was mediated
by the map f := 7}, nn—j, the desired conclusion follows. |

Combining [Theorem VI.8 5 with [Corollary VI.7.3|and [B6g]immediately implies
the following.

COROLLARY 8.6. The factor F, ; in the filtration [28)) has dimension equal to

the number (?)dn,j of permutations with exactly j fixed points. Furthermore, its
Zo-isotypic components have dimensions ( )d:{ o (@)d:hj equal to the number of
even, odd permutations with exactly j ﬁxed points.
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9. Desarrangements and the random-to-top eigenvalue of a tableaux

There is a well-known R&,,-module decomposition of the group algebra

RS, = @ Xshape(Q)
Q

where @ runs over all standard Young tableaux of size n. The next two sections
refine this in two ways. The current section first reviews Désarménien and Wachs
[22] notion of desarrangements, as well as some of the unpublished work [50]. In
particular, it is shown how to assign to each tableau @ an integer eig(Q) such that @
contributes the &, -irreducible x*"2Pe(@) to the kernel filtration factor F cig(@)- In
the next section, we refine this further to give the R[S,, x Zs]-structure, defining a
sign €(Q) such that Q contributes the &,, x Zo-irreducible x*hPe(@):<(@) o Fy cig(Q)-

We begin by recalling some well-known definitions about ascents/descents in
permutations and tableaux.

DEFINITION 9.1. For a permutation w in &,,, say that ¢ in {1,2,...,n — 1} is
an ascent (resp. descent) of w if w(i) < w(i + 1) (resp. w(i) > w(i + 1)). We will
furthermore decree that n is always an ascent of any w in &,,.

For a standard Young tableau @ of size n, say that 7 in {1,2,...,n — 1} is an
ascent (resp. descent) of @ if i + 1 appears weakly to the north and east (resp.
south) of i, using English notation for tableaux. Again we decree that n is always
an ascent of @ for any @ of size n.

Let SYT,, denote the set of all standard Young tableaux of size n, and say that
such a tableau @ has size(Q) := n.

Recall that the Robinson-Schensted algorithm is a bijection
S, — {(P,Q) € SYT? : shape(P) = shape(Q)}.

This algorithm has many wonderful properties, and relations to Schiitzenberger’s
jeu-de-taquin. We refer the reader to Sagan’s book [54, Chapter 3] for background
on some of these. For a w € &, we denote by P(w) and Q(w) the standard
Young tableaux such that under the Robinson-Schensted algorithm we have w +—
(P(w), Q(w)). Among the wonderful properties mentioned above is the fact that
when w — (P(w),Q(w)), then w shares the same set of ascents and descents as

Q(w).

PROPOSITION 9.2. For Q in SYT,, (resp. w in &,,), there exists a unique value
J lying in {0,1,2,...,n — 2,n} such that
e 1.2,...,5—1 are ascents in Q, and
e if Q) has at least one descent then the first ascent among j+1,7+2,...,n
i Q occurs at a value 7+ k with k even.

The value of k is unique provided that Q) has at least one descent.

We denote these unique values by eig(Q) := j and k(Q) := k; and we set
kE(Q) := 0 if @ has no descents.

PRrROOF. We give the proof in the case of tableaux; the case for permutations
is similar, and also follows from the property of the Robinson-Schensted algorithm
mentioned above.

If @ is empty, so that n = 0, then one is forced to take (j,k) = (0,0).
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If @ is non-empty then it contains a unique maximal subtableaux of the form

1 2 s -1 l

{41

142

{4+m

for which ¢+ m is an ascent. Here £ > 1 and one allows the possibility that m =0
or that £ 4+ m = n, the size of ). Then one is forced to choose

. l,m if m is even,
(4 k) = (Gm) I O
({—1,m+1) if mis odd.

DEFINITION 9.3. Say w is a desarrangement if eig(w) = 0.
Say @ is a desarrangement tableau if eig(Q) = 0.

We will use the notion of jeu-de-taquin slides on skew tableaux; again see [54]
Chapter 3|. Given a standard Young tableau Q, its (Schiitzenberger) demotion will
be the tableau demote(Q) obtained by replacing the entry 1 in its northwest corner
with a jeu-de-taquin hole, doing jeu-de-taquin to slide the hole out, and subtracting
1 from all of the entries in the resulting tableau.

PROPOSITION 9.4. For 1 < j < n—1 the map Q — (demote’ (Q),shape(Q))
gives a bijection R
{Q e SYT,, :eig(Q) = j} — {(Q, 1)}
in which on the right side, Q is a desarrangement tableaux of size n — j, and u is
a partition of n, such that the skew shape u/ shape(Q) is a horizontal j-strip.

PROOF. We describe the inverse map. Start with (Q, 1) and do outward jeu-
de-taquin slides on Q into the cells of 1/ shape(Q), from left-to-right. Then add j
to all of the entries in the result. Properties of jeu-de-taquin [54] Exercise 3.12.6]
imply that the sliding will have created j empty cells in the first row, which one now
fills with the values 1,2, ..., . The resulting tableau @ will have eig(Q) = j. O

The assertion of the next theorem appears for j = 0 in [51l Proposition 2.3,
and for j > 0 in the unpublished work [50].

THEOREM 9.5. As R&,,-modules, the j' filtration factor F, ; from @8) has
irreducible decomposition
D hape(@).

QESYT,, eig(Q)=j

Proor. Temporarily denote by U, ; the direct sum appearing above. We first
prove it is isomorphic to F,, ; for j = 0, so that Q) runs over desarrangement tableaux
in the direct sum, by checking that U, ¢ satisfies recurrence (@Q); cf. [51 proof of
Proposition 2.3].
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When n is even, we must show that
Upo = Up_10*x® +x1".

The usual Pieri formula B4] shows that the term U,_1 o * x) on the right give
rises to all desarrangement tableau of size n which are obtained by adding one cell
labelled n from a desarrangement tableau of size n — 1. The only desarrangement
tableau of size n it will not produce is the desarrangement tableau

1

that appears on the left, accounted for by the term x(1") on the right.
When n is odd, we must show that

Un,O + X(ln) = Unfl,O * X(l)

Again the term U,_1 0 * x") on the right give rises to all desarrangement tableaux
of size n which are obtained by adding one cell labelled n from a desarrangement
tableau of size n — 1. Because n is odd, this accounts for all of the terms in U, ¢ on
the left. However, it also produces one extra non-desarrangement tableau, namely

1

accounted for by x(1") on the left.
For j > 1, it suffices to check that U, ; satisfies the relation

Un,j = Unfj,O * X(n_j)

which one knows is satisfied by F,, ; by forgetting the Z-action in (42). This follows
from the Pieri formula B4] and [Proposition VI.9.4] (Il

10. Shaving tableaux

The goal here is to define a sign €(Q) = £1 so that a standard Young tableau Q
having eig(Q) = j contributes the irreducible R[&,, x Zy]-module y*P2Pe(@):<(@) to
the filtration factor F}, ;. The idea is to define the sign first for a very special class
of desarrangement tableaux, which will form the base case when extending the sign
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inductively to all desarrangement tableaux, and finally extend the sign using the
demotion operator to all tableaux.

DEFINITION 10.1 (Shaven desarrangement tableaux). Define the following three
kinds of shaven desarrangement tableaux in @ in SYT,,.

(1) When n = 0, define the empty tableau @& to be shaven.
(2) When n is even and at least 4, define the following desarrangement tableau
Q"™ to be shaven:

(3) When n is odd and at least 3, define the following desarrangement tableau
Q(f) to be shaven:

n—1

Call any other desarrangement tableau not in one of these three special forms
g, Q(j‘), Q(,n) an unshaven desarrangement tableau.

Unshaven desarrangements can be “shaved” down to shaven desarrangements
due to the following proposition.

PROPOSITION 10.2. Any unshaven desarrangement tableau @ has size at least
2, and the tableau Q obtained from @ by removing the largest two entries {n —1,n}
is again a desarrangement tableau.

PROOF. An unshaven desarrangement tableau @ in SYT,, must be non-empty,
so that n > 1. Since there are no desarrangements of size 1, one must have n > 2.
If the tableau Q obtained by removing its two largest entries {n — 1,n} is not a
desarrangement tableau, then n — 1 must be the first ascent of @), and be even.
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This forces @ to be the shaven desarrangement tableau Q(j‘) for some odd n > 3,

a contradiction. ]
DEFINITION 10.3. Define the sign ¢(Q) for @ in SYT,, inductively as follows.

e In the base case, @@ is one of the three kinds of shaven desarrangement

tableaux from [Definition VI.10.1l for which we decree

+1 Q=0
Q) :=3+1 ifQ=qQM
~1 ifQ=Q"

e If @ is an unshaven desarrangement tableaux, let Q be the tableau ob-
tained from @ by removing the largest two entries {n — 1,n} (so that
Q is again a desarrangement tableau by [Proposition VI.10.2) and define
inductively

(Q) = {+€(Q) if {n —1,n} form an ascent in Q

—€(Q) if {n —1,n} form a descent in Q
e If @ is not a desarrangement tableaux, so j := eig(Q) > 0, define induc-
tively
€(Q) := e(demote’ (Q)).

EXAMPLE 10.4. We compute the sign €(Q) for this tableau @ in SYT;5: One
can check that j := eig(Q) = 3, so @ has the same sign as the desarrangement
tableaux obtained by applying the demotion operator 3 times From this unshaven
desarrangement tableau demote’ (@), one can

first “shave” the descent pair {11,12},

then the descent pair {9, 10},

then the ascent pair {7, 8},
leaving as a result the shaven desarrangement tableau Since there were two descent
pairs shaved, the original tableau @ has sign

(@ = (-1 ¢(Q¥) = -1.

THEOREM 10.5. As an R[S, x Zs]-module the j'" filtration factor F, ; from
@8)) has irreducible decomposition

D @@,
QeSYT,:

eig(Q)=j

PROOF. We follow roughly the same plan as in the proof of
Temporarily denote by U, ; the direct sum in the theorem. Assume for the moment
that we have shown Fj, ¢ is isomorphic to U, . Then for j > 0, it suffices to check
that U, ; satisfies the relation U, ; = U,—j o * xY) from ([@2). This follows from the
Z»-Pieri formula (B3] and the fact that demotion respects signs.

Thus it only remains to show U, o = F,, o for j = 0. In other words, we wish
to show that the sum of y*"2Pe(@):€(Q) gyer all desarrangement tableaux Q satisfies
the recurrence ({Il).

When n is odd and at least 3, we must show that

U’Il,o - U’I’L—27O *k (X(Q)F‘F + X(lz)vf) + X(211n—2))+.
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This follows because most of the desarrangements @ in SYT,, which appear on the
left are unshaven, with {n — 1, n} forming either an ascent or descent. The Z,-Pieri
formula (B3] shows that these terms are counted with appropriate sign €(Q) by a
term of Up_g 0 * @&t or Un—2,0 * X(12)’7 on the right. The only term on the left

which is shaven is Q(f), and is accounted for by the extra summand X(2’1’”72)’+ on
the right.
When n is even, we must show that

n—2 2
Uno + XV D% = Uy g+ (X<2),+ +, >,—)

This again follows because most of the desarrangements () in SYT,, which appear on
the left are unshaven, with {n — 1, n} forming either an ascent or descent, in which
case the Zo-Pieri formula ([B5) shows that they are counted with appropriate sign
€(Q) by a term of U, g% X or U, _2 +x(*):~ on the right. But there are two
other terms x(2’1n72)’+ + X(2’1n72)>_ on the right, which will be generated from the
term inside U,,_2 o for the desarrangement tableaux having a single column of length
n—2. Correspondingly on the left, there are two other terms y(21" )= 4y (21" 7?)+

the first coming from the unique shaven desarrangement of size n, namely Q(f), and
the second coming from the extra summand on the left. O

11. Fixing a small value of k£ and letting n grow.

With the help of Sage [68] we computed the decomposition of the &,-modules
afforded by the eigenspaces of the operators v 1n—xy. We present this data in

[Figure 4] through as follows:

e to enhance the presentation, every zero has been replaced by a dot;

e each row of the table corresponds to a subspace E in a decomposition of
RS, into &,,-modules,

e the horizontal lines partition the rows into blocks of rows whose corre-
sponding subspaces F contribute to F;, ; for a fixed j, for j = n,...,1
reading from top to bottom,

e the entry in the column indexed by v(j, 1»-x) is the eigenvalue of v, 1n—x)
on FE;

e the entry in the column indexed by wy is the eigenvalue for the Zs-action
on E;

e for n < 5, the entry in the column indexed by the &,,-irreducible x*
the tableau from [Theorem VI.10.5] that contributes x* to the &,,-module
afforded by FE, whereas for n > 5 the corresponding entry is just the
multiplicity of x* in E.

For n < 5 the quantities eig(Q), €(Q) and shape(Q) determine the placements of
the tableaux in the tables, with the exception of the two tableaux marked by T in
(they share the same eig- and e-statistic). For n > 5 there is much more
ambiguity.

We now highlight some patterns that jump out from this data.

For a fixed value of k, as n grows large, most of RG,, will be swallowed up in
the 0-eigenspace (kernel) of v/, 1n-#) according to [Example TV.6.3] For example, it

shows that the non-zero eigenspaces im v, 1»-~) comprise a representation of the
form v x 1,,_j for some G-representation 1. Hence the Pieri formula shows that
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&,,-module V,,; &, -irreducibles x eigenvalue of v(j, 1n-ry on P
V() V(2,1m-2) V(3,1m-3)
Vi x™ (=1 (-2 (3)(n-3)
s y(n=1.1) 0 (n;rzl)! (nzl)!
R o B (e
X(nflﬁl) 0 0 (n;r!2)!
- X(n—2,2) 0 0 (n;rol)!
X(n72,1,1) 0 0 (n6+01)!
x(=3:21) 0 0 %

FIGURE 3. (Conjectural) decomposition of the non-zero eigenspaces of
v(ry, V(z,1n-2y and v in—3) into irreducible RG,-modules
together with their eigenvalues; c.f. [Conjecture VI.11.1}

any irreducible x* that occurs within it must have n — A\; < 2k, that is, most of its
cells will live in the first part Ay when n grows large.

For k=1,2, 3, one can certainly easily write down exactly which &,,-irreducibles
occur outside the kernel of v(; 1n-#), segregated by the subspaces V,, ; from 29 in
which they will occur. However, even for k = 2,3 it is already not immediately
obvious how they will segregate further into simultaneous eigenspaces, nor is it
obvious what will be their corresponding eigenvalues as a function of n. The data
suggests the following conjectural table summarizing the story for k = 1,2, 3. It is
correct for k = 1, and probably not so hard to prove for k¥ = 2, 3 by brute force (i.e.
write down the eigenvectors explicitly), but we have not tried.

CONJECTURE 11.1. For v(iny, V(2 1n-2) and v(31n-3y, all of the non-zero eigen-
spaces can be simultaneously described by subspaces carrying irreducible RS, -modules
described in the second column of and having eigenvalues as shown in the

remaining columns.

The form of the eigenvalues in this last table suggests the following somewhat
vague stability conjecture, in the spirit of the representation stability recently dis-
cussed by Church and Farb [19].

CONJECTURE 11.2. There exists an infinite sequence of partitions A\', A2, ... and
positive integers jt, jé, ... with the following property. For each positive integer n,
there exist a positive integer T(n) and subspaces Ein), Eén), ES(LT)L C RG,, such

that

)

o Ei(n) carries the &, -irreducible indexed by the partition

AN+ (n—|A",0,0,...,0)
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° Ei(") is a simultaneous eigenspace for the operators v(iny, Vi 1n-2), - -,

V(n—1,1) With eigenvalue for v(; n-;y described by

0 if1<j<jh
FEM ) #0 ifji<j<n

where f(Ei(n),j) are functions for which

JE™, )
FET )
is a rational function of n of total degree 1
1
° (@:&i) Ez(n)) C RS, lies in the common kernel of v(iny, V(2,1n-2), - -
Vin-1,1)-

12. The representation (11

We next focus on the x("D-isotypic component for the eigenspaces of V(k,1n+);s
reasoning using our block-diagonalization This allows us to piggyback on com-
putations of Uyemura-Reyes for the case k =n — 1.

PROPOSITION 12.1. Forj =0,1,2,...,n—2, the x""~ 1V _isotypic component of

RG,, intersects the summand V,, ; in 29 in a single copy Vrfzfl’l) of the irreducible
(n—1,1)
X .

(_lyl) — )
nz for j = 0,1,2,...,n — 2 lies

within a single eigenspace for any operator v, 1n-x), and carries an integer eigen-
value for any of these operators.

Consequently, each such intersection V.

PROOF. There are exactly n—1 standard Young tableaux @ of shape (n—1,1),
determined completely by their unique entry m in {2,3,...,n} lying in the second
row of the tableau. One can check that such a @ has j := eig(Q) = m—2, and hence
this accounts for exactly one copy of x("~11) within Vi,jforeachj =0,1,2,...,n—
2, proving the first assertion.

For the second assertion, note that this multiplicity-freeness allows one to apply
[Proposition 1.3.1] to each of the subspaces U = Vrg’nj_l’l). (]

Uyemura-Reyes provided a complete set of x("~LD-isotypic eigenspaces for
V(n—1,1) using evaluations of discrete Chebyshev polynomials, and computed their
eigenvalues for v(,_1 1) explicitly using the Fourier transform which also yields
an alternative proof of the reduction in[§IL.7] [76] §5.2.1]. Because these eigenvalues
turned out to all be distinct, this implies that the entire family of operators v(j, 1n—#),
for k =1,2,...,n — 1, when restricted to the y("~ D isotypic component of RS,
become polynomials in the single operator v, _1 ;). Hence they all share these same
x "~ L D isotypic eigenspaces which he constructed.

The following conjecture about their common eigenvalues on these spaces is
consistent with Uyemura-Reyes’s eigenvalue calculation for &k = n — 1, and with our
data up through n =9, but we have not tried to prove it.
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FIGURE 4. &,-module decomposition, for 2 < n < 4, of the eigenspaces
of V(g 1n—r).
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CONJECTURE 12.2. The eigenvalues of vy, 1n—ry on the Y=Y Lisotypic com-

ponent of RG,, are
n—r—1\/n+r
— k)
(n k)'<k—r—1> (k+r)

forr=1,2....n—1.
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FIGURE 5. The &s-module decomposition for the operators v 1n—&y.
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APPENDIX A
S,-module decomposition of v jnr

We include here the &,,-module decomposition of the simultaneous eigenspaces
for the operators v(iny, V(g 1n-2), ... V(n_1,1) for 6 < n < 8. See for an
explanation of the presentation of this data; and [Figure 4] and [Figure 5| for the
decomposition for 2 <n < 5.

51 411 42 3111 321 21111 33 2211 222 111111

vas) Veahy Vsas) Yar) Ve wo | xXE X" XM X x P2 x XX 2 x
4320 5400 2400 450 36 1| 1
840 840 252 28 1] - 1 -
120 300 144 22 1| - . 1
336 168 24 1| - 1 .
68 112 20 1| - - - 1
84 84 18 1 1. .
48 57 15 1 . 1
56 16 1 1 -
2 141 1 .
21 11 1 . 1 .
12 s 1 . 1
6 8 1 1 .
72 18 -1 1
56 16 -1 1
0 14 -1 1
35 13 -1 1
30 12 -1 1
24 12 -1 1
15 9 -1 1
“ 10 -1 1
10 8§ -1 1
0 1 '
9 1 11
8 1 . 1 1 .
71 1
6 1 1 1 S .
5 1 1
41 1 1 . .
3001 T . 1
2 1 . 1
9 1 T
8 1 1 1
71 . . 1
6 -1 1 1
5 -1 . 1
4 . 1
3 1 1 1
2 1 . 1
1 1 2 3 3 1 1 2
-1 1 2 1 1 3 12 3 1

FIGURE 1. The Gg-module decomposition for the operators vy, yn—#y.
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Indf[ induction of a representation from the subgroup H to the group
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Ao (x) eigenvalue Idempotent for character xy in QW , page 16
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exterior, cohomology
free, algebra,
free Lie, group, 4
group, Whitney, 511
Hecke, commutant algebra,
invariant, commutative algebra,
Lie, complement of an arrangement, [7]
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dividers, involution, [IT]
irreducible
eigenspace module, @
generalized, real reflection group, M2}
eigenvalue integrality principle, irreducible representation, 1
essential hyperplane arrangement, [7]
Eulerian jeu-de-taquin,
idempotent, slides, [B1]
subalgebra, )
exterior algebra, lattice
geometric, [7]
faces of an arrangement, [37] intersection, [
Ferrers diagram, set partitions,
Fourier transform, [I6] left-regular band, EI]
free Lie algebra, Lie
Frobenius algebra,
characteristic map, [54] free, Bl [54]
reciprocity, [74] character,
fundamental Lie algebra
chamber, [I1] free,

linear character, [LGl

quasisymmetric functions,
linear ordering polytope, Bl B4]

Gelfand model, localized arrangement, [T}
generalized eigenspace, longest element, [T
geometric lattice, [1 Lyndon
group factorization,

algebra, type,

cochain, word, [54]

real reflection, B
reflection, [3]
symmetric, [

Mobius function, [44]
major index,

Weyl meet semilattice, 4]
’ minimal polynomial,
Hecke algebra, module
twisted Hecke, absolutely irreducible,
Hodge decomposition, irreducible, @

homogeneous symmetric function, multilinear part,

Hopf trace formula, E5]
hyperplane, [ [
reflecting, [
hyperplane arrangement, [7]
central, 48]

non-desarrangement standard Young
tableau,

noninversion number, [ [

number of descents,

number partition, @l

idempot.ent open interval, @4
Eulerian, 50 orbital, 24]
. oy (@] ’
‘ prlhmltlve7 (1Ee)\ order complex, 4]
identity chamber, @ [IT] Orlik-Solomon
incidence coefficients, algebra,
b

increasing subsequence, [l

presentation, 53]
induction product, [73]

injective word, [T1] parabolic subgroup,
complex, [T partition
intersection lattice, [ [ conjugate,
intersection subspace, [T number, 4
interval set,
open, [44] permutation
invariant ascent,
algebra, descent, B0
inversion, pattern, [
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Pieri formulae,
plethysm,
Poincaré-Birkhoff-Witt theorem,
polytope

0/1,B34

linear ordering, [ [34]

zonotope,
poset

Cohen-Macaulay,
positive root, [27]
primitive idempotent, [[5] 16 I8 19
pulled face, 37

quasiorder, Bl
quasisymmetric function,

random

-to-random shuffle, [l

-to-top shuffle,

walk, 21
real reflection group, [3]

irreducible, [[2}
reduced word, (1]
reflecting

hyperplane, [I8H20 26]

arrangement, [[T]

reflection, [I0l

group, [3)

real,

orthogonal, [0
representation

irreducible, B1]
restriction arrangement,
reversed word, [T1]
Robinson-Schensted algorithm,
root,

Schiitzenberger demotion,

semilattice
meet, [T

set partition,

shuffle

random-to-random, []
random-to-top,
sign character, [IT]
simplex
standard, [34]
simplicial complex, [44]
simply transitive, 1]
skew tableau,
splitting field,
standard simplex, [34]
standard Young tableau, [70} [80]
ascent,
descent,
major index, [0}
non-desarrangement,
shape,
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skew,
subalgebra
Eulerian,
subspace arrangement, [48]
symmetric algebra,
symmetric function,
homogeneous,
symmetric group, [l

tensor algebra,
top element,
trivial character, [T
twisted
Gelfand pair,
Hecke algebra,
type of a partition,

wall, [[3] 20,
Weyl group,
Whitney cohomology, [l 511
word
injective, [71]
Lyndon, 54
reduced, 4]
reversed, [71]
wreath product, [54]

Young subgroup,

zonotope,
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