LAURENT PHENOMENON SEQUENCES

JOSHUA ALMAN, CESAR CUENCA, JIAOYANG HUANG

ABSTRACT. In this paper, we undertake a systematic study of recurrences m+4nZm = P(Tm+1,. -, Tmtn—1)
which exhibit the Laurent phenomenon. Some of the most famous among these sequences come from the
Somos and the Gale-Robinson recurrences. Our approach is based on finding period 1 seeds of Laurent
phenomenon algebras of Lam-Pylyavskyy. We completely classify polynomials P that generate period 1
seeds in the cases of n = 2, 3 and of mutual binomial seeds. We also find several other interesting families of
polynomials P whose generated sequences exhibit the Laurent phenomenon. Our classification for binomial
seeds is a direct generalization of a result by Fordy and Marsh, that employs a new combinatorial gadget
we call a double quiver.

1. INTRODUCTION

The goal of this paper is to understand the Laurent phenomenon (] ]) appearing in Somos type recur-
rence relations, i.e., sequences xg, 1, X2, . . . defined by recurrences of the form
(1.1) TmTman = P(Tmat1, Tma2s - oy Tmtn—1), m=0,1,2,...

where P is a polynomial. The prototypical example of such a sequence is the Somos-n sequence, given by
the recurrence

ITmIm4n = g Tm+iTm4n—i
1<i<3

Another key example is the Gale-Robinson sequence, which is given by the recurrence

(12) Tm4nTm = OTmirTmin—r ﬂmm-i-pxm—i-n—p + YTm4qTm+n—q;
for some p,q,r >0 with p+q¢+r =n.

It is clear that terms of these sequences can be written as rational functions of the first n terms. Remarkably,
in a Somos-n sequence, for 1 < n < 7, or any Gale-Robinson sequence, each term can, in fact, be written
as a Laurent polynomial in the first n terms. This Laurent phenomenon for Gale-Robinson sequences was
first proven in ['Z1]. They initated a study of Somos-type recurrences related to cluster algebras.

In [F'M], these types of sequences are studied as exchange relations in cluster mutation-periodic quivers. If
mutating at a vertex v in a quiver ) results in a rotation of (), then the exchange polynomial P associated
with v yields a sequence of the form (1.1) exhibiting the Laurent phenomenon. It is found in [F')M] that
2-term Gale Robinson sequences, which are of the form (1.2) with v = 0, are exactly the polynomials P
we can obtain in this way.
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However, there are limitations to what the exchange polynomials can be in a cluster algebra; they need to
be binomials which come from a quiver. Gale-Robinson sequences and other natural examples show that
the Laurent phenomenon can hold when P has other forms. Lam and Pylyavskyy introduced in [LP] a
generalization of cluster algebras that removes these constraints called Laurent phenomenon algebras, or
LP algebras. They showed that LP algebras exhibit the Laurent phenomenon, which will imply that a
period 1 LP algebra yields a Laurent phenomenon sequence.

In this paper, we study LP algebras arising from period 1 seeds to find more far-reaching results than
[F'M]. We prove classification results for period 1 seeds when n = 2,3, and also for mutual binomial period
1 seeds. As exchange polynomials in a cluster algebra are all binomials, the latter mentioned result will
generalize the classification theorem in [I'\] by taking advantage of the lessened constraints of LP algebras.
In fact, our classification is described using a generalization of quivers that we introduce, called double
quivers, which operates within the machinery of LP algebras. We also give large families of polynomials
that generate period 1 seeds. For many of these, to the best of our knowledge, the Laurent phenomenon
had not been proven. Similar to [FM, §9], we also investigate conserved quantities, k-invariants and
(multi)linearizations of these families, which yields insights into their integrability.

The remainder of the paper is organized as follows. In Section 2, we introduce the relevant notions of LP
algebras. We give an algorithm that, given a polynomial P, finds the unique candidate for a period 1 LP
algebra, and would show that (1.1) has the Laurent phenomenon. We also link to our implementation
of the algorithm in Sage. In Section 3, we summarize our results. In Sections 4 and 5, we prove our
results about mutual binomial seeds and small n, respectively. In Section 6, we give the period 1 seeds
corresponding to our families of examples. Finally, in Section 7 we investigate the conserved quantities
and integrability of some of these recurrences.

2. LAURENT PHENOMENON ALGEBRAS

Before we state our main results, we introduce period 1 Laurent phenomenon algebra seeds and their
important properties.

2.1. Seeds and Mutations. In this subsection, we define Laurent phenomenon (LP) algebras and related
notions from [[.P].

Let F be the field of rational functions in n independent variables over Q. A seed t is a pair (x,P)
where:

e x = {xg,...,Tn_1} is a trascendence basis for F over Q.

e P={P,...,P,_1} is a collection of polynomials in P = Z|xo, ..., z,_1] satisfying:
(LP1) P; € P is irreducible and is not divisible by any z;.
(LP2) P; does not depend on x;.

Equivalently, if we denote by P; the polynomials in P that satisfy (LP1) and (LP2), then we say that a
seed (x,P) consists of a collection of pairs (z;, P;), 0 <i <n — 1, such that P; € P; for all 1.
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Borrowing terminology from the theory of cluster algebras, the set {zg,...,z,—1} is called a cluster, each
of xg,...,x,_1 is called a cluster variable, and the polynomials Fj,..., P,_1 are the associated exchange
polynomials.

We now define mutation in LP algebras. For k € {0,...,n — 1}, we say that a seed (x',P’) is obtained
from (x,P) by mutation at k, which we denote ui(x,P) = (x',P’), if ¢’ = (x/, P’) comes from t = (x,P)
via the following sequence of steps:

(1) Let L(t) = Z[xaﬂ, ...,x>1.] be the Laurent polynomial ring in the cluster variables. Define the

n—1

exchange Laurent polynomials {]30, el 13,1_1} C L(t) to be the unique set of Laurent polynomials
satisfying:
e For each j € {0,...,n — 1} there are ai,...,aj-1,aj41,...,an—1 € Z<o such that ]3] =
it 3:?7:11 :U?fll e =
e Foreach i,j € {0,...,n—1} with i # j, if we let £;(t) = Z[moﬂ, .. .,:L‘;t_ll,:cil,x;til, . ..mfﬁl],

then we have ]3i|mjgpj/x € L;(t) and ]3i|mjgpj/x is not divisible by P; in £;(t).

(2) The new cluster x’ = {xzg,...,z],_;} is given by:

/ €Ty if ¢ 7& ki,
;=14 ~
! Pk/fL’k if 1 = k.
(3) Define the polynomial

Gi=Pj| B

(4) Define H; to be the result of removing all common factors with ﬁk|x]~<—0 from G; (in the unique
factorization domain Z[xo, ..., Tk—1, Tkils-- -, Tj—1,Ljtl,- - - Tn—1])-

(5) Define the new exchange polynomial P]’ = M;H;, where M; is the unique Laurent monomial in
x(, ..., x,_; for which M;H; is not divisible by any Laurent monomial.

(6) The new seed is given by ui(x,P) = (x',P") = ({0, .... 2,1}, {Py:---, P,_1}).
Remark 2.1. If P; does not depend on xy, then G; = H; = P; and M; = 1, implying that P]’ = P;.

All the necessary existence and uniqueness conditions to show that the above mutation gives a unique
valid seed can be found in [P, §2]. We will often abuse notation and write:

,u,o({xo, v ,$n_1}, {P(), ve 7Pn—1}) = ({a:l, ves ,a:n}, {P{, ves 7P711})7

where x,, = z(, and P,, = P, since z} = x; for all 0 < i < n — 1. More generally, we will write:

,UIZ({-TZy cee )xn-‘ri—l}) {-PZ) cee 7Pn+i—1}) - ({x’H—l) ey l‘n-‘ri}u {Pi/-}-la ey P;L-i,-z})v
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where 2, ; = and P)_; = P/. For any seed t, the Laurent phenomenon algebra A(t) is the commutative
subring of Q generated by the cluster variables of the seeds that can be obtained after a finite sequence
of mutations from ¢. We call ¢ the initial seed of A(t). The importance of this definition has much to do

with the next theorem.

Theorem 2.1. [LP’, Theorem 5.1] Let A be a Laurent phenomenon algebra and t = (x,P) a seed of
A. If x = {zg,...,Tn-1}, then any cluster variable of A belongs to the Laurent polynomial ring L(t) =
ZxEt, .. ).

2.2. Period 1 Seeds. In this paper, we are primarily interested in period 1 seeds that will be defined
shortly.

Definition 2.2. For any polynomial P € Q[z_1, xo, x1, T2, ...], the upshift of P is the polynomial
Q = Plyyaiy, vi € Qlxo, w1, 22, .. ]
If P does not depend on x_1, then the downshift is defined analogously:
R=Plycu,_, vi € Qxo,z1,...].

Example 2.3. The upshift and downshift of SCQLE% + x7 — 3x9 are 1133%?1 + xzg — 3x19 and xlx% + x¢ — 3xsg,
respectively.

Definition 2.4. Let t = ({zo,...,Zn-1},{Fo,..., Pn_1}) beaseed and po(t) = ({x1,..., 20}, {P},..., P,})
be its mutation at g (z, = x( and P}, = F;). Then t is a period 1 seed if P; is the downshift of P/, for
all 0 <i<n—1, and P,_; is the downshift of P} (or equivalently of P).

Period 1 seeds are interesting in light of Theorem 2.1, as they provide the machinery to prove that some
recurrence sequences satisfy the Laurent phenomenon:

Corollary 2.5. Let P € Z[x1,...,Tn—1] be any irreducible polynomial, not divisible by any x;. If there
exists a period 1 seed t = ({zo,...,2n-1},{FPo,...,Po_1}) with Py = P, then the sequence {z;}i>o of
rational functions of xq,...,Tn_1, defined by

P(.’L‘m+1, ceey xm-i—n—l)

Tman = . for allm >0,
m

consists entirely of Laurent polynomials.

Proof. The sequence {z;};>0 consists of the cluster variables we get by applying the mutations g, f1, - . -
in order to t. (]

Example 2.6. For n = 3, the polynomial P = x1x9 + 1 is in the period 1 seed {(xo,x122 + 1), (21,20 +
x2), (x2,x0x1 + 1)} and generates the sequence

T19 + 1 2173 + 20 + 72 (122 + 1) (2123 + T0 + T2) + x%xl
o Tox1 ’ z3rq
(2123 + w0 + 32)% + xfz1 (20 + 22)

55 R
THTTT2

Zo,T1, T2,

)
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Corollary 2.7. If P € Z[xy, ... ,xn—1] satisfies the conditions in Corollary 2.5, then the sequence {x;}i>o
defined by
P(x LT _
Tt = ( m+1, s Lm+n 1) for all m > 07
LTm
with initial values x; = 1, for all 0 < i < n, consists entirely of integers. If the coefficients of P are
positive, then the sequence consists entirely of positive integers.

Definition 2.8. For a period 1 seed t = ({zo,...,Zn-1},{Fo, ..., Pn—1}), we will say that ¢ is the period 1
seed generated by Py, or that Py generatest. We call Py a period 1 polynomial, or say that Py is I periodic.

At this point, it is worth noting that the converse of Corollary 2.5 is not true. For instance, consider n = 3
and P(z1,x2) = 1 + 22 + 1. After reading the next section, the reader should be able to easily confirm
that P does not generate a period 1 seed. However, the sequence generated by P is periodic and satisfies
the Laurent phenomenon:
P To + x3 + 1, T1T3+ 1 + 2 + 3 + 1’ T1T2 —I—x% + x123 + roxs + 1 + 229 + T3 + 1’
Z1 ToT1 12223
123+ 21+ T2+ 13 +1 w9+ w3+ 1

’ y L1, X2, T3, ...
oI I

2.3. Generation of period 1 seeds. In this section, we propose a method for obtaining period 1 seeds
generated by particular polynomials, using a variant of the method in | ].

Given a polynomial P € Py = Z[x1,...,Tn_1], we define a map 7 = 7p : P — P, which takes polynomials
in P; to polynomials in P;_y, for all ¢ > 0. If Q € P;, then 7p(Q) € P;_; is computed according to the
following algorithm:

(1) Let G:G(:pl,...,fﬂ\i,...,xi) :Q eplxlio GP[ n+1]
o= 1o

(2) 2,—0 € d = ged(G, (Plz,;=0)%) in Z[21,..., T4, ..., 7p_1] for

some sufficiently large k € N, then let H = G / d.

(3) Finally, define TP(Q) to be the downshift of M H, where M € L(x1,...,Z;,...,%y,) is such that
MH € Z[z1,...,%;,...,z,] and M H is not divisible by any z;.

Remark 2.9. If QQ does not depend on xg, then H =G = Q, M =1 and so 7p(Q) is simply the downshift
of Q.

It is not immediately clear that 7 maps polynomials from P; to P;_; for all . The two propositions below
show that this is the case.

Proposition 2.10. If Q € P;, then R = 7p(Q) does not depend on x;_1.

Proof. If P; does not depend on z, the statement follows because P;,_; = 7(P;) is the downshift of P;.
If P; depends on z1, then in the computation of 7(P;), we define G as the Laurent polynomial resulting
from replacing x¢ in @) by an expression wherein we made the substitution x; = 0. In particular, G does
not depend on x;. Then, H does not contain x; and neither does M, by definition. Hence, P;_1 = 7(F;),
which is the downshift of M H, does not contain x;_1. O
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Proposition 2.11. If Q € P;, then R = 7p(Q) is irreducible in P and is not divisible by any of the x;.

Proof. From the definition of 7, it is clear that R = 7(Q) is not divisible by any ;. It then suffices to
show R is irreducible. This is clear if () does not depend on g, so assume () depends on xg. Write

Q=Y fuxf,
k

where fi, € Z[z1,...,T4, ..., xp_1] for all k. Then,

P‘m-:() F
G:Q‘w(ﬂ_l’lzizo :ka: <{L_Z> )
k n

Tn

and H is G divided by all common factors it shares with Py|;,«0. Finally, R is the downshift of M H
for some Laurent monomial M. As M is a unit in P, it will suffice to show H is irreducible. Let d be a
nonunit factor of H. From the definition of H, d is not a factor of P|,,—o.

If d is independent of x,, then d | fj for all k, which implies d | @), contradicting the irreducibility of Q.

If d depends on x,,, write d = d(z,,), so,

d (Po‘zi<_0> divides G <P0|x"<_0) = Q(zp).

Tn Tn

This again contradicts that () is irreducible. O

Given an irreducible polynomial P = P(x1,...,2,-1) € P, we generate a seed (x,P) by letting Py = P,
P,_1 be the downshift of P, and recursively defining P; = 7p(P;y1) for i = n—1,n—2,...,1. From
Propositions 2.10 and 2.11, it is clear that (x,P) is a valid seed. For example, for n = 3, the polynomial
P =xy2y+ x?,) generates the seed {(xg,x122 + x%), (w1, 73 + xg:c%), (xg,:c% + x123), (3, 2071 + 23)}. The
following proposition gives a sufficient condition for asserting that (x,P) is a period 1 seed.

Proposition 2.12. Let ﬁo be the exchange Laurent polynomial of Py for the generated seed (x,P). If
Py =71p(P1) and Py = Py = P(x1,...,2p—1), then (x,P) is a period 1 seed. In particular, P generates a
Laurent phenomenon sequence.

Proof. We remarked above that (x,P) is a valid seed. It is also clear that P,_; is the downshift of P.

Finally, observe that if ]30 = Py, then the definitions of 7p and g coincide. Therefore, the seed (x,P) is
a period 1 seed, as desired. ([l

If t = (x,P) is a seed generated by P € Py and is such that Py = 7p(P)), we say t has pseudoperiod

1. Proposition 2.12 can then be rephrased as saying that if ]30 = Py, then t has period 1. The following
conjecture, in conjunction with Proposition 2.12, would show that period and pseudoperiod are equivalent
definitions in this context.

Conjecture 2.13. Let ﬁo be the exchange Laurent polynomial of Py for the generated seed (x,P). Then
Py=F.
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In the rest of this paper, we classify certain families of polynomials that generate pseudoperiod 1 seeds.
In addition, we find many examples of pseudoperiod 1 seeds. In all cases, we can show that the seeds are,
indeed, period 1 seeds, using the Lemma below and Proposition 2.12.

For simplicity of terminology, in cases where the Lemma below is satisfied, we will simply say period 1
instead of pseudoperiod 1.

Lemma 2.14. 180 = Py if either of the two conditions holds
(1) P; depends on xy whenever Py depends on x;.

(2) All polynomials Pj, 0 < j < n — 1, have the same number d of terms.

Proof. From the construction of the P;, it is clear that Po}ijPj/w € Z[xgl, e ,x]i_ll, i $;E_&1, el $$£1]
It then suffices to show that Po‘x_ P /x is not divisible by P}, or equivalently that PO‘:(; _ Is not divisible
J J J

by Pj.

(1) If Py depends on z;, then P; depends on z( by assumption. From Proposition 2.10, Py does not depend
on zg and therefore neither does Po‘a:'—[)' Then P; cannot divide Py Y
J 1

If Py does not depend on z;, then Po‘m—o = Fy. As both Py and P; are irreducible and not divisible
=

by any xj, we only need that P; # Fy for j > 0. Let m, M be the minimum and maximum indices 4
such that Py depends on x;. We claim that P; either does not depend on x,; or it depends on some xy,
with k < m; this immediately implies P; # Py for j > 0. If there is no intermediate polynomial P; with
j' > j that depends on zg, then Ps is the downshift of Py, for all s > j. Since the maximum index upon
which P,—1 = P(xo,...,2,—2) depends is M — 1, then the maximum index upon which P; depends is also
smaller than M; in particular P; does not depend on xps. If there is some intermediate polynomial Pj
with j/ > j that depends on g, let jo be the smallest such index jo > j (so Ps is the downshift of Psiq
for all j < s < jo). Recall tht the polynomial P;,_; comes from

Hence, Pj,_1 depends on x,, 1 unless Pj, ‘10:0 is divisible by P = F. Since P}, depends on zg, F depends
on xj,. From Proposition 2.10, P}, does not depend on z;,; therefore Py cannot divide Pj,|»,—o. Therefore
Pj,_1 depends on x,,_1. The polynomial P;, which is the result of jo — j — 1 downshifts from P;,_1, then
depends on z,, for some m’ < m.

(2) If Py depends on z;, then PO|I_70 has at most d — 1 terms. Thus P;, which has d terms, cannot divide
=

it.

If Py does not depend on z;, then Py z;P;/x = Fo. As both Py and P; are irreducible and not divisible

by any xj, we only need to show P; # Py for j > 0. The argument is the same as in part (1) except for

the reason why Py does not divide Pj,|z,—0. In this case, it is because Pj,|4,—0 has at most d — 1 terms
(as jo was defined as an index for which Pj; depends on z¢) and P has d terms. O

Remark 2.15. One can see that if P generates some period 1 seed, then such seed must be the one described
in Proposition 2.12. If we begin with P € P and follow the process mentioned above (recursively obtain
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the intermediate polynomials Pj, 0 < j < n — 1), we may have that one of the conditions in Proposition
2.12 is not satisfied; in that case, P is not a period 1 polynomial.

We next use [LP, Proposition 2.10], which says that if (x/,F') = pi(x,F), then (x,F) = pu;(x',F’), to
devise an analogue of 7 that instead takes polynomials from P;_; to polynomials in P;.
We define the mapping x = kp, that is the inverse of 7 as follows.

Given a polynomial P € Py = Z[x1,...,2n-1], let P’ = P(xg,21,...,Zn—2) € Pp—1 and £ : P — P a map
which takes polynomials from P; to polynomials in P;1; for all ¢ > 0. If Q € P;, then kp(Q) € Piy1 is
computed according to the following rules.

(1) Let G/ = G/(ﬂffl,xl, v ,fi, ce ,xnfl) = Q‘

Tp—14

€ Pzl

Pllg,=0
z_q

(2) If d' be the factor of G’ shared with Pl‘x:o’ ie., d = gcd(G', (P'|s,=0)") in Z[x1,...,Tiy. ., Tn_1]
for some sufficiently large k € N, then let H' = G'/d’.

(3) Finally, let R = kp(Q) be the upshlft of M'H', where M' € L(x_1,x1,...,Zj,...,2Tp—1) is such
that M'H' € Z[z_1,21,...,%i,...,2n—1] and is not divisible by any z;.

Remark 2.16. If Q does not depend on z,_1, then H' = =@, M’ =1 and so kp(Q) is simply the
upshift of Q.

The proof that x is a well defined map comes from the analogous statements of Propositions 2.10 and 2.11
to k. Given an irreducible polynomial P, choose 0 < k < n — 1. We generate a seed (x,P) by letting
Py = P, P,_1 = P’ be the downshift of P and recursively defining P; = 7p(P;41) for all k < i < n and
P, = kp(P;_1) for all 0 < i < k. A refinement of Proposition 2.12 is then

Proposition 2.17. Let ]30 be the exchange Laurent polynomial of Py for the generated seed (x,P). If
Py, = k(Py_1), or equivalently P,_1 = 7(Py), and Py = Py, then (x,P) is a period 1 seed.

Remark 2.18. We have implemented the above algorithm (with & = |n/2]) in Sage at http://sage.
lacim.uqgam.ca/home/pub/23/. This can be used to test whether a given polynomial P is period 1.

3. STATEMENTS OF RESULTS AND CONJECTURES

In this section, we present our main results. Their proofs will be presented in the remaining sections. In the
first subsection, we give our classification theorems, while in the second subsection, we give a proposition
asserting that several large families of polynomials are 1 periodic.

3.1. Classification theorems. We first classify all period 1 polynomials when n = 2, 3.
Theorem 3.1. For n =2, the only period 1 polynomials P are

(1) Irreducible polynomials that are monic and palindromic, i.e., that satisfy x3e(P) . P(1) = P(z).
(2) Irreducible polynomials of even degree that are monic and antipalindromic, i.e., that satisfy zdes(P).
P(Y) = —P(x).

x
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(8) Monic irreducible polynomials of degree 2.

Remark 3.2. Gregg Musiker showed in [Mu] that the only polynomials P that generate Laurent phenom-
enon sequences are the ones in the above theorem. Thus Theorem 3.1 shows that when n = 2, period 1
polynomials are exactly the polynomials that generate Laurent phenomenon sequences.

Theorem 3.3. For n = 3, the only period 1 polynomials P are
(1) P = x129 + ax1 + axa, for any a € Z,a # 0,
(2) P = xi1x9 + ax1 — axa, for any a € Z,a # 0,
(3) P=x1—x9—1,
(4) P=—r1+z2 -1,
(5) P =x129 + ax1 + axe + b, for any a,b € Z, not both of which are 0,
(6) P = 2% + 2% + aw129 + bxy + bro + ¢, for any a,b,c € Z,
(7) P = —x2 — 2% + aryx9 + b, for any a,b € Z,
(8) P =+xix9+a, for any a € Z,a # 0,

(9) P =1+ a"zh + > o<i<m Cz](zllm% + xi”fimgfj), for any C; ; € Z, m,n € N5,

0<j<n

(10) P = =1+ (1) aPah + 3 ocicm Cjj(ahal 4+ (=1)™Hitigm=i279) for any C; ; € Z, m,n € Nxg,
0<j<n
m =n mod 2. ’

Remark 3.4. The arbitrary coefficients and exponents in Theorem 3.3 must be such that P is irreducible
and not divisible by any z;.
Our final classification theorem comes from our own definition of Double Quivers. The family of polyno-
mials we found includes those that are classified by the main theorem in [F'M].
Theorem 3.5. The binomial P generates a period 1 seed which corresponds to a double quiver if and only
if it is of the form

P= ][ «f+ II =,

1<i<n 1<i<n

where a;,b; € Z>o are such that a; = 0 <= ap—; =0 and b; = 0 <= b,_; = 0.
Finally, the families of polynomials we have found, and that we present in the next subsection, give rise
to the following conjectures:

Conjecture 3.6. If P is a multilinear polynomial with positive coefficients that generates a period 1 seed,
then P(x1,22,...,2n) = P(xp, Tn_1,-..,T1).

Conjecture 3.7. If n is odd, no linear polynomial with positive coefficients generates a period 1 seed. If
n is even, the only linear polynomial P with positive coefficients that generates a period 1 seed is ,, /5 + 1.
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Conjecture 3.8. The only symmetric polynomials P with positive coefficients that generate period 1 seeds
are either of the form
n—1
P = Zw? + M(x1,...,Tp-1),
i=1
where M is any multilinear symmetric polynomial, or of the form

n—1
P = Z l‘iSL‘j-l-Ain—f-B,
1<i<j<n—1 i=1

for odd n.

3.2. Families of period 1 polynomials.
Theorem 3.9. The following families of polynomials P are 1 periodic.
(1) Symmetric with second powers polynomial.
P=S+AFE+...A, 1FE, 1+ A,

for any coeﬂicz’ents A A1, ... A1 € Z, where By, = Zl<i1<...<ik<n—1 Tip ... x4, foralll <k <n
and 8 =S " a?

For ezample, P = 23 + 23 + 22129 + 5 when n = 3.
(2) Sink-type binomial.
P=zx{z$?. . . a7+ 1,
where a; = 0 <= ap—; =0 for all ©. For example, P = x%x%@% + 1 when n = 6.
(3) Extreme polynomial.
n—1
P=xyz,1 +A~sz~ + B,
i=1
for any coefficients A, B € Z. For example, P = x1x3 + 3(x1 + 22 + x3) + 2 when n = 4.

(4) Singleton polynomial. If n € N is even, let P is a single variable mom’c 1rreducible polynomial
that is palindromic (x38(F) . P(1/x) = P(z)), or antzpalmdmmzc (z4e(P) . pP(1/z) = —P(x)), or
P= xi/Q + Az o + B for any A, B € Z. For example, P = T3+ 2wy — 7 when n=3.

(5) Chain polynomial. If n € N;n > 2 is odd,

n—2 n—1
P= ZmixiH + A- ZCL’Z + B,
=1 =1

for any coefficients A, B € Z. For example, P = x1x9 + Tox3 + w324 + 2(x1 + X2 + 23 + x4) + 3
when n = 5.



LAURENT PHENOMENON SEQUENCES 11

(6) Multilinear symmetric polynomial. If n € N,n > 2,
P=F,+A-FE + B,

for any coefficients A, B € 7, where the E; are the elementary symmetric polynomials. For example,
P = z1x9 + xox3 + 2174 + Tox3 + Toxg + x374 — 3(T1 + T2 + 23 + x4) + 1 when n =5.
(7) r-Jumping polynomial. If r,n € N are such that n > 2r+1 and n =1 (mod r),

n—1 -1

P = Z Trigl - Trigr + A,
=0

for any A € Z. For example, P = x1x3 + 416 when n =17.
(8) r-Hopping polynomial. If r,n € N be such that n > 2r +2 and n =1 (mod r),

n—1 1 n—1 2

P = Z Tri+l * Tritr + A- Z Tritr * Tritr+1 T B,
=0 1=0

for any A, B € Z. For example, P = x1x3 — 2x3x4 + T426 + 3 whenn = 7.

Note: The r-Jumping polynomials are special cases of the r-Hopping polynomials (when A =0).
We distinguish them because we found a conserved quantity for sequences generated by r-Jumping
polynomials, but not by r-Hopping polynomials (see Section 7).

(9) Flip-symmetric binomial. If L, R C [n — 1] are disjoint subsets such thati € L <= n —1i € L and
i€eR<—=n—i€R, and ifa: LUR — N is any map into the positive integers, then,

P = H x?(i) + H a:?(i).

i€L i€R
For ezample, P = x32% + x3woxs when n = 8.

Note: The Somos-4 and Somos-5 polynomials (x1x3 + x% and x1x4 + Tow3) are particular cases
of flip-symmetric binomials. The family (2) of sink-type polynomials are also particular cases of
flip-symmetric polynomials (when R =10).

(10) Balanced polynomial. If L, R C [n — 1] are disjoint subsets such that i € L <= n —1i € L and
t€e R<—=n—i€ R, anda : LUR — N is any map into the positive integers. Then for any
m > 1, write M, = Hazq(i) My = H xl-)(i) and
’ i i ]
i€l IER

L5
P=M"+M"+ Y A (M{M™ + M Mj),
i=1
for arbitrary coefficients A; € Z, 1 < i < []. For ezample, P = x’x§ + x328 + 2(zoxiada? +

r3x37628) + 3x3a8x22t when n = 9.
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(11) Vector sum polynomial. For ai,...,a,—1 € N and a finite set B of vectors (by,...,b,_1) € N*71
such that 0 < b; < a; for all i, then,

a an—1 b bnfl a1—b anfl_bnfl
P:1+5L”11~-$n71+Z(Cb'ﬂf1lo--$n71+cb‘$1l toox, ),
beB

for arbitrary coefficients Cy, € N. For ezample, P = 1 + z3z3x3x? + 201200374 + 222292224 when
n=.>a.

(12) Little Pi polynomial. For k,n € N such that n > 2k and n # 3k, then
P = Axy, + Az _f, + TopTp_2k,
for any A € Z. For example, P = 2x9 + 2x5 + 423 whenn =17, k = 2.
(13) Pi polynomial. For k,n,ay,by,az2,bs € N such that n > 2k, n # 3k and a1 + by = ag + be, then
P= szlxgl + Bz:zgmfl{k + TopTn_2k
for any A, B € Z. For example, P = —2xix} + 32323 + 23 whenn =38, k = 2.

Remark 3.10. In each case of the theorem above, we omitted saying that the coefficients and exponents are
such that P is irreducible and not divisible by any z;. The following important corollary will also follow
easily from the proof of Theorem 3.9 and Theorem 2.14.

Remark 3.11. Recently, Hone and Ward found independently the Laurent phenomenon for extreme poly-
nomials (family (3) in Theorem 3.9). They do a thorough study of this family of polynomials in [HW].

Corollary 3.12. All polynomials P from Theorem 3.9 generate Laurent phenomenon sequences.

Conjecture 3.13. Let k,n,aq,b1,as,ba € N be such that n > 2k, n # 3k and a1 + by = as + bs. Consider
the polynomial

b b
P = (Axy'z,"  + Bx?x)? ) - M+ xop2n_ok,

n—1
for any A, B € Z and monomial M = H x;', where ¢; =0 <= ¢,—; =0 for all i.
i;&ZIZ;:,:nlch

Then P is a period 1 polynomial and generates a Laurent phenomenon sequence.

We also will prove the following lemmas that can be applied to known period 1 polynomials to yield new
ones:

Lemma 3.14. (Expansion Lemma) If F = F(x1,x2,...,2,-1) generates a period 1 seed, then for
any k € N, so does the polynomial G = G(x1,%2,...,Tnk—1) = F(Th, Top, .-, T(n_1yi). We call G the
k-expansion of F.

Lemma 3.15. (Reflection Lemma) If F' = F(z1,22,...,2,-1) generates a period 1 seed, then so does
G=G(x1,22,...,2n-1) = F(p-1,Tn—2,...,21).

Remark 3.16. Observe that the reflection lemma, applied to the families of polynomials in Theorem 3.9,
always gives another member of the same family.
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4. POLYNOMIALS ARISING FROM DOUBLE QUIVERS

4.1. Binomial Seeds and Double Quivers. In this section we find all period 1 binomials with a mild
mutuality condition. To do this, we first introduce a new representation for binomial seeds, which we call
a double quiver. The main constraint of a normal quiver that our double quiver removes is that binomial
seeds represented by a quiver have to be mutual, i.e., if x; appears in P}, then x; appears in P; with the
same degree.

Definition 4.1. A double quiver @) is a finite set of vertices with directed half-edges between vertices.
Between each pair of vertices ¢ and j, there can be edges between them attached at i, as well as edges
between them attached at j. We allow multiple half-edges at each vertex, but not 2-cycles, i.e., there
cannot be edges from i to j as well as edges from j to i all attached at . We also do not allow self-loops.

The B-matriz B = (b; j)nxn of a double quiver with n vertices is defined as follows. The magnitude |b; ;|
is the number of half-edges between vertex ¢ and vertex j that are attached at . If the edges are outgoing
from vertex ¢, then b; ; > 0; if the edges are incoming to 4, then b; ; < 0. Conversely, each n x n integer
matrix with 0’s in its diagonal corresponds to a double quiver. For convenience, we will index the rows
and columns of B from 0 to n — 1. The (LP algebra) seed corresponding to a B-matrix B is (x,P), where

x = {xg,...,Zn—1} and the intermediate polynomials are, for all
o bi,;j H —bi
Po= ] 27+ z;
J:bi, ;>0 J:b;, ;<0

Example 4.2. Figure 1 shows a double quiver with 3 vertices. There is a half-edge from x1 to xqy attached
at xo, a half-edge from x1 to xo attached at x1, two half-edges from xg to xo attached at xg, a half-edge
from xg to xo attached at xs, three half-edges from xo to x1 attached at x1 and no half-edges from x1 to
To attached at xo.

Definition 4.3. A vertex ¢ of a double quiver is mutable if, whenever there are half-edges between i and
j attached at j, then there are also half-edges between ¢ and j attached at ¢. In terms of the B-matrix,
vertex 4 is mutable if for all other vertices j, b;; # 0 implies b; ; # 0.

Example 4.4. In the double quiver of figure 1, xo and x1 are mutable, but xo is not mutable since there
are half-edges from xo to x1 attached at x1, but no half-edges between x1 and xo attached at xs.

o
{wo : w1 + 23} 0 —1 2
{x1 120+ 3 B=| 1 0 -3
\ {zo: 20+ 1} -1 0 0

b — T2

FiGURrE 1. Example of a Double Quiver

Definition 4.5. We define mutation at a mutable vertex k of a double quiver @ with vertices {0,1,...,n—
1} to be the application of the map 73, that takes @ to a new double quiver 74(Q) via the following steps:
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(1) Add a half-edge i — j attached at i, for each pair of half-edges ¢ — k attached at ¢ and k — j
attached at k. Also add a half-edge j — i attached at i, for each pair of half-edges j — k attached
at k and k — i attached at 7.

(2) Reverse the direction of half-edges between vertex k and node i, for all i # k.
(3) Successively pick 2-cycles and remove both half-edges until no 2-cycles remain.

The mutation of a double quiver corresponds to the mutation of the corresponding LP algebra seed. Let
(x, P) be the LP algebra seed associated to the double quiver @ and (x’, P’) the LP algebra seed associated
to (', the double quiver resulting from mutating @ at k. Then the intermediate polynomials P are the
intermediate polynomials of the seed ux(x, P), where py, is seed mutation as defined in Section 2. We will be
able to find all period 1 binomials P that satisfy some mild conditions regarding their corresponding double
quiver ). Observe that a period 1 seed whose exchange polynomials are all binomials has a corresponding
period 1 double quiver (). However, it will be easier to work with period 1 B-matrices; next, we give the
corresponding definition of mutation for B-matrices.

Denote by 1g the indicator variable of S. Mutation at vertex k corresponds to a mutation of the B-matriz

of the double quiver that maps it to 74(B) = B = (b; j)nxn, such that

= =biy i=korj=k
(4.1) bij = { bij + bije + 1Brjl - by ity <0y Otherwise

Example 4.6. If we mutate the double quiver in Figure (1) at xo, we obtain the following double quiver

N\ N
P Y N

FIGURE 2. Double Quiver Mutation at xg

Remark 4.7. Double quivers are generalizations of (normal) quivers in the following sense:

(1) A quiver Q can be regarded as an example of a double quiver. Split each edge i — j into two
half-edges. Then attach one of them to 7 and the other to j. The mutation rules for double quivers
and for quivers agree with each other.

(2) The cluster algebra A defined by any skew-symmetrizable matrix B can be realized as a double
quiver. In fact, B is associated to a double quiver () and to a seed t that gives rise to a LP algebra
A(t) that is identical to A and the mutation rules agree. Furthermore, if v is a vertex in the double
quiver Q, that is the result of mutating Q at v, then v is mutable in Q.

(3) Fomin and Zelevinsky defined cluster algebras in their foundamental paper ['72] by sign-skew-
symmetric matrices. In this definition, it was required that any sequence of mutations yields
another sign-skew-symmetric matrix. Our double quivers can be regarded as a direct generalization
of cluster algebras defined by sign-skew-symmetric matrices. For one thing, we do not require the
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matrix B to be sign-skew-symmetric. For another, we have fewer restrictions on the mutation
rules; we define mutability at a vertex, so that double quivers where some mutation sequences are
invalid but others are not can still be considered.

4.2. 1 Periodicity. In this section, we examine more precisely the notion of a period 1 double quiver.
We also prove a weaker version of Theorem 3.5.

Let @ be a double quiver and B be the matrix (not necessarily skew-symmetric) determined by Q. We say
that @ has period 1 if mutating at 0 and relabeling the vertices (0,1,2,...n —1) = (n —1,0,1,...n — 2)
gives back the original double quiver ). In particular, if ) has period 1, then its vertex 0 is mutable,
meaning in terms of B-matrices that by g # 0 = bp # 0. Mutating at vertex 0 yields the nwe B-matrix
B given by:

i)"— —bi,j iZOOI“j:O
b bi’j + bi,O . |bo,j’ . 1{bO,ibO,j<O} otherwise

The B-matrix of the mutated quiver 7(Q) is

0 —bo1 —bo,2 e —bo,n—1
—b10 0 bio+ e coe b1t e
7(B) = —bap ba1 + €21 0 coe b1+ e2n1
~bp—10 bn11t €11 bno12t+en12 ... 0

where € j = b; j + bio - [bo,j| - L{p, by ;<0)- The double quiver @ has period 1 if 7(B) and puBu~!

1

represent

the same binomial seed, where p is the permutation matrix such that yBu~
the relabeling (0,1,2,...n—1) —» (n—1,0,1,...n —2),

corresponds to the seed after

0 bn-10 bn-11 .. bun_1n-2
bo,n—1 0 boi ... bon-2
,uB,u_l = b1n-1 ba 1 0 oo bapo
bp-2n-1 bn-20 bno21 ... 0

Therefore () is a period 1 double quiver if
(4.2) 7(B) = uBu .
Equivalently, @ is a period 1 double quiver if

(4.3) bn—1, = —bo,i+1, 0<i<n—2
(4.4) bin-1 = —biy1,0, 0<i<n-—2,and
(4.5) bij = bit1,j+1 + €it1,5+1, 0<4,j<n-2
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Solving these equations leads to the following equations

—bit10=bin1 =

bi—1n—2 — €in-1

bi—2pn—3 — €i—1n—2 — €in-1

(4.6) = bon—i-1—€lni—€nitl — ...~ €n_1.
—boit1 =bn-1; = bp—2i-1—€n—1;
= bp-3i2—€n-2i-1— €1,
(4.7) = bp—i-1,0 — €n—i,l — €n—it12 — ... — En—1,-
Using the same terminology as ['\M] for quivers, vertex ¢ of the double quiver @ is said to be a sink if all

the half-edges incident to i are directed inwards. A double quiver is said to be a period 1 sink-type double
quiver if vertex 0 is sink, and the double quiver has period 1. From above, we can obtain the following
theorem classifying all period 1 sink-type double quivers:

Theorem 4.8. Let B be the matriz of a sink-type double quiver Q. Then Q is a period 1 double quiver if

and only if the following conditions hold:

(1) bo,; and bon—i are either both negative, or both zero, fori=1,2...n— 1.

(2) b@o = _bO,n—i7 forz' = 1,2, ...n—1.

(3) bi,j :bO,j—z’ f0<i<j<n-—1and bi,j = _b(],n—i—i-j fo<j<i<n-—1.

Proof. Since @ is of sink type, then by; < 0 for all ¢. Therefore ¢; ; =0 for all 0 <7,5 <n—1.

If all three conditions above are satisfied, then (4.3), (4.4) and (4.5) are trivially satisfied.

Conversely, let us assume @ has period 1, so (4.3), (4.4) and (4.5) are satisfied. From (4.5), we have

bij =boj—i, f0<i<j<n-—1,
bij=bi_jo, f0<j<i<n-—L1

Combining with (4.3) and (4.4), we have,

bin-1="bon—i—1 = —biy1,0,

bn—1; = —boit1 = bn_i—1,0-

It follows that by ;+1 =0 = by—i—10 = 0. Since 0 is a mutable vertex, we have by ,—;—1 = 0 for all &. [

The seed t = (x, p) corresponding to a sink-type double quiver @ is such that pg is of the form [] j $;Lj + 1.
If @ has period 1, then a; = 0 <= a,—; = 0 follows from (1) in the theorem above. Conversely, any
polynomial of this form generates a period 1 seed as item (2) of Theorem 3.9 shows. Thus Theorem 4.8

can be restated as:

Theorem 4.9. The only period 1 binomials such that the quiver corresponding to (x,P) is of sink-type

and has period 1 are those of the form P

ai a2 an—1
n—1

+ 1, where a; = 0 <= a,_; =0, for all i.
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4.3. Mutual Double Quiver. In general, given a binomial seed (all the exchange polynomials are bi-
nomials), the corresponding double quiver is not unique. For example, if we reverse all the half-edges
attached at a certain vertex, the new double quiver represents the same seed. However, there is a canoni-
cal choice, which coincides with usual quivers (if we regard a quiver as a double quiver, as it was done in
(1) of Remark 4.7). From the mutability of vertex 0, if there are half-edges between 0 and ¢ attached to 1,
then there are half-edges between 0 and ¢ attached to 0. We make all these half-edges point in the same
direction by reversing all the half-edges attached at 4, if necessary. In terms of the B-matrix, the resulting
canonical quiver is such that bg; and b; ¢ are of opposite sign. A double quiver with this condition is said
to be mutual at vertex 0. Such double quiver is said to be the canonical double quiver associated to the
seed. In this subsection, we prove Theorem 4.10 regarding period 1 mutual (at 0) double quivers. By
translating this into the language of period 1 polynomials, this is equivalent to Theorem 3.5 in Section
3.

Theorem 4.10. Let B be the matriz associated to a canonical mutual double quiver Q). Then @ has period
1 if and only if the following conditions hold:

(1) bio and bo; are of opposite signs, or both zero, for 0 <i <n —1.

(2) big=—bon—i, fori=1,2,...n—1.

(3) bij=— 3t _o€ikjk+bojiif0<i<j<n-—1.

(4) bij=—0 g€ tjk—bopirj if0<j<i<n-—1.
Proof. We assume (@ is a canonical mutual double quiver. If all four conditions above are satisfied, then
(4.3), (4.4) and (4.5) are trivially satisfied.

Conversely, let us assume @ has period 1, so (4.3), (4.4) and (4.5) are satisfied. We first prove by induction

(4.8) bOz’ = —bnfi,g and b@o = —b()’nfi.

)

Setting ¢ = 0 in (4.6) and (4.7) gives the base cases by,1 = —b,—1,0 and b1 g = —bg,—1. Now, assume that
(4.8) holds for i = 0,1,2...k; we prove it for ¢ = k + 1. Note that,

k
—brt10 = bop—k—1— Z € n—k+j—1

=1

k
= bog-k1 = Y b0 Bon—krjo1l - b b0 sy <0}
=1
k
1
(4.9) = bon-k-1- 5 (D bj0 - 1Bon—rsi—1] - Libg by 0reyr<0}

Jj=1

k
+ Z bk—j+1,0 - [bon—j] - l{bo,kfj+lb07n—]'<0})
i=1
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From the inductive hypothesis, bjo = bon—; and br_j11,0 = bon—k+j—1, SO,

bj0 * [b0,n—k+i—11 * Libg jboss;1<0} + Ok—j+1,0 * [b0,n—5] - Libg i 160, <0}
(4.10) = bon—j * [bo,n—k+j—1]* Liby by s1.0<0} + O0m—ttj—1 " [b0,—5| - Libg ;4 1b;.0<0}
From the mutuality assumption, 1, 6. 0<0p = by b_;410<0}- 1f both of them are 0, then (4.10)
is zero. If both of them are 1, then by, _j;—1 and by,—; are of opposite sign, therefore (4.10) is zero.
Substituting back into (4.9), we have —by410 = by p—k—1. From (4.7), by a similar argument, we obtain
—bo k+1 = bp—k—1,0-

Finally, conditions (3) and (4) follow from equations (4.8) and (4.3). O

Remark 4.11. A double quiver with a skew-symmetrizable matrix B-matrix is mutual at each vertex.
Hence, restricting B to be skew-symmetric, Theorem 4.10 provides a classification of period 1 cluster
algebras over the coefficient ring Z.

5. CLASSIFICATION OF PERIOD 1 SEEDS FOR SMALL 7

In this section we prove the classifications stated in Section 3 of all period 1 seeds when n = 2 and
n=3.

5.1. Proof of Theorem 3.1. Let P = P(x;) = Zg:o a;z' be an (irreducible) polynomial of degree d > 0
that generates a period 1 seed. Since P is not divisible by z1, we know ag # 0 and P|;,—o = ag # 0. From
the definition of 7, P generates a period 1 seed if and only if

d

d
(5.1) P(x1) = ay'af- Zai(%)z =" (aaf i
=0 1=0

For each 0 < i < d, by equating the coefficient of 2} on both sides of (5.1), we see that
(5.2) a; = ad_iagfifl for all 1.

In particular, when i = d, we obtain ag = 1, so P has to be monic.

If d > 2, we have that a; = ad_iag_i_l = (aiaé_l)ag_i_l = aiag_2 for all 7. Setting ¢ = d gives that

ap = £1. If ag = 1 then (5.2) implies a; = a4_; for all i, or equivalently, P is palindromic, and all such
polynomials satisfy (5.1). If ag = —1, then (5.2) implies a; = (—1)4"""tay_; for all i. When d is odd, these
relations when ¢ = ig,d — 79 imply a;, = 0 for all 1 < iy < d — 1. But then P = :rﬁl — 1 is not irreducible.
When d is even, we find that a; = —aq_; for all i, or equivalently, P is antipalindromic.

If d = 2, (5.2) is trivially satisfied for any a1, as.
If d =1, (5.2) with i = 0 gives ap = a; = 1.

5.2. Proof of Theorem 3.3.
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5.2.1. Bounding Degrees. Assume the following is a period 1 seed
{zo, P(z1,22)},
{z1,Q(z0,22) },
{z2, P(z0,21)},

where P is a two-variable irreducible polynomial not divisible by 1 or z2. By Proposition 2.11, Q(x¢, x2)
is also irreducible and not divisible by x¢ or x3. Then P(xg,0) and P(0,x;) are not 0. It is not hard to
see that there do not exist period 1 polynomials P that do not depend on zy or x1. Thus assume that P
depends on both of these variables. Let m be the degree of z¢ in P(zg,z1); we can write

(53) 113'0,331 ka fL'l $0,

where the f; are single variable polynomials for £ = 0,1,...m. Let Q be the intermediate polynomial G
at step (2) of applying 7 to ). Then

Q(zo,a2) = P (PCEO’ > ka (o) 0)

Let d(x) be the maximal factor of Q(zo, x2), which is in the form 2§ - p(x), where f(zg) is a factor of
P(x0,0)% for some K. From the rules for computing 7, we have

n xT k xT
(5.4) Q(z0, 12) = Z fil O;ZO() O’O)xgl_k’.
P

In view of (5.4), the coefficient of z3" in @ is
fo(xo) _ P(0, o)
d(xo)  d(xo)
which is a non-vanishing polynomial. Therefore d(zg) divides fo(zo) = P(x0,0), and z2 is of degree m in

Q(‘TOa :EQ)'

We can similarly obtain P(x1, x2) from Q(xg, x2). Let n be the degree of z¢ in Q(x, x2); we can write

—k

Zn: gk (21) P*(0, z7)

(5.5) P(z1,12) = () 2

k=0
The coefficient of z% in P is
gg(:l)l) . P(l’l,O)
t(z1) — t(z)
which is a nonzero polynomial. Therefore ¢(x1) divides go(x1) = Q(0,x1) and the degree of x5 in P(z1,x2)
is n.

If we let zo =0 in (5.4), then

fm(x0)P™(20,0)
d(zo)

(5.6) Q(x0,0) =
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and similarly

gn(20) P (0, 20)
t(zo)
Comparing the degree of both sides of (5.6) and (5.7) and recalling the divisibility relations d(z) | P(0,zo),
t(zo) | Q(0,z0), we arrive at the inequalities
(5.8) deg fm(xo) + m deg P(x0,0) = deg Q(xo,0) + deg d(zo) < deg Q(xo,0) + deg P(0, z9)
(5.9) deg gn(z0) + ndeg P(0,z0) =deg P(z0,0) + degt(zo) < deg P(z0,0) + deg Q(0, zo)
Summing (5.8) and (5.9), and noticing that deg Q(0,xg) < m, degQ(xo,0) < n, we obtain the following
inequality:
(5.10) 2 > deg gn(z0) + deg fm(zo) + (m — 1)(deg P(z0,0) — 1) 4+ (n — 1)(deg P(0,z0) — 1).

(5.7) P(x0,0) =

From this inequality, the classification of period 1 polynomials is decomposed into the following five
cases:

(1) deg P(zp,0) =2 and deg P(0,z¢) = 1
(2) deg P(x0,0) =1 and deg P(0, xp) = 2
(3) deg P(z0,0) = deg P(0,z9) =1
(4) deg P(x0,0) = deg P(0,x0) = 2

(5) Either deg P(z0,0) = 0 or deg P(0,z9) =0
Lemma 5.1. If P(0,0) # 0, then the bound (5.9) can be refined to
(5.11) deg gn(xo) + ndeg P(0,z) =deg P(z0,0) + degt(xg) < 2deg P(x0,0).

Proof. Since d(xo) | P(0,x0) and xg 1 P(0,x0), we see that zg { d(xo).

We moreover claim that x; { t(x;). Assume otherwise that x; | t(x;). From (5.5), ¢(x1) divides
gr(x1)P*(0,21) for all k = 0,1,2...n and 21 { P(0,21). Therefore x1 | gi(z1) for all k = 0,1,...n.
This implies that z; | Q(zo, z1), which contradicts the irreducibility of Q(zg, z1).

Since P(z9,0) = > 1", fe(0)zf, then fi(0) = 0 if k > deg p(wo,0). Hence

m k
Ha1) | Q0,21) =3 Fe(OPH0,0) s
k=0

d(0)
deg P(z0,0)
_ gZO fk(O)Pk(an) ScdegP(xo,O)fk . ScmfdegP(zo,O)
= —_— 1 .
= d(0)

Therefore degt(z1) < deg P(x9,0) and (5.9) leads to the desired inequality
deg gn(xo) + ndeg P(0,zo) = deg P(z0,0) + degt(xo) < 2deg P(xo,0).

Lemma 5.2. If f;,(z1) has a nonzero constant term, then m = deg P(x¢,0).
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Proof. In view of (5.5), P(x¢,z1) contains the term fp,(z1)z{’. Since fp,(z1) contains a nonzero constant
term, then f,,(0) # 0. Thus, P(zo,0) contains the term f,(0)zg*. This implies deg P(x0,0) > m and
since m is the degree of z¢ in P(xg,x1), we have deg P(xg,0) < m. Therefore m = deg P(xg,0). O

5.2.2. Analysis of Cases.

Case 1

Case 2

deg P(x0,0) = 2 and deg P(0,xz¢) = 1.
From (5.10), we either have m =2 or m = 3.

If m = 3, we obtain deg f3(z1) = 0 from (5.10). However, Lemma 5.2 says that P(zg,0) = 3, thus
implying f3(x1) # 0, a contradiction.

If m =2, (5.8) tells us that deg fa(xo) + 4 = degQ(x0,0) + degd(zp) < n+ 1, thus n > 3. From
(5.3), we have
P(xo,x1) = fa(z1)x5 + f1(z1)m0 + fo(z1).

Since the degree of z1 in P(zg,71) is n > 3, deg fo(z1) < 1 and deg fo(z1) = 2, we must have
deg f1(z1) = n. In view of (5.5),

_ fo(xo) o | fi(wo)P(x0,0) fa(20) P?(z0,0)
Qot2) =) 2t ™ ) 2T dwe)
As the degree of z¢ in Q(zo,z2) is n, we have

fi(zo)P(x0,0)
d(zo)

n > deg,, <

Then
n > deg fi(zo) + deg P(x,0) —degd(xo) >n+2—-1=n+1.
Therefore there are no period 1 polynomials in this case.
deg P(x0,0) = 1 and deg P(0, zg) = 2.
From (5.10), we either have n =2 or n = 3.

If n = 3, we obtain deg f,(z1) = 0 from (5.10). From Lemma (5.2), we have m = deg P(z¢,0) = 1.
Hence in (5.3),

P(zo,71) = fi(z1)zo + fo(x1).

However, deg f1(z1) = 0 and deg fo(x1) = 2, so the degree of x; in P(zg,z1) is 2 # n, a contradic-
tion.

If n = 2, inequalities (5.8) and (5.9) yield
deg fm($0) +m < 4>
deg gn(z0) + 3 < m.

Thus m > 3 > 1 = deg P(z0,0). From Lemma (5.2), we have deg fn,(z1) > 1. These inequalities
yield m = 3, deg f3(z1) = 1 and deg g, (o) = 0. Moreover, from (5.9), degt(zp) = 3. Since these
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values do not satisfy (5.11), Lemma (5.1) tells us that P(0,0) = 0, i.e., P(xo,x1) does not have a
constant term. Taking m = 3 in (5.4) yields

_ Jo(@o) 5 fi(zo)P(20,0) 2. fa(0) P?(20,0) 2. f3(ﬂfo)P3(3?070)_

Q(l’o,l‘z) = d(xo) T5 + d(xo) T3 d(l’o) Ty d(xo)

From (5.8) and the values already found, we also have degd(zp) = 2. Since f3(z¢) and P(z,0)
are both linear polynomials without constant terms, f3(xq)P3(zo,0) = ax{ for some a € Z. Since
d has degree 2 and divides (zo) | f3(20)P3(20,0), then d(x) = bx3 for some b € Z,b # 0. From
d(xo) | fo(zo) and d(zo) | fi(xo)P(x0,0), we have xg | fo(xo) and z¢ | fi(zo). From equation (5.3),
we have

P(0,0) = f3(0)aj + f2(0)a5 + f1(0)zo + fo(0) = f3(0)af + f2(0)zp.

Since in this case, deg P(x0,0) = 1, then P(x,0) = 0. This contradicts the fact that P(xo,z1) is
not divisible by x;.

deg P(z0,0) = deg P(0,x0) = 1.
If P(zp,x1) contains no constant term, then we can write
P(z1,x9) = axy + bxg + z122R(21, 2),

where a,b € Z are both nonzero and R(x1, z2) is a polynomial of degree m—1 in z; and degree n—1
in zo. We next obtain 7p(P(xo,21)) by replacing o with ¢, downshifting and then multiplying
by a monomial M. This monomial has to be such that the resulting @ is a Laurent polynomial,
not divisible by any z; and its coefficients have greatest common divisor 1. Assume M is M, but
with coefficient 1 and let Q be the resulting polynomial. Thus Q = ¢Q for some constant ¢. We
can write Q as

) ax
Q(xo,x2) = a’ay' ™" + bal’ + awoR(T;a zo)zy !

From this polynomial, we analogously obtain P by omitting a constant factor for the adjusting
monomial
]5(:101,:):2) = aQaleCJrl + bxlxlgﬂ + able(x—, x—)xé’,
2 T2

where k is the least integer for which abmlR(%, %1

equation, k + 1 = deg ]5(O,m2) = P(0,22) = 1. Therefore £ = 0 and so R(zo,z1) is a contant;
write R = R(zg,z1). Then P(x1,x9) = abRzy + a’zy + brize must be equal to AP(x1,19) =
Aaxy + \bxo + ARx1x9, where A is a nonzero integer. After equating coefficients, we obtain the

polynomials in items (1) and (2) of Theorem 3.3 whose generated seeds are

)k is a polynomial. In view of the above

{0, ax1 + axe + v129}, {21, 0 + 20 + 22}, {72, 0T + a1 + Tow1 }
and

{zo,ax1 — axy + 122}, {21, 0 + 20 — 22}, {X2, 020 — ax] + o2 }.

If P(zo,x1) has a nonzero constant term, we can write

P(xo,x1) = ¢+ azxp + bxy + zox1 R(x0, 21).
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From Lemma 5.1, we have n < 2. Substituting into (5.8),
deg fm(xo) + m < degd(xp) + 2.

If a # b, then ged(P(x0,0), P(0,20)) = 1, so degd(zp) = 0. We can then write constant d(x) as
d. By the same argument as in Lemma 5.2, we have m = 1. Then (5.4) reads

xg)P(xo,0 T
Q(z0,12) = Al O)d( 0.0) + fo(d 0)5627
and since the degree of xy in Q(xzg, z2) is n < 2, we must have deg f1(z9) < 1. Then we can write
P(xg,21) = ¢+ azxg + br1 + Rxox; for some R € Z and where a # b. By the same argument as
above, we obtain the period 1 polynomials in items (3) and (4) of Theorem 3.3 whose generated
seeds are

{zo, 21 — w9 — 1}, {m1, —x022 + 10 — 22 — 1}, {22, 20 — 1 — 1}
and
{zg, —21 + 22 — 1}, {z1, 2022 + 0 — T2 + 1}, {2, —0 + 71 — 1}.
If a=bthen m=1or2. If m=1, from (5.5) and (5.4),
Q(wo, w2) = fi(xo) + 2,  P(x1,22) = ;Eg <f1(f0($1)) +:E1> :
(1) T2

Since f1(zo) has constant term a, P(z1,x2) contains the term x. Therefore n = 1 = deg fi(xo).
We can then write P(zg,z1) = ¢+ azp + az1 + Rxozr1. The same argument as above yields the
period 1 polynomials in (5) of Theorem 3.3, whose associated seed is

{xg, r129 + ax1 + axo + c},
{.%'1,-7)(] + 22 + a}7
{5[}2, rox1 + axg + axy + c}.
If m = 2, then m # deg P(xp,0). From Lemma 5.1, f,, does not contain constant term, so
deg f, > 1. Since degd < deg P(0,z() = 1, plug them into (5.8), we get n = 2 and deg f,,, = 1.
Morover, from Lemma 5.2, degt < 1. Plug them into (5.9), we get deg g, = 0. From (5.3)
P(xo,21) = fola1)xg + fi(z1)wo + fo(w1),

and the degree of x; is 2, it must be that deg fi = 2. Mutating at o to obtain Q(xg,x2) gives
(notice P(zg,0) = P(0,x0)),

Q(xo,w2) = fa(x0)P(x2,0) + fi(zo)xs + x3.
This contains the term x%xQ, which contradicts that deggs = 0.
deg P(z0,0) = deg P(0,x0) = 2.
From (5.11), we see that m = n = deg P(z9,0) = deg P(0,z9) = 2 and deg g,(xo) = deg fi (o) =

0. Hence,
P(xo,21) =fa(z1)x5 + f1(z1)z0 + fo(x1),

P
_ fa(zo)P*(20,0) | fi(zo)P(20,0) fo(o)
Qo) =Ty T ) )
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The first equation gives deg fo(x1) = deg P(0,z1) = 2. From the second, by looking at the
coefficient of 23, we have degd(zo) < deg fo(zo) = 2. Moreover, remember we had Q(zg,r2) =
g2(w2)w3 + g1 (w2)wo + go(w2). Since deg ga(zo) = 0, Q does not contain terms divisible by zoz3. By
looking at the coefficient of x5 in @ in equation (5.12), we have that deg fi(xg) + deg P(x¢,0) —
degd(xzg) < 1, from which deg fi(xz) < 1. Since deg fa(xg) = 0, from (5.12) we have that d(xg) |
P2 (.1‘0, 0)

If d(z0) t P(x0,0), then d(xg) = cr?(xg) for some monic linear factor r(z¢) and constant ¢ € Z.
We will omit the constant ¢ as it will factor later, so simply write d(zo) = r?(x¢). In particular,
we have degd(zg) = 2, from which deg fo(z9) = 2. Moreover, since d(z¢) | fi(zo)P(z0,0), then
deg f1(zp) = 1. From the divisibility relations, we can write

P(0,0) = t(zo)r(zo),  folzo) = Ar*(xo),
fi(zo) = Br(zo), fa(xo) = C,

for some polynomial ¢t and constants A, B,C € Z. Expression (5.12) can then be simplified:
Q(z0, z2) = Ax3 + Bt(xg)xs + Ct*(z0)
We also have
Ar?(z9) = P(0,29) = Ax3 + Bt(0)zo + Ct*(0).

From both equations, we have

B x9t(0)

Since Q(zo,x2) is irreducible, then ¢(0) = 0. From above, we have Ar?(zs) = Az3 and so d(zg) =
r?(z0) = x3. Moreover, t(0) = 0 implies xg | t(zo) and so d(zo) = 22 | t(zo)r(xo) = P(z0,0). This
is a contradiction with our initial assumption.

Now assume d(zg) | P(xo,0).

If P(xo,x1) has a nonzero constant term, then since d(x¢) | P(zo,0) and d(x¢) | P(0,x¢), we see
P(x0,0) = P(0,z0). P(xo,x1) must be of the form P(zg,z1) = axg + az? + bxory + cxo + cxy + d.
In this case, we obtain the period 1 polynomials in item (6) of Theorem 3.3, whose generated seeds
are

{xo, 2% + 23 + ax129 + by + bxy + ),
{x1, 22 + 23 + axoxe + brg + bxo + C},
{za, x% + x% + azozxy + bxo + bz + ¢},
and
{xo, —2? — 22 + azy29 + ¢}, {21, 23 + 23 + azors — ¢}, {29, —28 — 2% + axoxy + c}.

If P(zg,z1) does not have a constant term, then d(zg) = ax + bzg and P(xg,z1) is of form
P(z0,21) = di(axd + bxo) + d2(ax? 4+ br1) + czozy. In this case, we obtain a special case of (6) and
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the general polynomial in (7) of Theorem 3.3. Their generated seeds are
{zo, 2% + 22 + ax 29 + bxy + b1},
{x1, 22 + 22 + axoxs + bxo + bs},
{9, 28 + 2% + axoxy + bxo + br1}

and

{xo, —a? — 22 + azy2o}, {21, 23 + 23 — azoxa}, {xe, —28 — 23 + azox1}.

Case 5 Either deg P(z9,0) = 0 or deg P(0,z9) = 0.

From Lemma (5.1), deg P(x9,0) = 0 = deg P(0,x9) = 0. Thus, we only consider the case where
deg P(0,z9) = 0, i.e., P(0,x¢) is a nonzero constant a € Z. Observe that d(xo) | P(0,z¢) implies
that d(xo) is a constant d. Equation (5.5) can then be simplified to

(5.13) P(a1, x2) ZMW*’“
’ = e 7

from which ¢(z1) | gx(z1) for all k. Therefore t(x1) | Q(zo, z1). Since Q(zo,x1) is irreducible, t(x1)
is a constant ¢. Equation (5.13) with z2 = 0 and 21 = 0 yield

P(0,z3) = Zg’;
k=0
Per0) = L) “Zzgo)f

n—1

From the first one, we have t = ¢,(0)a and x1 | gg(z1) for 0 < k < n — 1. Now mutating

P(x1,x9) at xg gives,

Qo a2) =L P20,
_ay - agn(T0)\ k n—k
(5.15) =ng(wz):v§
k=0

Next we compute hy,. Since xy | gk(xQ) for k = 0,1,2...,n — 1, in (5.14), only the term

%gn(ag?éfo))a contains term z3'. Indeed,

m gn(O)a" m
hm(x0)zy = y xy'.
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Therefore hy, (o) is a constant, so only go(z2) contains the term z3', say go(z2) = bz’ +.... Since
deggr <mfor k=1,2,...,n—1,

zy' agn(0)\ k p—k
— k=1,2,...n—1.
x2 d.gk( (O)l’g)a Ty ) Ly n

Setting zo = 0, the above expressions all vanish, so

Qe 0) = holan) = () .

Since deg Q(x0,0) < n, deggn(zo) = 0 (or m = 0, then P(xp,z1) only depends on xp). (5.14) is
simplified as

n

ng S)atag " =" gnwl(@2)zf*,

k=0
Comparing coefficients on both sides, we see,

Ty a

()" = (@), k=0,1,2.0m

n—1

Taking £ = 0 in above equation, and noticing that ¢t = g,(0)a" ", we have n = 1 or a = £1. We
thus obtain the period 1 polynomials in items (8), (9) and (10) of Theorem 3.3. Their generated
seeds are

{zo, £x129 + @}, {21, £20 + 22}, {22, LTOT1 + a}
and

{zo,1+ 2T'ah + Z Cij(@had + 2y,

o<i<m
0<g<n

{z1, 27 + 25" + Z Cij( l‘OZL‘Q g T2i),

0o<i<m
0<j<n

n—
{z9,1 + zfa] + g Ci (b + it ™))
0<i<m
0<j<n

When m =n mod 2,

{wo, ~1+ (=)™ afal + Y Ciglataey + ()™ e ey ™)),

o<i<m
0<j<n
{1, —af —af' + Y Ciy((~)agay ™ + (—1)ig Tah)},
0<i<m
0<j<n
{wo, 1+ ()™ lagal + Y Cyylapa] + (=1 a2 )},
o<i<m

0<j<n
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6. EXAMPLES OF PERIOD 1 POLYNOMIALS AND SEEDS

In this section, we prove that several families of polynomials P = P(z1,...,2,-1) are 1 periodic. In our
first subsection, we prove the Expansion and Reflection Lemmas (Lemmas 3.14 and 3.15), which can be
applied to period 1 polynomials to generate more period 1 polynomials. In the second subsection, we prove
Theorem 3.9.

The proof that P is a period 1 polynomial for each item in Theorem 3.9 will simply consist of writing
down the intermediate polynomials P;. In general, it is easy to verify that P,_; = 7p(P;) for all i (and
P,_1 =1p(P)), showing the seed is a period 1 seed.

The importance of period 1 polynomials stems from Theorem 2.12 that says that if ﬁo = Py, then P
generates a Laurent phenomenon sequence. Theorem 2.14 gives sufficient conditions for 130 = Fp to be
satisfied. In most of the seeds given below, the reader can easily verify that the intermediate polynomials
P; that depend on xq are the ones for which P = Py depends on z;, and so condition (1) of Theorem 2.14
is satisfied. The only exceptions will be the families in Subsections 6.2.10 and 6.2.11, but these families
satisfy condition (2) of Theorem 2.14 instead. Hence, the truth of Corollary 3.12 will follow from the seeds
for the polynomials in Theorem 3.9 that we give below.

6.1. Proofs of the Expansion and Reflection Lemmas.

6.1.1. Proof of Lemma 5.1/. Let t = (x,F) be the period 1 seed generated by F and let k¥ € N be any
positive integer. We prove that G(x1,%2,...,Znk—1) = F(Tk, Tag, - - -, T(n—1)) generates a period 1 seed.
Let G = (Gl, ey Gk‘n)7 where Gk(i—l)-i-j(wl? e 7§k(i—1)+j7 SN ,[L‘kn) = Fl(xja e ,.'/L'\k(i_l)_;'_j, e 71:k(n—1)+j)
forall 1 < i <mn, 1 <j <k Ttisclear that ¢ = (y,G) is a seed and Gi, = G. It will then
suffice to show that ' = (y,G) has period 1. Observe that Gi(x2,...,Tn) = F1(Thi1,- - Tno1)+1)
and Grn (21, -+ Tkn—1) = Fn(Tr, .- Tp—1)), 80 Gpp is the downshift of G;. We need to verify Gy =
To1.Gq (Gsg1) for all 1 < s <nk —1.

If s # 0 (mod k), then s = k(7 — 1) 4+ j for some ¢ and 1 < j < k. In this case, observe that G5 is the
downshift of G411 by definition of G. Moreover, the polynomial G541 (and also ) only depends on the
variables 11, .., Tp(i—1)4j41s - - - » Th(n—1)+j+1, and in particular, not x1. Hence, 7(Gs11) is the downshift
of Gsy1, which is G as remarked above.

If s =0 (mod k), then s = k(i — 1) + k for some positive integer i, and so s +1 = ki + 1. In this case,
Gs = Fi(Th, - Ty oo+ Tpn—1)41) and Gsy1 = Fip1(w1, .., Tsp1, -+ o Tp(n—1)41). Since (x,F) is a period

~

1 seed, we have that 7., p (F;) = Fj—1. Hence, 7y, ¢, (Goy1) = Fi1(@py ... Tsy ..., Tn) = Gis.

6.1.2. Proof of Lemma 3.15. Let (x,F) be the period 1 seed whose intermediate polynomials are Fj, 0 <
7 <n-— 1. Define Gi(l‘o, PN ,EC\Z', PN ,xnfl) = Fn,ifl(ﬂ?n,l, R ,ZL‘\i, ey 1,‘1) for all ’i, and G = (Gl, ceey Gn)
We show that (x,G) is also a period 1 seed generated by G.
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F,_ =
From the relation kp(F,,—;) = F,_i+1, we have that replacing x,, with w in F,,_; and upshifting
T_1
yields
N Fo1(w1, ., 20-1) e, 1=0
(6.1) F,; <x1,...,xn_i+1,...,xn_1, - xn Inoitd i
0

Then, F;,_;41 comes from dividing (6.1) by the largest power of F;,_1(x1,...,2n—1)|s,_;s,=0 that divides
it, and adjusting by a monomial factor.

We show that (x,G) is a period 1 seed by verifying that 7¢(G;) = G;—1 for all ¢. Similar to before,

. . 0lz;=0 . . .
replacing =g with ——— in G; and downshifting yields
T
Go(wo, 1, .., Tn—2)|z; =0 ~
Gl( aanxla"'axifla"'a':vn*Q)

Tn—1

. Fo1(zn—2,..,70)|z;,_,=0
(6-2> = n—i—l(xn—Qa"'7$i—17-"7x17x07 )

Tn—1

Then, 7¢(G;) comes from dividing (6.2) by the largest power of Go(xo,...,Zn—2)|z, ;=0 that divides it,
and adjusting by a monomial factor.

Notice that replacing x; by z,,—j_1 for all j in (6.1) gives (6.2). Therefore,

76(Gi) = Fo—it1(Tn—1,- -, Ziz1, ..., 21) = Gi1 (20, -+, Tim1, ..+, Tn—1) = Gi1.
6.2. Period 1 polynomials and their generated seeds. As remarked at the beginning of the section,
we will show the seeds generated by the polynomials P in Theorem 3.9. In all cases, we obviously have

Py = P and P,_1 be the downshift of P, so it will suffice to show the intermediate polynomials P; for
O<i<n—1.

6.2.1. Gale-Robinson seed. We begin with the Gale-Robinson polynomial P = Azpx,_p + Brern—q +
Cryxp_r, p<q<randp+q+7r=n. There are many cases to consider when writing the seed for P. As
the Laurent property for this polynomial is already well-known, we only write the seed in the case that
r < n/2 (the other cases ¢ < n/2 <r, p<n/2 <r,n/2 <p and where there are some equalities among
some of these quantities, are similar).

We first give the intermediate polynomials P; for i € {p,q,r,n —p,n —q,n —1}:
o P, = ABx xoptpsy + ACT, TopTprq + C0TptrTrsp—r + BToTprqTnip—q-

o P, = ABxy ,xpToqTytr + ABT0T2g—pTpiqTotr + ACTOT 4 q—pTptqTogt+
BCxgprrpiq2ag + CT0Tq—pTgtrLniqr-

o P = ABxoTr—pTptr—qTqrrTor + ACTy _pXpTr_qTgirTor + ABXOT gir—pTr—qTprTor+
BCxy_pxqxr—gTpirTor + ACToTr—gT2r —pTptrZgtr + BCToTr—pZor—qTpirTysr-

o P = AB2¢Xptq—rZ2pTntq—r + ACTyToptq—rTpTniqg—r + CTOTptg—rTntp—rTntq—r+
ABxpy g rT2qTpTnip—r + BCTgZyyqg—2rTpTyyp—r.

o Py =ABx,2pTpip—2¢ + ACT, ZopTpir—q + BToTpir—qTnip—q + CTpTr_gTnip—q-
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o P, =Axorp_9p + Bry_px, + Cappy.

For the remaining polynomials P;, pick the largest ¢ < j in the set {0,p,q,7,n — p,n — ¢,n — 1}, and let
P; be P; after upshifting j — ¢ times.

6.2.2. Symmetric with second powers seed. If P is of the form (1) in Theorem 3.9, the intermediate poly-
nomials are P; = P(zg,...,%j,...,xp—1) forall 0 <i <mn — 1.

Example 6.1. When n = 3, these family of polynomials accounts for the family (6) in Theorem 3.3.

6.2.3. Sink-type binomial seed. If P is of the form (2) in Theorem 3.9, the intermediate polynomials are

i—1 n—i—1
R:Ha:?"_i_j—k H a:fj_] forall0 <i<mn-—1.
7=0 J=1
Example 6.2. When n = 6, the polynomial P = x3x3x5 + 1 generates the period 1 seed

{xo, 22x3ws + 1}, {21, 2323 + xo}, {w0, 2323 + 21}, {23, 2300 + 23}, {24, 2325 + 22}, {25, 232324 + 1}

6.2.4. Extreme seed. If P is of the form (3) in Theorem 3.9, the intermediate polynomials are P; =
Ti—1+ a1 +Aforall0<i<n—1.

Example 6.3. When n = 4, the polynomial P = x1x3 + 3(x1 + 22 + x3) + 2 generates the period 1 seed
{zo, z123 + 3(z1 + 22 + 23) + 2}, {21, w0 + 22 + 3}, {22, 21 + 3 + 3}, {23, w2 + 3(20 + 21 + 22) + 2}

6.2.5. Singleton seed. If P is a single variable polynomial of the form (4) in Theorem 3.9, the intermediate
polynomials are P; = P (a:i+% (mod n) ) -

Example 6.4. When n = 4, the polynomial P = x3 + 2x9 — 7 generates the period 1 seed
{xo, 23 + 229 — T}, {21, 25 + 223 — T}, {@0, 23 + 220 — T}, {23, 27 + 221 — 7}, {24, 22 + 223 — T}.

Remark 6.5. These polynomials correspond to (4 )-expansions of the period 1 polynomials found in The-
orem 3.1.

6.2.6. Chain seed. If P is of the form (5) in Theorem 3.9, the intermediate polynomials are
Py = zo+a, 1+ A forall0<j<(n—1)/2
ng = F(l’o,...,fgj,...,.fcn_l), for a110<j<(n—1)/2.

Example 6.6. When n =5, the polynomial P = x1x9 + x9x3 + 324 + 2(21 + 2 + 23 + 24) + 3 generates
the period 1 seed

{xo, 122+ o3 + w324 + 2(21 + 22 + 3 + 24) + 3},
{z1, mo+ x4+ 2},

{x2, xom1 + 2324 + 2(20 + 21 + 3 + 34) + 3},

{x3, mo+ x4+ 2},

{z4, mox1+ 2122 + 2273 + 2(T0 + 71 + T2 + 23) + 3}
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6.2.7. Multilinear symmetric seed. If P is of the form (6) in Theorem 3.9, the intermediate polynomials
are

P2j—1 = El(l‘o, o ,flt\gj_l, R ,:Un_1) 4+ A, forall0 < j < (n — 1)/2
ng = F(l’o,...,ﬁj‘\Qj,...,J}nfl), forall 0 < j < (n— 1)/2

Example 6.7. When n =5, the polynomial P = x1x9 + xox3 + 124 + Toxs + xox4 + w324 — 3(21 + 22 +
x3 + x4) + 1 generates the period 1 seed

{zo, T129+ 2123+ 2223 + 124 + Towy + w3y — 3(21 + T2 + T3 + 34) + 1},

{331, o + X2 + X3 + 24 —3},

{z2, xox1+ 203+ 2123 + Tox4 + 124 + w324 — (20 + 71 + T3 + 34) + 1},

{z3, =0+ 1+ 22+ 24 — 3},

{334, Tox1 + Toxo + 1X2 + Tox3 + T1X3 + Tox3 — 3(33‘0 + 21+ 22 + .7,'3) + 1}

6.2.8. r-Jumping seed. Let r,n, A € N be constants and P a polynomial in the setup of (7) of Theorem
3.9. For any a > 0 such that a +r < n, define

EE

E Tatrk * Tatrk+r—1 T A.
k=0

With this definition, notice that P = F}. The intermediate polynomials are:

J+1 J
(] P = Za ]+2 'L ;=0 and Pn,j,1: (bg).FO—i_Zbg'FT*i)‘wn_j_l—O for alllgjgr—Q,
1
j—i—1 = ;
Wherea —ka Hajn rtj— kandbj— H Tp—jtk - Hmn k-
k=0
r—1—:
Zaz- r—it1)|, o forallr —1 <j <n—r, where a; = H:Uk Hwnkl

Example 6.8. When n =7, the polynomial P = x1x3 + 426 generates the period 1 seed
{zo, w123+ 2476},
{z1, wowawy + 242576},
{x9, zow17325 + T1T32576 + T4T5TE},
{z3, x%xlxg + 2oT2T4T6 + x4:r5:c%},
{x4, xdx129 4+ 2OT12375 + T123T5T6 ),
{x5, Tox1To + $2x4x6},
{xG, ZToxo + $3$5}

Observe that this is an example of a binomial that generates a period 1 seed whose intermediate polynomials
are not all binomials. Jumping polynomials are not classified by Theorem 3.5.
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6.2.9. r-Hopping seed. Let r,n, A, B € N be constants and P a polynomial in the setup of (8) of Theorem
3.9. For any 0 < a < n —r, define

Ln;aj_l Ln:aJ_2
Z Tatrk " Tatrk+r—1 A Z Tatrk+r—1 * Tatrk+r + B.
k=0 k=0

With this definition, notice that P = F}. The intermediate polynomials are:

o Pj= (> a Fiai)|, o and Pojy = (0 - Fo+ > v Fri)|,, g foralll <j<r-—2,
=1 i =1
wherea —ka Ha:n rtj— kandbj— H Tr—jik H:Un k-
r—1—:
Zal- r—it1) forallr—lgjgn—r,whereai— H$k H:Enkl

Example 6.9. When n =7, the polynomial P = x1x3 — 2x314 + 2426 + 3 generates the period 1 seed
{zo, w173 — 22374 + T476 + 3},

{z1, zowox4 — 2701475 — 2X3T4T5 + T4x5T6 + 3T + 375},

{ze, zoT123T5 — 200X1T5T6 + T1X3T5T6 — 2T0T4T5T6 — 2T3T4T5T6 + :U4335x§ + 3xoz1 + 32076 + X576},
{x3, $(2):U1x2 — 220T1T2T6 + TT2T4Tg — 200X 15T — 2X0X4X5T6 + x4x5ajg + 3z + 3w0x6 + X576},
{4, ZL'(%:L'1$2 — 2x0x1T2x3 + TOT1T3T5 — 2X0T1T2xe — 2T0T1T5T6 + T1T3T5X6 + 3T + 3Toxe + 3x5T6 ),
{z5, zoT122 — 2212273 — 21296 + Tox4x6 + 31 + 376},

{z¢, w0oT2 — 2m273 + X375+ 3}

Remark 6.10. In the definitions of az, bz and a; in the jumping and hopping seeds, a product H X}, is
k=L
defined to be 1 if M < L.

6.2.10. Flip-symmetric binomial seed. These are the seeds discussed on Section 4. We give an explicit
description here for consistency.

Let L, R C [n — 1] be disjoint subsets, a : L UR — N a map and P a polynomial in the setup of (9) of
Theorem 3.9.

Let a = (ag, a1, ..., an—1) € Z%, be the vector with nonnegative entries such that a; = a(i+1) ifi+1 € L,
aj = —a(j+1)if j+1 € R and a; = 0 for the remaining indices k. Define the vectors b®, ... b1
,bg’)_l), c) = (c((]z), e 1(1) 1) for all ¢ and begin defining b( ) =
Then let i’ = —b"" and cy) = bg-l_l) + oY ) - Ya,_sa;<0} forall0 < j<mn—1andi>1 (the
indicator function 1, .4 <oy is 1 if ap—a; < 0 and is 0 otherwise). Finally, let b®) be the vector that

recursively as follows. Let bd) = (b(()i), .

comes from permuting ¢ with the permutation (0,1,2,...,n — 1) — (1,2,...,n — 1,0). We can now
show the intermediate polynomials P; for 0 < ¢ < n — 1. Polynomial P; is derived from vector b~ ag
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follows: let L; (resp. R;) be the set of indices 0 < k < n — 1 such that b,gn_i) > 0 (resp. b,gn_i) < 0). Then
(n—1) _ (n—1)
P, = H xb + H x; %k
keL; kER;

From Theorem 4.10 and the definition of B-matrix mutation in (4.1), the resulting seed (x,P) is a period
1 seed.
Example 6.11. When n =8, the polynomial P = x‘r{‘a;% + xiaﬁgxﬁ generates the period 1 seed

{zo, 2327 + woxiue), {x1, viasairs + 232822}, {2a, wox3al + awyad}, {23, 212528 + 25w523),

{zq, x3r0nd + 236}, {5, virsad + 2d2i27}, {26, zordasad + 23223}, {ar, 2d2e + 212325}
We now demonstrate how to obtain b(® from b@. We have a = (0,3,-1,0,-3,0,—1,2) (corresponding
to polynomial P) and b® = (3,-9,1,-5,0,5,—1,0) (corresponding to polynomial Py).
Notice that a5 = —3 implies asa; < 0 if and only if aj > 0. The only indices j for which a; >0 are 1 and 7.
Then ¢ = —b{", ¢ = b6 +65" - Ja1| = 9+ (3)(3) = 0, ¥ = bi" +b(" - |ar| = 0+(3)(2) = 6 and ¢|” =
'Y for the remaining mdzcesy Thus ¢® = (-3,0,1,-5,0,5,—1,6) cmd b®) =(0,1,-5,0,5, —1,6,—3).

This corresponds to Py = 12528 + x3x523.

6.2.11. Balanced seed. Let L, R C [n — 1] be disjoint subsets, a : L U R — N a map, M;, M3 monomials,
m > 1 an integer and P a polynomial in the setup of (10) of Theorem 3.9.

Notice that P = M + MJ" is a binomial with flip-symmetry seed, so it generates a period 1 seed.
Let Pj’ be the intermediate polynomials of this seed. From the analysis in 6.2.10, we see that each

P! is a binomial of the form Ml(i) + Méi), where each of the monomials Ml(i),MQ(i) is an m-th power

of a monomial. Say that (Nl(i))m = Ml(i) and (NQ(i))m = MQ(i), then the intermediate polynomials are
‘ lm/2] . ,
P = (N{)™ 4 (N{)™ + Z DYDY 4 Az (NN,

Example 6.12. When n =29, let My = x2x7, My = a:3:c6, and P = M} + M3 + 2(M7 My + My M3) +
SMEM3 = z?a} + 2325 + 2(3:29633361’7 + z3z3w6x8) + 3328220t generates the period 1 seed

{xo, x3%2§+ r325 + 2(waxiwde? + a3a3weald) + 323a52dat),
{xy, x*23 + o328 + 2(wsadadel + 23aierald) + 32325023},
{xo, x0xixd® + adal2xd + 2(ad2xPadadadtas + wSoitvyxdadad) + 3uiriPaiadeifa?),
{x3, 23230z} + 2%a102% + 2(xdriada Padad + voabed?a? esad) + 3adaialaPa2al),
{xg, xedzg + 2821021 + 2(adadaial®adad + vyaSal2attaead) + 323aialei®alas),
{x5, 25220x% + xgx}lGxélf 2(asriairl?aded + voalei?alerad) + 3udaialaa2al),
{xg, x32282i0 + xi?2dad + 2(xd230w3a82l s + adad?a3adadad) + 32§23t adaialal),
{x7, o2 + adab + 2(woalaia? + adadeyal) + 322282323},

12, 4 9 3
{zg, x5 s + :cle + 2(x1x2m5x6 + w1x2m5x6) + 3371952335376}
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6.2.12. Vector sum seed. Let ai,...,an—1 € N be constants, B a finite set of vectors N*~! and P a
polynomial in the setup of (11) in Theorem 3.9. For ease of notation, let B’ = B U {(0,...,0)} and
Clo,....0) = 1. The intermediate polynomials are

bpn—i b 1—i—bpn_1-4
F)i — § :(Cb'onn i xznlleilbl"'xzn—ll i—0n—1 7,)
beB’
a b, _; _1—bp_ bn_1—4 .
+ E (Cyp - xon ¢ n— Z...x?fll " larfjrl...a:n[f ), forall0 <i<n—1.
beB’

Example 6.13. The polynomial P =1+ x?x%xéxi + 2x1w2x§x4 + Qx%:vgzcgm generates the period 1 seed

{zo, 1+ 23x3x3a? 4 2w w0232y + 223 m00304},
{x1, 22+ a3x32} + 2xoxdwsn? + 2wozoxsa?},
{z2, x%xi + :EéSU? + 2x3$1x§x4 + 25633313531}4}7
{z3, 34 2dziad + 2woxieen? + 2xoaiaony},
{z4, 1+ x32022322 + 2won 2323 + 2020 0303}
6.2.13. Little Pi Seed. Let k,n € N be constants and P a polynomial in the setup of (12) of Theorem 3.9.

We show the intermediate polynomials P; for j € {k,2k,n — 2k,n — k}. For the general P;, if j is the
largest integer with j <7 and j € J, then P; comes from i — j upshifts to P;.

Case 1: If n > 4k, so that k < 2k <n — 2k <n — k, then
o P, = Axoxor, + ATopTn_ok + 20Tk Tni + A2Tn_4
o Py = xox3p + Tpa + A
o Py_op = AxpTp_31 + ATy 35Tn_k + T0Tn_akTn_k + A%20
e P, = Axyg+ Axp_ok + ThTr_3k-
Case 2: If n = 4k, so that k < 2k =n — 2k = 2k <n — k = 3k, then
o P, = Axgror + Ax%k + acg:L‘%k + A%x3,
o Py = A:cz + Axpxs + $(2)1‘3k + A%z
o Py, = Axg + Azoy, + 22,
Case 3: If 4k > n > 3k, so that k <n — 2k < 2k <n — k, then
o P, = Axgzor + ATopTn_ok + ToT3uTn—_t + A%Tp_i
o Py ok = T0Tn_3kTn—k + T0T2n—5kTn—k + Tn_3kTkT2n—dk + Tn—3kTn—kTon—ak T AT0T2n—ak
o Py = Axpasi_n + Axpasy + vozpxsr + A%Takn
o P, 1 =Axo+ Az, op + TkTh_3k-
Case 4: If 3k > n > 2k, so that n — 2k < k <n — k < 2k, then

® [ ok = Top_akTk + Ton—4kTn—k + ToT2k + ToTon—3k
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o P = 20Tp—kTak—n + ToTp—kT2k + T0L3k—nT2k + Tn_2kT3k—nTok + AT3k—_nTrn_k
o Py | =Ty kTl + Ton_3kTn—2k + T0T2m—3k + TiTom—ak
o Py = Axsp_y + Az + T0Ta—n-

Example 6.14. Whenn = 7 and k = 2 (Case 4k > n > 3k), the polynomial P = 2x5 + 2x5 + x423
generates the period 1 seed

{zo, x314+ 279 + 225},

{z1, z45+ 223 + 226},

{z2, zow526+ 22074 + 20374 + 425},

{z3, zoT125 + TOT4T5 + T1X2T6 + T1T526 + 2X0T6},
{z4, zom126 + 22973 + 20076 + 421},

{z5, z122 + 220 + 223},

{z¢, xows+ 211 + 224}

6.3. Pi Seed. Let k,n,a,b € N be constants and P a polynomial in the setup of (13) in Theorem 3.9. We

show the intermediate polynomials P; for j € {k,2k,n —2k,n—k}. We obtain the remaining intermediate
polynomials P; as before. Without loss of generality, assume ao > a1 and by > bo.
Case 1: If n > 4k, so that k < 2k <n — 2k <n — k, then

o P = Ax“2+b2 21 ok + Bx“2+b2 ff %xgl —b2 azglxgkxn,k.

o Py = x0x3k+b2 +xa1+b1 Tag.
b b
o Poop = Awilap 5 alsy ™ + Bap?ai i + oz aty
b
o P, =Axg'z) , + Brg’x? 2k+mkxn 3k-
Case 2: If n = 4k, so that kK < 2k =n — 2k < n — k = 3k, then
o P, = A:l:32+bl+b2 + B$a2+252x82—a1 + x81x§k
o Py = Ax2a1+b1 g2 a1y Bm2a2+b2 + JZOJI%
o Py = Axgla:g}c + Bxgzxgi + 23,
Case 3: If 4k > n > 3k, so that k <n — 2k < 2k <n — k, then

a2+b2 bl az—ay ,az+bz b2 b1
o P = A, T, o + Bx Top X op T Ty T3KTp—k-

b1 az az— a1
o Pyop = Aol gl ot +Bror g at? g x| Az g ot xo awit M+ Byl g ai 0o, k.
o Py, = Axyy “ag, nxkﬁ'bl + Baza2+b29§gz n F T0Tap—nx5;.
b
o P, =Axg'x) , + Bz Qk—i—mkxn k-

Case 4: If 3k > n > 2k, so that n — 2k < k < n — k < 2k. Two cases will arise; for simplicity, let us only
do the case a1 < by.
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b a az b a az—aq b
P, _op = Axop,_ 4k$k1 "ot Brop_gpxyiw) +Ax0x2n ap + Brox,? Ml o

_ b1 .az—aj a1 b1 az b1 az—ay b2
o Py = Axg'ayy " afy Tk + Brg' waopxl , + ATskon,! o257 + Brg®T M2 o 25 T3k n.

a1 bi—a as—ai b
Pop = Az all i won sy, + B won_sial? 5t + Amgall, ., + Bal 3 al2 .

o Py —Axgk nmk —|—B:L‘3k nazk + ToTak—n-

Example 6.15. Whenn =8, k =2 (Case n = 4k), a = 3 and b = 2, the polynomial P = —2x3x2 +
333 + 23 generates the period 1 seed

2 2 2 2 2 2 2
{0, 22322 + 3323 + 23}, {w1, —22322 + 3322 + 22}, {w2, —2xox] + 3% + 3},
2 2 2
{x3, —2x12L + 328 + 2322}, {4, —225 + 3adae + 2323}, {25, —225 + 3wler + 2323},

2 2 2 2 2 2
{z6, —2x32] + 3aga] + w3}, {wr, —27aF + 3230l + 23},

7. CONSERVED QUANTITIES AND K-INVARIANTS

In this section, we examine the integrablity of the sequences generated by some period 1 polynomials. Our
general approach, for each sequence, is to find a conserved quantity, which we will denote by J, of the
recurrence. A conserved quantity is a rational polynomial function depending on any n consecutive terms of
the sequence, i.e., Jpypn = J(Tm, Tm+1, - -+, Tmin—1) is independent of m; in other words Jy 41,0 = Jmp =
J. Using this conserved quantity, we multilinearize the recurrence x4y = P(Tm+1, -+ - Tmtn—1)/Tm by
writing it in the equivalent form

Tm+n = L(xma Tm41y- - xm—i—n—l)a

where L is a multilinear polynomial with coefficients in Q[zg,...,2z,—1]. If L is linear, we say that the
recurrence has been linearized. Notice that when the coefficients of L are all Laurent polynomials in
T, ..., Tn_1, this multilinearization provides an alternate proof of the Laurent phenomenon for these
sequences. In some cases, we find a k-invariant instead of a conserved quantity. This is a rational
polynomial function J such that Jp, , = J(Zm, Tm+1, - - - Tmin—1) depends on the residue of m modulo k;
in other words Jy4+1 = Jimn-

Since proving the integrablity of a sequence is technical and involves detailed discussion for each sequence,
we will only provide an integrability test analysis for the first sequence discussed and leave the rest to the
reader. For the relevant discussion on integrability of sequences, including cluster algebras and poisson
geometry, refer to [FO],[ | and | .

7.1. Special case of symmetric with second powers polynomial. We obtain a conserved quantity
for the recurrence defined by

n—1 n—1
P= Zw?—}—Ain—i—B.
i=1 i=1
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The recurrence at indices m +n and m +n + 1 are:

n—1 n—1
2
TmanTn = E T+ A E Tmti + B
i=1 i=1

n—1 n—1

2
Tm+n+1Tn+1 = g i1 + A E Tmyiv1 + B

i=1 =1

After subtracting the former from the latter and rearranging, we obtain

Tm+1 + Tmtn+1 + A _ Tm + Tmgn + A
n—1 - n—1
Hi:l Tm4i+1 Hi:l Tm+i
T + Tt + A

n—1 )
i=1 Tm+i

Therefore

is a conserved quantity for our recurrence that we will write as J,, . By
multiplying the numerator and denominator by x,,, and using z,,+pTm = A Z?;ll ;4 B in the numerator,
we see that J,, , can be written as

T = Z?Qol ah, T A Z;:ol Tmti + B
mn — .

7 H?;ol Tt

Then we have
Sip a4+ Ay e+ B

H?:_o1 i

Jm+1,n = Jm,n =J=

)

and the mutilinear recurrence

n—1
(7.1) Tmin = [[ #msi — 2m — A, m=0,1,2...

i=1
We show that the recurrence generated by P passes the singularity confinement test described in | ]. As-
sume we had a singularity at z,, 4y, i.€., Zy+n = € = 0. Then we have ez, = P(Zpmt1, Tm42s - - - Tmgn—1) =
O(e). From (7.1), Zypqn = J-H?;ll Tm4i —Tm— A, we can show inductively that x,1m4i = —Zp4i—A+0(e)
for i = 1,...,m — 1. It is therefore clear that x,i2, = O(1), that is, the singularity is confined. It is

interesting to observe that, even though the sequence passes this singularity confinement test, it is not
Diophantine integrable, as shown in [ ].

Another interesting fact is that the quadratic Diophantine equation

n—1 n—1 n—1
S ai+ A zi+B=mn1+A)+B) [[x
=0 =0

i=0
has infinitely many integer solutions (zg, z1, ..., z,—1) that consist of the n-tuples (Ym, Ym+1,- - - Ymtn—1)s
where the sequence (y,)5°_ is defined as yo = y1 = ... yn—1 = 1 and Ymin = F(Ym+1s- - - Ymtn—1)/Ym

for all m > 0.
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7.2. r-Jumping polynomial. A conserved quantity for the r-Jumping polynomial

n—1 1

P = Z Trit1 * Tritr + A,
i=0

when n >2r+1and n=1 (mod r), is

Tm+1 + Tmtntr
o .
| | P

Jmn:

)

We then have

T1 + Tptr
Jm+1,n = Jm,n =J= m .
Hz’:r+1 i
as well as the multilinear recurrence
n
$m+n+7‘:J' H Tm+i — Tm+1, m:O,1,2

i=r+1

7.3. Special case of sink-type binomial. This is the first example of polynomial for which we find a
k-invariant instead of a conserved quantity. For the polynomial P = zpx,_; + 1, where 0 < k < n, there
is a (n — k)-invariant which is
J _ ITm + T2k
mmn — - -
Tm+k

We then have

Jm—i—n—k,n = Jm,n-

The quantity J,, , will depend on the residue of m modulo n — k; more specifically:
Ti + Tiyok
Litk
moreover, we obtain the linear recurrence

Impn = Ji = ifm=i¢ (modn—k)and 0<i<n—k;

Tm42k = J(m mod n—k)Tm+k — Tm, m=20,1,2...
This recurrence is thoroughly discussed in [F'M], where it is shown that the sequence is given by its initial
values and a recurrence Ty, = G(Tm, Tm+1, - - Tmin—1) for a linear function G. Moreover, it is shown

there that the sequence is complete integrable.

7.4. Extreme polynomial. A (n — 1)-invariant for

n—1
P=ziz, 1 +A-Z—I—B
i=1
is
Tmy2 + T + A

Tm+1

Jm,n =

We then have

Jm—i—n—l,n = JdImmn-
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The quantity J,, , will depend on the residue of m modulo n — 1; more specifically:

Jm,n = Jz =

Tivo+ax; + A

Li41

moreover, we obtain the linear recurrence

ifm=i

Tm+2 = J(m mod n—1)Tm+1 — Tm — A,

7.5. Chain polynomial. A 2-invariant for

when n is odd, is

We then have

Jm+2,n = Jm,n = JO =

Jm+2,n = Jm,n = Jl =

and the mutilinear recurrence

2
Tm4n—1 = '](m mod 2) ° H Tm+2i+1 — Tm — A7

n—2 n—1
P=Y miwia+A- Y i+ B,
i=1 i=1

_ Tm4n—1 T Tm + A

Jm7n - n—3

[1:2

Tpo1+xo+ A

n—3

[1,2 z2im1

Z?;IQ TiTiy1 + A Z?;ll rv;i+x1+A+ B

0 Tm+2i+1

, 2|m

n—3

=0

n—3

HZ'ZQ() T2i+2

7.6. Multilinear symmetric polynomial. A 2-invariant for

P = Z $i$j+Ain+Ba

when n is odd, is

We then have

1<i<j<n—1

Jmn:

n—1

=1

) n—3

Hiﬁo Tm+2i+1

Yisg #i+ A

Jm+2,n = Jm,n = JO = n—3

Jm-‘,—?,n = Jm,n

:Jl

[1,20 z2it1

n—1
_ Do<icjen1TiTi +AY g xi+ B

Z?:_ol Tmti + A

2|m

n—1

H@':Q1 T2

Y

m=20,1,2...

)

(modn—1)and 0 <i<n-—1;

2¢m

m=20,1,2...

24 m.
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and the mutilinear recurrence

2z n—2
Tm+4n—1 — J<m mod 2) H Tm+2i+1 — Zl‘m - A, m = 0, 1, 2, 3...
1=0 1=0
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