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Abstract

Many important invariants for matroids and polymatroids, such as the Tutte polynomial, the Billera—Jia—
Reiner quasi-symmetric function, and the invariant G introduced by the first author, are valuative. In this
paper we construct the Z-modules of all Z-valued valuative functions for labeled matroids and polymatroids
on a fixed ground set, and their unlabeled counterparts, the Z-modules of valuative invariants. We give
explicit bases for these modules and for their dual modules generated by indicator functions of polytopes,
and explicit formulas for their ranks. Our results confirm a conjecture of the first author that G is universal
for valuative invariants.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

Matroids were introduced by Whitney in 1935 (see [31]) as a combinatorial abstraction of
linear dependence of vectors in a vector space. Some standard references are [30] and [20].
Polymatroids are multiset analogs of matroids and appeared in the late 1960s (see [8,12]). There
are many distinct but equivalent definitions of matroids and polymatroids, for example in terms
of bases, independent sets, flats, polytopes or rank functions. For polymatroids, the equivalence
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between the various definitions is given in [12]. We will stick to the definition in terms of rank
functions:

Definition 1.1. Suppose that X is a finite set (the ground sef) and rk: 2X 5 N= {0,1,2,...},
where 2% is the set of subsets of X. Then (X, 1k) is called a polymatroid if:

1. tk(¥) =0;
2. tk is weakly increasing: if A C B then rk(A) < rk(B);
3. rk is submodular: tk(A U B) + k(A N B) <1k(A) +r1k(B) forall A, B C X.

If moreover, rk({x}) < 1 for every x € X, then (X, rk) is called a matroid.

An isomorphism ¢ : (X,rkx) — (Y, 1ky) is a bijection ¢ : X — Y such that rky o ¢ =rky.
Every polymatroid is isomorphic to a polymatroid with ground set d = {1, 2, ..., d} for some
nonnegative integer d. The rank of a polymatroid (X, rk) is rk(X).

Let Spm(d, r) be the set of all polymatroids with ground set d of rank r, and Sv(d, r) be
the set of all matroids with ground set d of rank r. We will write Spym(d, r) when we want to
refer to Spm(d, ) or Sm(d,r) in parallel. A function f on Spym(d, r) is a (poly)matroid in-
variant if f((d,1k)) = f((d, rk")) whenever (d, rk) and (d, rk’) are isomorphic. Let S(sg)mM(d 1)
be the set of isomorphism classes in Spym(d, r). Invariant functions on Spym(d,r) corre-

sym

spond to functions on S(sg)r;]v[(d , 7). Let Zipym(d,r) and Z(P)M(d, r) be the Z-modules freely
generated by Spym(d, r) and S(Sg;?/[(d , 1) respectively. For an abelian group A, every function
f: S((g{\n,l) (d,r) — A extends uniquely to a group homomorphism Z ((glr\n,l) d,r)y— A.

One of the most important matroid invariants is the Tutte polynomial. It was first defined for
graphs in [27] and generalized to matroids in [4,6]. This bivariate polynomial is defined by?

T((X.1k) = Y (xr = IO (y — 1Ak,
ACX

The Tutte polynomial is universal for all matroid invariants satisfying a deletion-contraction
formula. Speyer defined a matroid invariant in [26] using K -theory. Billera, Jia and Reiner in-
troduced a quasi-symmetric function F for matroids in [2], which is a matroid invariant. This
quasi-symmetric function is a powerful invariant in the sense that it can distinguish many pairs
of nonisomorphic matroids. However, it does not specialize to the Tutte polynomial. The first
author introduced in [7] another quasi-symmetric function G. For some choice of basis {Uy} of
the ring of quasi-symmetric functions, G is defined by

G((X, 1) =D Urw),
X

where

X: V=XgCX|C---CXy=X

2 Regarded as a polynomial in x — 1 and y — 1, 7 is known as the rank generating function.
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runs over all d! maximal chains of subsets in X, and
r(X) = (tk(X1) — rk(Xo), rk(X2) — tk(X1), ..., k(Xq) — tk(X4-1)).

It was already shown in [7] that G specializes to 7 and F.

To a (poly)matroid (d, rk) one can associate its base polytope Q(1k) in R? (see Definition 2.2).
For d > 1, the dimension of this polytope is < d — 1. The indicator function of a polytope
IT C R4 is denoted by [1]: RY — Z. Let Ppym(d, r) be the Z-module generated by all [ Q (rk)]
with (d, 1k) € S(p)M(d, r).

Definition 1.2. Suppose that A is an abelian group. A function f : Spym(d, r) — A is strongly
valuative if there exists a group homomorphism f : Ppym(d, r) — A such that

f((d, %) = F([eak)])
for all (d,1k) € Spym(d, r).

In Section 3 we also define a weak valuative property in terms of base polytope decomposi-
tions. Although seemingly weaker, we will show that the weak valuative property is equivalent
to the strong valuative property.

Definition 1.3. Suppose that d > 0. A valuative function f : Spym(d, r) — A is said to be addi-
tive, if f((d, rk)) = 0 whenever the dimension of Q(rk) is <d — 1.

Most of the known (poly)matroid invariants are valuative. For example, 7, F and G all have
this property in common. Speyer’s invariant is not valuative, but does have a similar property,
which we will call the covaluative property. Valuative invariants and additive invariants can be
useful for deciding whether a given matroid polytope has a decomposition into smaller matroid
polytopes (see the discussion in [2, Section 7]). Decompositions of polytopes and their valuations
are fundamental objects of interest in discrete geometry in their own right (see for instance the
survey [18]). Matroid polytope decompositions appeared in the work of Lafforgue [13,14] on
compactifications of a fine Schubert cell in the Grassmannian associated to a matroid. The work
of Lafforgue implies that if the base polytope of a matroid does not have a proper decomposition,
then the matroid is rigid, i.e., it has only finitely many nonisomorphic realizations over a given
field.

1.1. Main results
The following theorem proves a conjecture of the first author in [7]:

Theorem 1.4. The G-invariant is universal for all valuative (poly)matroid invariants, i.e., the
coefficients of G span the vector space of all valuative (poly)matroid invariants with values in Q.

From G one can also construct a universal invariant for the covaluative property which spe-
cializes to Speyer’s invariant.
It follows from the definitions that the dual Ppym(d, )Y = Homz (Peym(d, 1), Z) is the space

of all Z-valued valuative functions on Spym(d, r). If P(spy;:,l(d , 1) is the push-out of the diagram
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T(P)M
Zew(d, r) —— Zgiy(d,r)

Yp)m Y (D
v

Ppym(d, PN (d,
(P)M( r) p(P)>' (p)M( r)

then the dual space P(sg)nl:/l (d,r)Y is exactly the set of all Z-valued valuative (poly)matroid in-
variants. Let p%& (d, r) be the rank of P(g)r;l,[ (d,r), and ppym(d, r) be the rank of Ppym(d,r).
Then p(P)M (d, r) is the number of independent Z-valued valuative (poly)matroid invariants, and

pem(d, r) is the number of independent Z-valued valuative functions on (poly)matroids. We
will prove the following formulas:

Theorem 1.5.

d 1
(a) Py, r)—() and Y Pty = e
r 0<r<d rey
+d—1
(b) p;}{\zﬂ(d, r) = (r r ) ifd=1lorr>1, and
1 ifd=r=0,
1—
ZZP 1 (@ r)xfy I_—i
r=0d=0 r=y
pmd,r) 4, . X —Y
© ogrzgd P Y T e ey
@ e r)—{(r+1)d_rd raztorr > g
PRMEET0 =1 ifd=r=0,

ii pem(d. xty” e (1—y)
‘ —)
== d! 1 —ye*

sym

We also will give explicit bases for each of the spaces Ppym(d, r) and P(P)M (d, r) and their
duals (see Theorems 5.4, 6.3, Corollaries 5.5, 5.6, 6.6, 6.5).
The bigraded module

Zewm=EP Zpmd, r)
d,r

has the structure of a Hopf algebra. Similarly, each of the bigraded modules ng;]vl’ Py

and PSy has a Hopf algebra structure. The module Z( M is the usual Hopf algebra of
(poly)matr01ds where multiplication is given by the direct sum of matroids.
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In Sections 8 and 9 we construct bigraded modules T(pym and T(Spy)nl\l/[ such that Tpym(d, r)V is

the space of all additive functions on Sppym(d, r) and T(%r& (d,r)Y is the space of all additive in-

variants. Let tpym(d, ) be the rank of T(pym(d, r) and t&y,:;v[ (d, r) be the rank of T&,y)nl\q/[ d,r).
Then #pym(d,r) is the number of independent additive functions on (poly)matroids, and
t(slz)r?w(d ,r) is the number of independent additive invariants for (poly)matroids. We will prove

the following formulas:

Theorem 1.6.

@ [T (1=atry) s =1 x .
0<r<d
sym l—x—y
(b) 1— )Cd r\pm d,r) — ,
l;[( ¥) w5

© 2{:§¥£§L£2xd_’y’==10g(———3i:¥2———>,

m d! xe ™ —ye Y
d—1 -
r ifd > 1,
(d ) (d,r):{ and
™ 0 ifd=0,
tpm(d, (1 -
Z P ( r)xdyr=10g<e ( y))
— d! 1 — ye*

We will also give explicit bases for the spaces Ty (d, r) and Tpy(d, r) in Theorem 8.6, and
of the dual spaces TI\S,Iym d,r)Y ®zQ, T;K/[m(d, r)Y ®z Q in Theorem 10.2.
For Q-valued functions we will prove the following isomorphisms in Section 10.

Theorem 1.7. Let ug, u1, ua, ... be indeterminates, where u; has bidegree (1,i). We have the
Sfollowing isomorphisms of bigraded associative algebras over Q:

(a) The space (PI\SZ ™Y Q7 Q of Q-valued valuative invariants on matroids is isomorphic to
Q{ug, u1)), the completion (in power series) of the free associative algebra generated by
up, U1.

(b) The space (P;Kdm)v ®7 Q of Q-valued valuative invariants on polymatroids is isomorphic to
Q(uo, ur,uz,...)).

(¢c) The space (Tf,[ym)v ®7 Q of Q-valued additive invariants on matroids is isomorphic to
Q{{uo, u1}}, the completion of the free Lie algebra generated by uq, u.

(d) The space (T;K,Im)v ®z Q of Q-valued additive invariants on polymatroids is isomorphic to

Qf{uo, u1,u2,...}}.

sym sym . . .
Tables for ppym, Ppyme [PMs Ipyyp are given in Appendix B.
An index of notations used in this paper appears on page 1890. To aid the reader in keep-
ing them in mind we present an abridged table here. In a notation of the schematic form
Letter: P d,r):

sub
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The letter S  refersto the set of xmatroids

Z the Z-module with basis all xmatroids
P the Z-module of indicator functions of xmatroids
T the Z-module of indicator functions of xmatroids,

modulo changes on subspaces of dimension < d — 1

with ground set d of rank r. If the letter is lowercase, we refer not to the Z-module but to its
rank.

The subscript M means the xmatroids are  matroids
PM polymatroids
MM megamatroids (Definition 2.1);

additionally, when we want to refer to multiple cases in parallel,

the subscript (P)M  covers matroids and polymatroids
*M matroids and poly- and mega-matroids.

The superscript sym means that we are only considering *matroids up to isomorphism.
2. Polymatroids and their polytopes

For technical reasons it will be convenient to have an “unbounded” analogue of polymatroids,
especially when we work with their polyhedra. So we make the following definition.

Definition 2.1. A function 2X — Z U {00} is called a megamatroid® if it has the following prop-
erties:

1. tk(¥) = 0;

2. k(X) € Z;

3. rk is submodular: if tk(A),k(B) € Z, then rk(A U B),rk(A N B) € Z and rk(A U B) +
rk(A N B) < rk(A) + rk(B).

Obviously, every matroid is a polymatroid, and every polymatroid is a megamatroid. The rank
of a megamatroid (X, rk) is the integer rk(X).

By a polyhedron we will mean a finite intersection of closed half-spaces. A polytope is a
bounded polyhedron.

Definition 2.2. For a megamatroid (d, rk), we define its base polyhedron Q(rk) as the set of all
1y -5 ¥a) € R? such that y1+y2+---+ ys =1k(X) and ZieA vyi <1k(A) forall A C X.

If rk is a polymatroid then Q(1k) is a polytope, called the base polytope of k. In [8], Edmonds
studies a similar polytope for a polymatroid (d, rk) which contains Q(rk) as a facet.

Lemma 2.3. If (d, 1k) is a megamatroid, then Q(1k) is nonempty.

3 A more appropriate terminology would be apeiromatroid, but apeiromatroid simply does not sound as good as mega-
matroid.
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Proof. First, assume that rk is a megamatroid such that r; := rk(i) is finite for i =0, 1,...,d.
We claim that

=(ry —ro, 2 — rqg —rq—1) € Q@K).

Indeed, if A ={iy,..., ik} with 1 <ij <--- < i} < d then, by the submodular property, we have

> vi= Zrk(l —rk(ij-1)

icA j=1
k
<Y ekl ig)) = k(i o)) = ok({n i) = k(A),
j=1

where the inequality holds even if the right-hand side is infinite.
Now, assume that rk is any megamatroid. Define rk" by

kN (A) = min rk(X)+N(|A| 1X1). )

Let N be large enough such that k" (d) =1k(d). If A, B C d, then we have

k" (A) = k(X) + N(|A] — |X]), k" (B) = tk(Y) + N (|A| - |Y])
for some X € A and some Y C B. It follows that
kY (AN B) + kY (AU B)
<tk(XNY)+N(IANB|—[XNY|)+k(XUY)+N(JAUB|— X UY])
=tk(XNY)+1k(XUY)+ N(JAl+|B| —|X|—Y])
<rk(X) +1k(Y) + N (Al + |B| — |X| — |Y]) = k" (4) + k" (B).

This shows that k" is a megamatroid. Since tkV (A) < rk(A) for all A C d, we have

0k™) € Qk). Since k" (A) < oo for all A C d, we have that Q(k"") # ¢J. We conclude
that Q(rk) #@. O

A megamatroid (d, rk) of rank r is a polymatroid if and only if its base polytope is contained
in the simplex

Apmd, 1) = {01, y) €ERY [y, ya 20, yi+ v+ ya=r)

and it is a matroid if and only if its base polytope is contained in the hypersimplex

AM(d’r)z{(ylvayd)ERd’O<y111yd<1’ YI+Y2++ya':r}
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If (d, k) is a matroid, then a subset A C d is a basis when rk(A) = |A| =rk(d). In this case,
the base polytope of (d, rk) is the convex hull of all Zie ¢ where A C d is a basis (see [9]).
The base polytope of a matroid was characterized in [9]:

Theorem 2.4. A polytope I1 contained in Ay (d, 1) is the base polytope of a matroid if and only
if it has the following properties:

1. The vertices of I1 have integral coordinates;
2. Every edge of I is parallel to e; — e for some i, j withi # j.

We will generalize this characterization to megamatroids.

Definition 2.5. A convex polyhedron contained in y; + --- + yg = r is called a megamatroid
polyhedron if for every face F of IT, the linear hull 1hull(F) is of the form z + W where z € Z¢
and W is spanned by vectors of the form e¢; — ¢;.

The bounded megamatroid polyhedra are exactly the lattice polytopes among the generalized
permutohedra of [21] or the submodular rank tests of [19]. General megamatroid polyhedra are
the natural unbounded generalizations.

Faces of megamatroid polyhedra are again megamatroid polyhedra. If we intersect a mega-
matroid polyhedron /7 with the hyperplane y; = s, we get again a megamatroid polyhedron. For
a megamatroid polyhedron I7, define rk7 : 2¢ — Z U {00} by

k7 (A) == sup{ Zyi ye 17}.

i€eA

Lemma 2.6. Suppose that I1 is a megamatroid polyhedron, A C B and rkjj(A) < oo. Let F be
the face of IT on which ) _;_ , vi is maximal. Then

ki1 (B) = tkp (B).

Proof. If tkr(B) = oo then rk7(B) = oo and we are done. Otherwise, there exists a face F’
of F on which ), _p y; is maximal. Suppose that rkz(B) < rk7(B). Define g(y) :== ;5 yi —
tkr(B). Then g is constant 0 on F’, and g(y) > O for some y € IT1. Therefore, there exists a
face F” of IT containing F’, such that dim F” = dim F’ + 1 and g(z) > 0 for some z € F”.
Clearly, z ¢ F and F does not contain . We have lhull(F") = lhull(F") + R(ex — e;) for some
k # j. By possibly exchanging j and k, we may assume that F” is contained in lhull(F’) +
R (ex —ej), where R, denotes the nonnegative real numbers. Since z € lhull(F N+Ry(ep—e i)
and g(z) > Owehavek € B and j ¢ B.In particular j ¢ A, which means that ), _, vi > rkj7(A)
forall y € F”, so F” C F. This is a contradiction. We conclude that rkp(B) =rk;7(B). O

Lemma 2.7. Suppose that f(y) = Z?:l o) Ziexj y; where

X: dCcXi1CXoC---CXg=d
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is a maximal chain, and oy, . .., aq—1 = 0. For a megamatroid polyhedron IT we have

sup f(y) = Za,rkn(x ).

yell =1

Proof. First, assume that [T is bounded. Define Fp = IT, and for j =1,2,...,d, let F; be the
face of Fj_; for which ), x; Yi 1s maximal. By induction on j and Lemma 2.6, we have that
tkp; (X;) =1k (X;) forall j <i. Also, Fj is contained in the hyperplane defined by the equation
Ziexj yi =tkp, (X)) =1k (X;). We have Fy ={z} where z = (z1, ..., z¢) is defined by the
equations

Y zi=rkp(X)). j=1.2.....d.
ieX;

It follows that

f@)= Za,Zz, Za,rkn(X)

j=1 i€X;

Suppose that T is unbounded. Let ITy be the intersection of IT with the set {y € R? | y; < N,
i=1,2,...,d}. Now [Ty is a bounded megamatroid polyhedron for large positive integers N.
(For small N, I1y might be empty.) We have

d d
sup f(y) = sup sup fOY=sup ) ajrkmy (X;) =) a;kg(X;). O
yell Yelly N j=1 j=1

Corollary 2.8. If IT is a megamatroid polyhedron, then 1k is a megamatroid.

Proof. For subsets A, B C d, choose a maximal chain X such that X; =ANBand X; =AUB
for some j and k, and let

fa ="y, fBM=)_yi,  fO= Y vi+ Y yvi=Lfa0)+ 5O

i€A ieB i€eANB i€eAUB

By Lemma 2.7,

k7 (A) +1k7(B) = sup fa(y) + sup fp(y)

yell yell
>sup f(y)=tkp(ANB) +1kg(AUB). O
yell

Proposition 2.9. A convex polyhedron I1 in the hyperplane y1 + y» + - - -+ y4 =r is a megama-
troid polyhedron if and only if IT = Q(rk) for some megamatroid rk.
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Proof. Suppose that /T is a megamatroid polyhedron. Then rk;; is a megamatroid by Corol-
lary 2.8. Clearly we have IT € Q(rk;7). Suppose that f(y) = Zfl: 1 @;y; is a linear function on
the hyperplane y; + - -- + yg =r. Let o be a permutation of d such that o, ;) > oy () fori < j.
Define Xy ={o(1),...,0(k)} fork=1,2,...,d. We can write

d
f=Y_8i > ¥

j=1 iEXj

where B :=dy(j) —do(j+1) =0for j=1,2,...,d — 1 and B4 = a5 a).
By Lemma 2.7 we have

d d
sup fF(y) =Y Birkp(X;)> sup Y B; Y zi= sup f(2).

yell j=1 z€Q(tkrr) j=1 ieX; z€Q(rkr)

Since [T is defined by inequalities of the form f(y) < ¢, where f is a linear function and ¢ =
sup, e f (), we see that Q(rkp7) € I1. We conclude that Q(tk7) = I1.

Conversely, suppose that rk is a megamatroid, and that F is a face of Q(rk). Choose y in the
relative interior of F. Let Sy denote the set of all subsets A of d for which ), _, yi = rk(A).
Note that ¥}, d € Sr. The linear hull of F is given by the equations

Zyi =r1k(A), A€ Sp.
icA

We claim that S is closed under intersections and unions. If A, B € Sg, then we have

< Z yi—rk(AﬂB))+< Z y,-—rk(AUB))

i€eANB icAUB
=Y 3+ i —tk(ANB) k(AU B)
ieA ieB

= rk(A) + 1k(B) — tk(AN B) — k(AU B) >0

by the submodular property. Since D ;c4npyi — k(AN B) and » ;4 5 yi — k(A U B) are
nonpositive, we conclude that AN B, AU B € Sy and

rk(A) + rk(B) = tk(A N B) + k(A U B).

Let us call A € Sg prime if A is nonempty and not the union of two proper subsets in Sr. Let
Pr be the set of primes in Sp. If C = AU B, then

>y =1k(C)

ieC

follows from the equations
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Y ovi=tk(4), D y=rtk(B), Y y=tk(ANB).

icA ieB i€eANB

Let Cq, Ca, ..., Ck be all prime sets in Sr. It follows that the linear hull of F is defined by all
the equations

Zyl.:rk(cj), j=1,2,... k.
ieC;

Every element of Sr is a union of some of the C;’s. For every j, let B; be the largest proper
subset of C; which lies in Sg. Define A; = C; \ B; and r; =1k(C;) — 1k(Bj). Then A; U
---U Ay =d is a partition of d, and every element of Sr is a union of some of the A;’s. The
linear hull of F is defined by the equations

Y vi=r j=12...k

lEAj

Clearly, lhull(F) contains some integral vector z € 74 and 1hull(F) is equal to z+ W where W is
the space spanned by all ¢; — e; where 7, j are such that i, j € Ay for some k. O

3. The valuative property

There are essentially two definitions of the valuative property in the literature, which we
will refer to as the strong valuative and the weak valuative properties. The equivalence of these
definitions is shown in [11] and [29] when valuations are defined on sets of polyhedra closed
under intersection. In this section we will show the two definitions equivalent for valuations
defined on megamatroid polytopes, which are not closed under intersection.
Definition 3.1. A megamatroid polyhedron decomposition is a decomposition

InH=ruJuilihu...Ull

such that I71, [Ty, ..., IT; are megamatroid polyhedra, and I1; N I1; is empty or contained in a
proper face of I1; and of IT; for all i # j.

Let Smm(d, r) be the set of megamatroids on d of rank r. Let Zym(d, r) be the Z-module

whose basis is given by all (rk) where tk € Smm(d, 7).
For a megamatroid polyhedron decomposition

N=rmullu---Ull

we define I1; = ﬂie] I7; if I € {1,2,..., k}. We will use the convention that [Ty = IT. Define

mya (I My, ) = Y (=D my € Zyw(d, r),
I1<{1,2,....k}
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where m; = (rkl) if k! is the megamatroid with Q(rkl) =1II;,and m; =0 if IT; = (. We also
define

Meoval (IT; Iy, ... TT) = (tkpr) — > (rkp),
F

where F runs over all interior faces of the decomposition.

Definition 3.2. A homomorphism of abelian groups f : Zmm(d, r) — A is called weakly valua-
tive, if for every megamatroid polyhedron decomposition

II=INuUilhLU---Ull

we have f(myq(I1; Iy, ..., 1)) = 0. We say it is weakly covaluative, if for every megamatroid
polyhedron decomposition

nO=rmulrnpuU---Ull
we have f(mcova(IT; ITq, ..., IT)) =0.
We define a group homomorphism
E:Zymd,r) — Zym(d, r)

by
E((tk) =) (k)
F

where F runs over all faces of Q(rk) and rkr is the megamatroid with Q(rkr) = F. For a
polytope I1, we denote the set of faces of IT by face(IT).

Lemma 3.3. The homomorphism f : Zym(d, r) — A of abelian groups is weakly valuative if
and only if f o E is weakly covaluative.

Proof. We have

E(maUT: 1, .... )= Y (=D"E@m))
I1C{1,2,....k}

= > =D (ke

1<{1,2,...,k} Feface(ITy)

=Y (k) > (=Dl 3)
F

1{1,2,....k}
F eface(I1})

Let J(F) be the set of all indices i such that F is a face of I1;. Suppose that F is a face of I1.
Then J(F) =@ if and only if F = IT. We have
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1 if F=1I,
BENCILESSY (—1)"':{ .
1S{1,2,...k} ICT(F) 0 if F#1I.
Feface(I1y)

If F is an interior face, then J(F) # @ and

Y ofl= T =1

I1C{1,2,....k} ICJ(F); I#0
F eface(I1y)

We conclude that

E(mva(IT: Iy, ... TT)) = (tkpg) — Y (k) = meoval (IT: My, ..., ITy)
F

where the sum is over all interior faces F. The lemma follows. O
For a polyhedron I7 in R4, let [[T] denote its indicator function. Define Pym(d, ) as the

Z-module generated by all [Q (rk)], where rk lies in Smm(d, 7).
There is a natural Z-module homomorphism

Yvm : Zmm(d, 1) — Pvm(d, 1)
such that
U ((rk)) = [Q ()]
for all rk € Spm(d, r).

Definition 3.4. A homomorphism of groups f : Zym(d, r) — A is strongly valuative if there
exists a group homomorphism f : Pym(d, r) — A such that f = f o Yyvm.

Suppose that IT = I1; U --- U I} is a megamatroid decomposition. Then by the inclusion—
exclusion principle, we have

l1’MM(’”V.’¢1](17;171,-..,17]6))=lI/MM( Z (_1)|I|m1)

1<(1,2,....k}

= >  o'[umi= > oM

I1C{1,2,...k} iel I1C{1,2,...k}

]_[[17] [T,]) =

This shows that every homomorphism f : Zym(d, r) — A of abelian groups with the strong val-
uative property has the weak valuative property. In fact the two valuative properties are equivalent
by the following theorem:



H. Derksen, A. Fink / Advances in Mathematics 225 (2010) 1840-1892 1853

Theorem 3.5. A homomorphism f : Zym(d, r) — A of abelian groups is weakly valuative if
and only if it is strongly valuative.

The proof of Theorem 3.5 is in Appendix A.

In view of this theorem, we will from now on just refer to the valuative property when we
mean the weak or the strong valuative property.

For a megamatroid polytope I1, let I1° be the relative interior of I7. Define a homomorphism
W : Zum(d, 1) = Pan(d. 1) by Wi (k) = [Q° (1) ).

Definition 3.6. Suppose that f : Zymv(d, r) — A is a homomorphism of abelian groups. We say
that f is strongly covaluative if f factors through Wy, i.e., there exists a group homomor-
phism f such that f = f o Yyim-

Corollary 3.7. A homomorphism f : Zyv(d, r) — A of abelian groups is weakly covaluative if
and only if it is strongly covaluative.

Proof. If IT =11 U --- U I} is a megamatroid polytope decomposition, then

v (Meova (T 1T TR)) = W (k) — > W (k) 1->[F]=
F F

where F runs over all interior faces. This shows that if f has the strong covaluative property,
then it has the weak covaluative property.

It is easy to verify that Yy, o E = WYMmm. Suppose that f is weakly covaluative. By
Lemma 3.3, f o E~! is weakly valuative. By Theorem 3.5, f o E~! is strongly valuative, so
foE = fo Unu for some group homomorphism f and f = fo Uvmmo E = fo Y- This
implies that f is strongly covaluative. O

Definition 3.8. Suppose that d > 1. A valuative group homomorphism f : Zym(d,r) — A is
additive if f ((rk)) = O for all megamatroids (d, rk) for which Q(rk) has dimension <d — 1.

If f:Zmm(d, r) — A is additive, then for a megamatroid polyhedron decomposition
I=IMUlLU-- Ul

we have

k
fakm) =" f(tknm,))

i=1

A megamatroid polyhedron decomposition IT = [Ty U --- U [1; is a (poly)matroid poly-
tope decomposition if I1, Iy, ..., I are (poly)matroid polytopes. Let Spym(d, r) be the set
of (poly)matroids, and let Zpym(d, r) be the free abelian group generated by Spym(d, r). We
say that f : Zpym(d, ) — A has the weak valuative property if f(mya(IT; Iy, ..., IT})) =0
for every (poly)matroid polytope decomposition. We define the weak covaluative property for
such homomorphisms f in a similar manner. The group homomorphism E : Zypv(d, r) —
Zmm(d, r) restricts to homomorphisms Zpym(d, r) — Zpym(d,r). A group homomorphism
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f 1 Zpm(d,r) — A is weakly valuative if and only if f o E is weak covaluative. Let
Peym(d,r) = Wwim(Z@m(d, r)) and define Ypym : Zipym(d, r) — Prpym(d, r) as the restric-
tions of Ynvm. A homomorphism f : Zpym(d,r) — A is strongly valuative if and only if it
factors through ¥(p)m.

Corollary 3.9. A homomorphism f : Zpym(d,r) — A is weakly valuative if and only if it is
strongly valuative.

Proof. We need to show that ker¥pym(d,r) = Weym(d, r). It is clear that Wpym(d, r) <
ker¥pym(d, r). By Theorem 3.5, we have that ker Umm(d, r) = Wmm(d, r), soker¥pywm(d, r) =
WMM(d, r) n Z(p)M(d, V). Define T(PM - ZMM(d, r) ad Z(P)M(d, r) by ﬂ(p)M((I‘k)) = (I‘k/)
where Q(rk’) = Q(rk) N Apym(d, r) if this intersection is nonempty and 7p)m((rk)) = 0 other-
wise. Note that 7(pym is a projection of Zym(d, r) onto Zpym(d, ). We have

aem(mva (15 Ty, . TT)) = mya (TN A TTENA, L T NA) € Wppnv(d, 1),

where A = Apym(d, r). This shows that mpym(Wmm(d, 1)) € Wpym(d, r). We conclude that

ker¥pywm(d, r) = Wam(d, r) N Zev(d, r) € weym(Wam(d, r)) € Wem(d, r). O

We can also define the strong covaluative property for a group homomorphism
f:Zpym(d,r) — A. The proof of Corollary 3.7 generalizes to (poly)matroids and f is weakly
covaluative if and only if f is strongly covaluative.
4. Decompositions into cones

A chain of length k in d is

X: #CX1C--CXp1CXp=d

(here C denotes proper inclusion). We will write £(X) = k for the length of such a chain. If d > 0
then every chain has length > 1, but for d = 0 there is exactly 1 chain, namely

=0

and this chain has length 0. For a chain X of length k and a k-tuple r = (r{,72,...,7%) € (Z U
{oo})*, we define a megamatroid polyhedron

d
RMM(X,K)={(y1,...,yd)eR"\Zyz:rk, Vi Do vi<r
i=1 ieX;
We will always use the conventions rgp = 0, Xo = . The megamatroid rky , is defined by

Q(kx,,) = Rmm(X, r).
For a megamatroid rk and a chain X of length k we define

Rvm(X, 1K) = Rvm (X, (tk(X 1), k(X2), ..., tk(Xp))).



H. Derksen, A. Fink / Advances in Mathematics 225 (2010) 1840-1892 1855

Suppose that IT is a polyhedron in R? defined by g;(y1,...,yq) <c¢; fori=1,2,...,n,
where g; : R? — R is linear and ¢; € R. For every face F of IT, the tangent cone Conef of F is
defined by the inequalities

&, ..., ya) <¢

for all i for which the restriction of g; to F is constant and equal to ¢;.

Theorem 4.1 (Brianchon—Gram theorem [3,10]). We have the following equality

(7= (=% F[Coner]
F

where F runs over all the bounded faces of I1.
For a proof, see [17].

Theorem 4.2. For any megamatroid tk : 2¢ — 7, U {00} we have

[00)] =D (=D O Rym(X. k)]

X

Proof. Assume first that rk(X) is finite for all X C d. We define a convex polyhedron Q. (rk) by
the inequalities

> v <tk(A) +e(d” — AP)
icA

for all A Cd and the equality y; + --- 4+ yg =r, where r = rk(d).
Faces of Q. (rk) are given by intersecting Q. (rk) with hyperplanes of the form

Hy= {(yl,...,yd)eRd}Zy,- =1k(A) +¢&(d* - |A|2)}.
i€A

If A, B Cd, and A and B are incomparable, and (yy, ..., yq) € Hs N Hp N Q. (rk), then
D v+ ) yi =rk(A) +1k(B) + £((d* — |AP?) + (d* — | B?))
icA i€eB
> tk(A) +1k(B) + e ((d* — |AU B]*) + (d* — [AN B[?))
> k(AU B) +1k(AN B) +¢((d* — |AU B|*) + (d* — |AN BJ?))

> Y vt Y w=) vty v

i€eAUB i€eANB i€eA ieB

This contradiction shows that H4 N Hg N Q. (rk) = @. It follows that all faces are of the form
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FS(X)Z Qs(rk)mel m"'mHXk,l
where kK > 1 and

Xo=0CX1C--CXp—1 CXp=d.
Also, all these faces are distinct.
Let us view Q,(rk) as a bounded polytope in the hyperplane y; + y» + --- + y4 = r. For a
face F¢(X), its tangent cone Conep, (x) is defined by the inequalities

> v k(X)) +e(d - 1X;P)

lEXj

(and the equality Zle y; =r). If X has length k, then the dimension of F¢(X) is d — k. Theo-
rem 4.1 implies that

[0:()] =) (=) *D[Coner, x)].

X

When we take the limit ¢ | 0, then [Q, (rk)] converges pointwise to [Q(rk)], and [ConeF, x)]
converges pointwise to [ Rym (X, 1k)].

Finally, for a general polymatroid rk, we have rk = limy_, o k¥, where rk” is as in the proof
of Lemma 2.3, and rk”¥ has all ranks finite, and likewise

Jim [Rvm (X, k)] = [Rvm (X, 1K) ].

So the result follows by taking limits. O

Example 4.3. To illustrate the proof of Theorem 4.2, consider the case where d =3 and r =3,
and rk is defined by rk({1}) = rk({2}) = rk({3}) = 2, rk({1, 2}) = 1k({2, 3}) = rk{(1,3}) =3,
rk({1, 2, 3}) = 4. The decomposition of Q,(rk) using the Brianchon—Gram theorem is depicted
in Fig. 1. Note how the summands in the decomposition correspond to the faces of Q. (rk). The
dashed triangle is the triangle defined by yi, y2, ¥3 2 0, y1 + y2 + y3 = 4. Instead of getting
cones in the decomposition, we get polygons because we intersect with this triangle.

In the limit where ¢ approaches 0 we obtain Fig. 2. This is exactly the decomposition in
Theorem 4.2. In this decomposition, the summands do not correspond to the faces of Q(rk).

5. Valuative functions: the groups Py, Ppvi, Pyvv

Lemma 5.1. The function 1 : Zym(d, r) — Z such that 1({tk)) = 1 for every megamatroid rk
has the valuative property.

Proof. Let

=T UILU--- Ul
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Fig. 2. The limiting decomposition of Q(rk) corresponding to Fig. 1.

be a megamatroid polyhedron decomposition. By Rota’s crosscut theorem [23],

Ymya(IT; M, .. TT)) = ) p(IT, F) =0,
F

where F runs over the faces of the decomposition, and p is the Mobius function. 0O
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Lemma 5.2. Ler H C R? be a closed half-space. Define jy : Zym(d, r) — Z by

1 if Q(k) € H,

0 otherwise.

Jju((tk)) = {
Then jy is valuative.

Proof. Let

N=MMuillU---Ull

be a megamatroid polyhedron decomposition. The intersections of the faces of this decompo-
sition with R? \ H establish a regular cell complex structure on [T \ H, and a face F of the
decomposition meets R?\ H if and only if (1 — jg)(rkr) = 1. It follows that 1 — jg is valua-
tive, by the argument of the previous proof applied to this complex. O

Lemma 5.2 can also be deduced from the fact that the indicator function of the polar dual has
the valuative property (see [15]).

Suppose that X is a chain of length k and » = (rq, ..., r¢) is an integer vector with 7 = r.
Define a homomorphism sy , : Zmm(d, r) — Z by

1 ifrk(X;)=rjforj=1,2,...,k,

0 otherwise.

sx,r (k) = {
Proposition 5.3. The homomorphism sx , is valuative.
Proof. For ¢ > 0, define the half-plane Hj(¢) by the inequality

ier ]=]

k
IEED WIS MRl
j=1

and define H»(¢) by

k
IREDIES DERUERS
j=1 j

ieX; j=1
By Lemma 2.7 and Lemma 5.2, (ju,(s) — jH,(s)) (k) = 1 if and only if

k

k k
el — ek < sj_lrk(X~)= max gl! Vi < e 4)
R U RN IR ML Wiy

j=1 j=1 ieX; j=

—_

If (4) holds for arbitrary small ¢, then it is easy to see (by induction on j) that rk(X ;) =r; for
j=1,2,..., k. From this follows that limy_¢ ju, () — JHy(e) = SX,r- SO Sx,, is valuative. O
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Suppose that d > 1. Let pmm(d, r) be the set of all pairs (X, r) such that X is a chain
of length k (1 <k <d)and r = (r,r2,...,r) is an integer vector with ry = r. We define
Reym(X,r) = Rum(X,r) N Apym(d, r). If Rpym(X, r) is nonempty, then it is a (poly)matroid
base polytope. Define ppm(d,r) S pvm(d, r) as the set of all pairs (X, r) with 0 < r; <
-+« <r=r.Letpm(d, r) denote the set of all pairs (X, r) € pmm(d, r) such thatr = (r1, ..., 7k)
for some k (1 <k <d),

OK<ri<m<---<ry=vr
and
O<|Xi|l—=n<|Xo|l=rm<- <|Xp—tl —re=1 <|Xp| =g =d —r.

For d = 0, we define pam(0,7) = ppm(0,r) = pm(0,7) = @ for r # 0 and pymm(0,0) =
pem (0, 0) = pm(0,0) = {(P <0, )}

Theorem 5.4. The group P.\(d, ) is freely generated by the basis

{[Rem(X. D] | (X, 1) € pam(d, 1)}

Proof. The case d =0 is easy, so assume thatd > 1.

For megamatroids. If rk is a megamatroid, then [Q(rk)] is an integral combination of func-
tions [Rmm (X, )], (X,7) € pmm(d, r) by Theorem 4.2. This shows that [Rmm (X, )], (X, 7) €
pmMm(d, r) generate Pvm(d, 7). If sx ,(Rmm(X', 1)) # O then rkxs (X ;) = r; for all j, and
Rvm (X', ") € Rum(X, r). Suppose that

Zai [Rvm(X@, rP)] =0
i=1

with k > 1, a1, ..., a; nonzero integers, and (X®,r@), i =1,2,..., k distinct. Without loss of
generality we may assume that RMM(X(I), [(1)) does not contain RMM(X(Z), [(’)) for any i > 1.
We have

k

0=sxm 0 (Zai R (X7, E(’))) =aj.
i=1

Contradiction.

For polymatroids. 1t is clear that Ppy(d, r) is generated by all [Rpm(X, r)], with (X, r) €
pvm(d, r). If ri < 0 then Rpm (X, r) is empty. Suppose that r; 1 < r;. It is obvious that

Rem(X,r) = Rpm (X', r')
where

X P=XoCXiC---CXi-1CXip1C--CXp=d
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and

=, r, e Fim 1 i Dy oo s TR)-

Therefore, Ppy(d,r) is generated by all [Rpm(X,r)] where (X,r) € ppm(d,r). If 1T =
Rpm (X, r) with (X, r) € ppm(d, 1), then (X, r) is completely determined by the polytope I7.
For 1 <i <d, define a; = max{y; | y € I1}. Then r is determined by 0 < r| < --- < r; and

{ri,....,rey =A{ar, ..., aq}.

The sets X, j=1,2,..., k are determined by X ; = {i | a; <r;}. This shows that the polytopes
Rpm(X, 1), (X, r) € ppm(d, r) are distinct. A similar argument as in the megamatroid case shows
that [Rpm (X, r)], (X, r) € ppm(d, r) are linearly independent.

For matroids. From the polymatroid case it follows that Py(d,r) is generated by all
[Rm(X, r)], where (X, r) € ppm(d, r). Suppose that |X;_1| —ri_1 = |X;| — r; for some i with
1 <i < k (with the convention that rg = 0). Then we have

[Rm(X, )] =[Rm(X'.1)]

where

X’: h=XoCX1C---CX;1CXjp1C--CXy=d,

and

Z=(rl""’riflvrl:‘r]s"‘9rk)'

This shows that Py(d,r) is generated by all [Rwmx, -] where (X,r) € pm(d,r). If IT =
Rm(X, r) with (X, r) € pm(d, 1), then (X, r) is completely determined by the polytope 7. Note
that rk;7 (A) = min; {rk7 (X;) + |[A| = |[AN X;|}. If ¥ C A C d then A = X for some j if and
only if rk7(A) < rk;7(B) for all B with A C B € d and |A| — kg (A) > |B| — tk7(B) for
all B withd € B C A. So X1, ..., Xy are determined by /7, and r; =1tk (X;), j =1,2,...,k
are determined as well. This shows that the polytopes Rm (X, r), (X, r) € pm(d, r) are distinct.
A similar argument as in the megamatroid case shows that [Ryv (X, r)], (X,r) € pm(d, r) are
linearly independent. O

Let (X, r) € pmm(d, r). Consider the homomorphism sir : Zvmm(d, r) — Z defined by

s§r(rk)= {1 ifrk(X.j) rjforj=1,2,...k,
= 0 otherwise.
This homomorphism sir is a (convergent infinite) sum of several homomorphisms of the
form sy 7, so by Proposition 5.3 it is valuative.

In view of Theorem 5.4, if f : Zpym(d,s) — Z is valuative, f is determined by its val-
ues on the (poly)matroids Rpym, since the spaces Ppym(d,r) are finite-dimensional. For a

(poly)matroid rk, sf’ (k) = 1 if and only if Q(rk) is contained in Q(Rpym(X,r)). Therefore,
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the matrix specifying the pairing Pipym(r, d) @ Ppym(r, d)¥ — Z whose rows correspond to the
polytopes Q(Rp)m(X, r)), in some linear extension of the order of these polytopes by contain-
ment, and whose columns correspond in the same order to s§ »» 18 triangular. The next corollary
follows. o

Corollary 5.5. The group Ppym(d, r)Y of valuations Zpywm(d, r) — Z has the two bases

{sx.rt (X,r)epeymd. r}

and

[s3,0 X.0) € ppm(d.n)}.

If X is not a maximal chain, then sy , is a linear combination of functions of the form sy’ -
where X’ is a maximal chain. The following corollary follows from Corollary 5.5.

Corollary 5.6. The group Ppm(d, r)Y of valuations Zpy(d, r) — Z is generated by the func-
tions sx » where X is a chain of subsets of [d] of length d and r = (r1, ...,rq) is an integer
vector with0 <r1 < ---<rg=r.

The generating set of this corollary appeared as the coordinates of the function H defined
in [1, §6], which was introduced there as a labeled analogue of the first author’s G.

Proof of Theorem 1.5(d). Let a(d, r) be the set of all sequences (ay, ...,aq) with0 < a; <r
for all i and a; = r for some i. Clearly |a(d,r)| = (r + D — r¢. We define a bijection
fippm(d,r) — a(d, r) as follows. If (X, r) € ppm(d, r), then we define

fX,r)=(a1,a2,...,aq)

where a; =r; and j is minimal such thati € X ;.
Suppose that (ay, ...,aq4) € a(d, r). Let k be the cardinality of {aj,...,a4}. Now rj <r <
-+- < r¢ are defined by

{ri,ra, ...,y ={a1,...,aq4}
and for every j, we define
Xj={iedl|a <rj}.
Then we have

Flar,...a0) = (X, 1).
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A generating function for ppm(d, r) is

ii PPM(dc,ur)xdy' 14 ii (r+ 1;? - rdxdyr

d=0r=0 d=1r=0
0o 00 d_ 00
— 14 ZZ (r+ 1;! " dyr — 1 n Z(E(H-l)x erx)yr
r=0d=0 r=0

er—1 e'(1-y)
l—yex  1—ye* '

O

Proof of Theorem 1.5(c). Suppose that (X, r) € pm(d, r) has length k. Define u1, us, ..., uy by
uy=ri, ui=ri —ri-1—1 2<i<k).
Define vy, va, ..., vk by
vi=(1Xil =ri) = (IXi=tl =ric1)) =1 (1<i<k—1),
vk = (IXkl — k) = (IXk—1| = re—1) =d —r — | Xp1| + i1
If (X,r) € pm(d, r), then we have that uy, ..., ug, vy, ..., vx are nonnegative, and
uy+---+up=r—k+1, v+t uy=d—r—k+1.

LetY,=X;\X;j_1fori=1,2,...,k.If k >2,thenwe have u; +vi + 1= Y1, ux +vp + 1 =
|Yil and u; +v; +2=1Y;| fori =2,3, ...,k — 1. There are

d!

(up +vi + DIz +v2 + 2wz +v3+2)! - (up—1 + vk—1 + 2)!uk + ve + D!
partitions of d into the subsets Y1, Ya, ..., Y%, such that (X, r) has the given u and v values. If
k =1, then u; 4+ v =d and there is

d!
l=——
(1 +vp)!
pair (X, r) with given u and v values.
This yields the generating function
d
> pM(d9 r) d—r _.r
Z d! oy
d=0r=0 ’
o
= (1 - o)
il oo0 (1 +vp)!
x“l+“2+“'+”k+k—1 viFvo+ otk —1
+ ) Y .5
b0 (w1 + v+ Dz +v2 +2)! - (ug—1 + ve—1 + 2) Mg + ve + 1)!

Vi, U 20
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We have that

+1 _ yd—H xe* — yey

xtyt t's _ooxd
Z (u—i—v)!_z Z d! _Z (x—yd' — x—y ©

u,v>0 d=0utv=d ~~  d=0

0 U0 xd-i—l _ yd+1

t"s? _ xty >
szm_z Z ,d+D)! g SYraryTrEny

d=0u+ d=0

B i xd . yd B 00 xd _ yd _ X —eY (7)
- _ 1 _ 1" x—v
o w=ydl = e=yd o x =y

and

’ d+1 _ yd+l

xUyY ° xtyv _oo .
uéom Z Z (d+2)!_dX:(:)(X—y)(d+2)!

d=0u+v=d

I R A | S GV
(= y)(d+1)! X =y

e —y—xed+x
(x = y)xy

d=
_ e

(®)

Using (6), (7) and (8) with (5) yields

ZZPM(d ,r) - ryrzxex—yey +xy et — e’ zi yet —y—xe¥ +x k=2
x— = xX—y

d=0r=0 Y r=y

xe* — ye¥ 4 (e" — ey)z Xy
X — X — _yet—y—xed+x
y R

xe¥ — ye¥ xy(e® —e¥)? X —
_ el | x¥( | ¥ Y5 (9
xX—y (x —y)(xe¥ —ye¥) xe ™ —ye™Y

The values of ppym(d, r) can be found in Appendix B.

AP

6. Valuative invariants: the groups Py;

Let Yvm(d, r) be the group generated by all (rk) — (rk o ') where rk : 24 5 7,U {0} is
a megamatroid of rank r and o is a permutation of d. We define Z e m(d r)y = Zvm(d,r)/
Yvm(d, r). Let v - Zvm(d, 1) — Zy; sym m(d. ) be the quotient homomorphlsm If rky : 2% —
ZU{oo} is any megamatroid, then we can choose abijection ¢ : d — X, where d is the cardinality
of X. Let r = rkx(X). The image of (tkx o ¢) in le\ﬁn,l(d, r) does not depend on ¢, and will
be denoted by [rkx]. The megamatroids (X, rky) and (Y,rky) are isomorphic if and only if
[tkx] = [rky]. So we may think of ZSym (d, r) as the free group generated by all isomorphism
classes of rank » megamatroids on sets w1th d elements.
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Let Bmm(d, r) be the group generated by all [Q (tk)] —[Q(tkoo )] where rk : 24 5 7,U {oo} is
amegamatroid of rank r and ¢ is a permutation of d. Define Psym d,r)=Pum(,r)/Bum(d, 1)
and let pvmvt : Pvm(d, r) — Psym (d, r) be the quotient homomorphlsm From the definitions it is
clear that Yy (Ymm(d, 1)) = BMM (d, r). Therefore, there exists a unique group homomorphism

Tt Zam(d, 1) = Pap (d, )

such that the following diagram commutes:

UMM
Zvm(d,r) —— Pum(d,r)

MM l l oMM (10)

Sym(d T)H' Qy]‘l’l(d )
lIIMM

This diagram isa push—out. Define Y(P)M(d, r) = YMM (d, r) N Z(P)M (d, r). The group Y(P)M (d, r)
is the group generated by all (rk) — (rk o o) where rk : 2¢ — N is a (poly)matroid of rank r and
o is a permutation of d. Define szy,;rl:/[(d, r)=Zpwm(d,r)/Yem(d, r). The group Z(P)M(d, r)
is freely generated by all [rk] where rk : X — N is a *matroid of rank r and d = | X|.

Define B.m(d, r) as the group generated by all [Q(tk)] — [Q(tk o )] where rk : 2¢ 5 Nisa
s«matroid of rank r and o is a permutation of d. Let P:K,Im (d,r)= Pum(d,r)/Bumd,r).

Lemma 6.1. We have

Brpym(d,r) = Bvm(d, r) N Peym(d, 7).
Proof. Define qPM PMM(d, r) — P(p)M(d, r) by Q(p)M(f) = f . [A(P)M(d, r)] This is well
defined because for any megamatroid rk : 24 57U {oo} of rank r, we have gpym([Q(k)]) =
[QUK)] - [Apym(d, r)] =[Q0k) N Apym(d,r)] and Q(rk) N Apym(d, r) is either empty or a

polymatroid polyhedron. Clearly, gpym is a projection of Pvm(d, r) onto Ppym(d,r). Since
geym(Bmm(d, 1)) € Beym(d, r), it follows that

Bwmm(d, r) N Peyv(d, r) = gem(Bmm(d, r) N Peyv(d, 1)) € Beyw(d, r).
It follows that Bym(d, r) N Peywm(d, r) = Beywm(d,r). O

By restriction, we get also the commutative push-out diagrams (1) from the introduction.
Define piﬁl(d , r) as the set of all pairs (X, r) € p.m(d, r) such that for every j, there exists an i
such that

Xj=i={1,2,....i}.

We define Aum(d, r) as the Z module generated by all [Rav (X, r)] with (X, r) € piyg(d, 7).
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Lemma 6.2. We have

P*M(dv r) = A*M(d’ r) 69 B*M(d’ r)'

Proof. By the definitions of A.m(d, r) and B.m(d, ) it is clear that P (d,r) = Awm(d, 1) +
Buv(d,r). Consider the homomorphism 7 : Puv(d,r) — Pwum(d,r) defined by t(f) =
> - | oo where o runs over all permutations of d. Clearly, Bxm(d, r) is contained in the kernel
of 7. Recall that [R.m(X, )], (X,r) € pum(d, r) is a basis of Puv(d,r). From this it easily
follows that the set t([R«m(d,1)]), (X,r) € psym (d,r) is independent over Q. Therefore the
restriction of t to A.m(d, r) is injective and A m(d, 7) N Bum(d, r) ={0}. O

Theorem 6.3. The Z-module Pf]{,[m(d,r) is freely generated by all p.m([Rum(X,1)]) with
(X,r) €ppg (d, 7).

Proof. It is clear that p.v(Awm(d, r)) = Sym(a? r). So the restriction is surjective. It is also
injective by Lemma 6.2. So the restriction of pum : Pam(d, ) — Py (d,7) to Awm(d, r) is an
isomorphism. From the definition of A,\m(d, r) it follows that the given set generates Pfg,lm d,r),
and the set is independent because of Theorem 5.4. O

The matroid polytopes Ry (X, r) are the polytopes of Schubert matroids and their images
under relabeling the ground set. Schubert matroids were first described by Crapo [5], and have
since arisen in several contexts. So Theorem 6.3 says that the indicator functions of Schubert
matroids form a basis for P;’,Iy m(d ,r).

Recall that Ziﬁn can be viewed as the free Z-module generated by all isomorphism classes
of smatroids on a set with d elements of rank r. We say that a group homomorphism
fiZy phys Mm(d,7) — A is valuative if and only if f o mmw is valuative. For any (X, r) € pmm(d, 1)
and o a permutation of d, we have sy ,(tk o 0) = s, x , (rk), where o acts on X by permuting
each set in the chain. So the symmetric group X, acts naturally on Pu\v(d, r). It is easy to see
that

PR, )Y = (Paud, r)Y)™

where the right-hand side is the set of X;-invariant elements of Pam(d, r)V.
For (X,r) e psym (d, r), define a homomorphism sX v :Zvm(d, r) — Z by

sym
r— 2 :SUXQZ
oX

where the sum is over all chains o X in the orbit of X under the action of the symmetric group.
Then Corollary 5.5 implies the following.

Corollary 6.4. The Q-vector space P(py)r;[(d r)Y ®z Q of valuations Z<P)M(d ,r)— Q has a
basis given by the functions si_(yr; for (X,r) € pg,;nM d,r).
For a sequence o = («1, . .., ®g) of nonnegative integers with || = Zi o; =r, we define

Ug =SX,r ! ay,;:/[(d r) — 7,
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where X; =i fori =1,2,...,r and r = (¢, 1 + ®2,...,a1 + -+ + ag). Parallel to Corol-
lary 5.6 we also have the following.

Corollary 6.5. The Q-vector space PSKAm d,r)Y ®z Q of valuations Z;me (d,r) — Q has a Q-
basis given by the functions uy, where a runs over all sequences (1, ..., a5) of nonnegative
integers with |a| =r.

Corollary 6.6. The Q-vector space P;,f'm(d, )Y ®z Q of valuations Z;Zm(d, r) — Q has a Q-
basis given by all functions uy, where a runs over all sequences (a1, ...,aq) € {0, 1}¢ with
la| =r.

Proof of Theorem 1.4. From the definitions of the U, and the u,, it follows that u, ({rk)) is the
coefficient of Uy in G({rk)). In other words, {u} is a dual basis to {U,}. The universality follows
from Corollary 6.6. O

The rank of P(Sg)';,[ (d, r) is equal to the cardinality of pify,TM d,r). If (X,r) and £(X) =k lies

in pily,;nM (d, r) then X is completely determined by the numbers s; := | X;|, 1 <i <k.

Proof of Theorem 1.5(b). Given k, there are (k i 1) ways of choosing r = (rq, ..., ry) with 0 <
ri<rp<---<rr=rand (Zj) ways of choosing (s1,...,s¢) withO <s) <sp <--- < s =d.
So the cardinality of p;yl\l,[n d,r)is

Z()E)-2O0)-07)

S r+d-—1 _
> p . rxfly” = < )xdy’=2(1—x> 4y
r
r,d r,d d
1 o 1=x
- I—-x—y

0O

Proof of Theorem 1.5(a). Lett; =s; —r;. Thenwehave O <tj <th <---<fr_1 <tr=d —r.
Given k, there are (,”,) ways of choosing r such that 0 < rj < --- <7, =r and ({_7) ways of

choosing (t1, ..., 1) with0 <t; <--- <ty < tx =d — r. So the cardinality of pyy " (d, r) is

()62 ) =0)

So we have

1
Sym d—r . r d
d,r)x = x + = O
;”M d,r) ; L
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Example 6.7. Consider polymatroids for r =2 and d = 3. All polymatroid base polytopes are
contained in the triangle

{01, y2.9) €R? [y +y2 +y3 =2, y1.y2.y3 >0}

002
.
101 ¢ o011
¢« o - ®
200 110 020

There are (d_rHr) = (3) elements in ppy; (3, 2) and the polytopes R(X, 1), (X, 1) € ppyp (3, 2)

are given by:

N
1 3 3
] \
3 3 6

These 6 polytopes correspond to the following pairs (X, r) € ppm (3, 2).

X:{1,2,3} X:{1,2} c{1,2,3} X:{1}c({1,2,3}
r=02 r=(1,2 r=(1,2)

X:{1} c({1,2,3} X:{1,2} c{1,2,3} X: {1} c{1,2} c{1,2,3}
r=(0,2) r=10,2) r=(0,1,2

The symmetric group X3 acts on the triangle by permuting the coordinates yi, y2, ¥3.

If X5 acts on the generators R(X,r) with (X, r) € ppm(3, 2), then we get all R(X, r) with
(X, r) € ppm(3, 2). In the figure, we wrote for each polytope the cardinality of the orbit under X5.
The cardinality of ppm(3,2) is 1 +3 +3 4+ 3 + 3 + 6 = 19. This is consistent with Theorem 1.5,
because the cardinality is (r + 1)¢ —r¢ =33 —23 =19,

Example 6.8. Consider matroids for » =2 and d = 4. All matroid base polytopes are contained
in the set

{G1y2, 93, 90 €RY [ y1 +yo +y3+ya=2, Vi 0< y; < 1}
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This set is an octahedron:

1100
///\\
1001 .~ _/_________» 0101
|
‘\// \/”
\ \ |
N S
1010 U8 J 0110
\\\/
0011

There are (f) = G) elements in pp(4, 2), and the polytopes Rm(X, r), (X, r) € pm(4, 2) are
given by:

4 6 12

These 6 polytopes correspond to the following pairs (X, r) € pm(4, 2).

X:{1,2,3,4) X:{1,2} C{1,2,3.4} X:{1,2,3} C{1,2,3,4}
r=(2) r=(1,2) r=(1,2)

X: {1} {1,2,3,4} X:{1,2} C{1,2,3.4) X:{1}c{1,2,3} C{1,2.3.4)
r=(0,2) r=(0,2) r=(0,1,2)

The symmetric group ¥4 acts by permuting the coordinates yp, y2, y3, y4. This group acts
on the octahedron, but it is not the full automorphism group of the octahedron. Also note that
not all elements of X4 preserve the orientation. If X4 acts on the generators Ry (X, r) with
(X,r) € pm(4,2), then we get all R(X,r) with (X,r) € pm(4,2). In the figure, we write for
each polytope the cardinality of the orbit under X4. The cardinality of ppm(4,2) is 1 +6 44 +
4 + 6 + 12 = 33, which is compatible with Theorem 1.5 and the table in Appendix B. Besides
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the polytopes R(X,r), (X, r) € pm(4, 2), there are 3 more matroid base polytopes (belonging to
isomorphic matroids), but these decompose as follows.

PN ~
2R RN

7. Hopf algebra structures

Define Z.v = EBdJ Z.Mm(d,r), and in a similar way define Ziﬁl, P.v, and P:K,[m. We can
view Z,m as the Z-module freely generated by all isomorphism classes of smatroids.
If rk; : 2¢ — Z U {oo} and ks : 2¢ — Z U {oo} then we define

rk; Brks : 297 — Z U {oo}
by
(ki Brky)(A) =tki(ANd) +rko({i ee|d +i € A})

for any set A C d + e. Note that H is not commutative. We have a homomorphism

V:Zmmd,r) ®z Zmmle, s) = Zvm(d +e,r +5)

defined by
V((rk1) ® (rka)) = (rk; Hrky).

The multiplication V : Zyv ®7 Zvvm — Zmm makes Zymv (d, r) into an associative (noncom-
mutative) ring with 1. The unit  : Z — Zmm(d, r) is given by 1 +— (rko) where rko : 20
Z U {00} is the unique megamatroid defined by rk(#) = 0. With this multiplication, Znm(d, r)
and Zpm(d, r) are subrings of Zym(d, r). The multiplication also respects the bigrading of
Zvmm(d, ).

Next, we define a comultiplication for Zyn. Suppose that X = {iy, ia,...,ig} is a set of
integers with ij < --- < ig and rk : 2X — Z U {00} is a megamatroid. We define a megamatroid
tk : 24 — 7Z U {00} by tk(A) = tk({i; | j € A}). If tk : 2X — Z U {00} is a megamatroid and
B C A C X then we define tka/p : 24\B — Z U {00} by tka,5(C) = k(B U C) — rk(B) for all
C C A\ B. We also define rky :=r1ky /g and tk/p =rky, 5.

We now define

A Zvm — Zvm Rz Zmm

by
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A(k) = Y (tka) ® (kja),

ACd; tk(A)<oo

where A runs over all subsets of d for which 1tk(A) is finite. This comultiplication is coassocia-
tive, but not cocommutative. If tk : 2¢ — Z U {oo} is a megamatroid, then the counit is defined
by

1 ifd=0;

0 otherwise.

SCOR

The reader may verify that the multiplicative and comultiplicative structures are compatible,
making Zyv into a bialgebra. Note that A also restricts to comultiplications for Zpy and Zy,
and Zpy and Zy are sub-bialgebras of Zym.

We define a group homomorphism S : Zypv — Zyvm by

d
=2 2 H o,/ x,1)
r=1 =

X; L(X)=r =
rk(X)<oo,...,rk(X, )<oo

Here we use the convention X¢ = . One can check that S makes Zynv into a Hopf algebra.
Restriction of S makes Zy and Zpy into sub-Hopf algebras of Zym. We conclude that Z, has
the structure of bigraded Hopf algebras over Z.

It is well known that Z;Zm has the structure of a Hopf algebra over Z. Similarly we have that

Zﬁﬁ and Z;{\;[n have a Hopf algebra structure. The multiplication

sym sym sym
Vi Zym ®Z Zym — Zvm

is defined by
V([rki] ® [rko]) = [rk; @ rks].
The comultiplication is defined by

A(k) = > [Aak)] @ [(X\ A, rk/a)]

ACX; rk(A)<oo

for any megamatroid rk : 2X — Z U {oo}. The unit  : Z — va{l\n/} is given by 1 — [(4, rkg)] and
the counit € : Zyyy; — Z is defined by

e([x.mo) = |

1 ifX=0;
0 otherwise.

Finally, we define the antipode S : Zy; Sym Sym M bY

r

S ([rk]) Z( 1 > [ T\ Xior,rkXi/ X))
X; U(X)=r i=1
rk(X)<oo0,...,tk(X,) <00

From the definitions, it is clear that the m,\ are Hopf algebra morphisms.
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The space Py inherits a Hopf algebra structure from Zyv. We define the multiplication
V: Pvm ® Pyum — Pumm by

V([T ® [[T2]) = [T x IT]. (11)

It is easy to verify that V o (UM @ Yvm) = Ym0 V.

To define the comultiplication A : Py — Pvv ® Pvm, we would like to have that
(UMM ® UMm) ® A = A o Yy So for a megamatroid polytope rk : 2¢ — Z U {oo} we would
like to have

AQa0]) =A(wmm((k) = > Yam(ka) ® Yaam(rkya)

ACd; tk(A)<oo

= Y [etko]®[Quk/)].

ACd; tk(A)<oo

A basis of Py is given by all Rpm (X, r), with (X, r) € pym = Ud’, pMm (d, ). Recall that
the rank function rky , is defined such that Q(rky ) = Rmm (X, r). We have that rky ,(A) < 0o
if and only if A = X; for some i. In this case we have

k
Alrky,) = > (ky, ) ® (ki i),
i=0
where
Xi: @CX]CCXI, Ei:(rlﬂrZ""’ri)’
X dCXipm\ X C--C Xk \ X, r= (it = iy oo Tk — 1)
We define A by
k o — —_—
A([Rvm(X. n)]) = Z[RMM(&', ri)] ® [Rvm(X7, r1)].
i=0
From this definition and Theorem 4.2 follows that
A([Q@0]) =D (=D @O A[Rym(X, k)]
X
1409} —
=Y Y (DI Ram (X tkx,)] @ (— DI O Ry (X 1k x, )]
X i=0
= Y [ewkn]®[Q0k/a)] (12)

ACd; tk(A)<oo

In a similar fashion we can define the antipode S : Pvym — PvM-
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The Hopf algebra structure on Pppy naturally induces a Hopf algebra structure on P MM o such
that pypv and lI/ are Hopf algebra homomorphisms. Also Ppys is a Hopf subalgebra of Py
and Py is a Hopf subalgebra of Ppy. Similarly PPK,Im is a Hopf subalgebra of PMyM, and Psym i
a Hopf subalgebra of PSK/I

As a first observation to motivate the consideration of these Hopf algebra structures, we con-
sider multiplicative invariants.

Definition 7.1. A multiplicative invariant for xmatroids with values in a commutative ring A
(with 1) is a ring homomorphism f : Z;ﬁn — A.

That is to say, f is multiplicative if f(rk; @ rkp) = f(tky) f (tky). This is exactly the condi-
tion that f is a group-like element of the graded dual algebra Pl\s,[y "(d, r)*. Many (poly)matroid
invariants of note have this property, for instance the Tutte polynomial.

Proposition 7.2. The Tutte polynomial T € Pl\s,[y ", r)* is given by

T = W= Duotuy yuo+x—Duy (13)

Proof. Recall the definition of u, in terms of rank conditions on a chain of sets. In view of (12),
we have that the multiplication in (P:K,lm)# is given by uy - ug = (d+e)uaﬂ, where o has length d
and B has length e. Denote the right side of (13) by f. We have

f= ZZ(H'J) —1)u0+u1)i(u0+(x—1)“1)j

i=0 j=0

—ZZ(Z:{)' DR N O Vo (RIS

ae{0,1}i+/

where r; = 22:1 oy, so that i — r; is the number of indices 1 < k < i such that o = 0, and
ri4+j — r; is the number of indices i + 1 < k < j such that o = 1.

Let d =i + j. For a matroid rk on d of rank r, the elements rk and 1/d! } .5 tkoo
of Zm(d, r) have equal image under my. Therefore

1
fik)=— 3 fkoo)

‘oeXy

—a Z Z ! ! Z (x =D iy - 1)l "o (tk o o)

'aezder] d 'ae{()]}

Z Z —(x )r—rk(o({))(y _ 1)i—rk(0(é))_

il
oceXyi+j=d B

The set o (i) takes each value A C d in |A|!(d — |A|)! ways, so

fa) =) "= VG AT = Tk). O
Acd
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8. Additive functions: the groups Ty, Tpv, Tvim

For 0 < e < d we define Puv(d, r,e) S Puom(d, r) as the span of all [IT] where IT C RY is a
sxmatroid polytope of dimension < d — e. We have Pu\(0, r, 0) = Pav(0,7) and Puv(d,r, 1) =
P.v(d, r) for d > 1. These subgroups form a filtration

g P*M(d’raz) g P*M(dvr’ 1) g P*M(dvr’())=P*M(dvr)'
Define P\ (d, 7, €) := Pum(d, 1, e)/ Pam(d, r, e+ 1).If IT; and IT, are polytopes of codimension
e1 and ey respectively, then IT| x I1p has codimension e; + e3. It follows from (11) that the

multiplication V respects the filtration. Since Q(rk4) x Q(rk,4) is contained in Q (rk), it follows
from (12) that the comultiplication A also respects the filtration:

A(Pau(d,r,€)) € Pam(i, j, k) ® Pavi(d — i, r — j, e —k).
i,j.k

Similarly, the antipode S respects the grading. The associated graded algebra

P =P Pamdd, r,e)

d,r.e
has an induced Hopf algebra structure.

We define Tum(d, r) = Pau(d, 1, 1).
For every partition X : d =] [{_, X; into nonempty subsets there exists a natural map

oy [ [RY - R

1

Define

PuX)= @ Pau(IXil,r1)® - ® Pam(1Xel, 7e)

P13,y le €L

and

PouX)= P Tn(IXil.r1)® @ Tom(IXel. 7e).-

T1 T2 Te €2

The map @y induces a group homomorphism

¢X : P*M(X’ e) - P*M(d’ r7 e)

defined by

ox (M UL @ [[]) = [@x(UT) x [Ty x -+ x IT,)].
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The map ¢y induces a group homomorphism
$x : Pam(X.e) > Puu(d.r.e).

Avectory=(y1,...,V4) € R4 is called X-integral ifZieX, vieZforj=1,2,...,e.An X-
integral vector y is called X-regular, if for every j and every ¥ C X; we have: if Y ;.y vi € Z,
then Y =@ or ¥ = X ;. In other words, an X-integral vector y is called X-regular if it is not
integral for any refinement of X. We call y X-balanced if ) ;¢ yi = 0 holds if and only if S is a
union of some of the X ;’s.

Choose an X-balanced vector yy for every X. For f € Pum(d, r) we define

yx(f)(x):= 181&)1 fx+eyx).

If IT is a xmatroid base polytope, then yx ([IT])(x) is constant on faces of IT. This shows that
vx(UT]) € Puv(d, ). So yx is an endomorphism of Pyv(d, 7). Now yx also induces an endo-
morphism ¥ x of P.m(d, 7).

Lemma 8.1. We have that yx o yx = yx.

Proof. Suppose that x € R?. Consider the set S of all x + eyx with &€ € R. There exist a parti-
tion Y of d and a dense open subset U of S such that all points in U are Y-regular. Then there
exists a 6 > O such that T = {x + ¢y | 0 < ¢ < &} has only Y-regular points. For every *matroid
base polytope I1, we have that T N IT = or T C I1. It follows that for every f € Py (d,r)
there exists a constant ¢ such that f is equal to ¢ on T. Therefore yx (f)(x) =c and yx(f) is
constant and equal to ¢ on 7. We conclude that yx (yx (f))(x) =c=yx(f)(x). O

Lemma 8.2. Suppose that X, Y are partitions of d into e nonempty subsets, and X # Y. Then
we have

VX [e] ¢Z = 0.
Proof. For some k, Y is not the union of X ;’s. The image
SOy [Ty x --- x I1,)

consists of Y -integral points. For any x € RY, x +¢y x is not Y -integral for small £ > 0. It follows
that

vx (@y (1 x -+ x [1.]))(x) = yx ([@y Ty x -+ x T,)])(x) =0
forall x. O

Theorem 8.3. We have the following isomorphism

¢: b Pau(X) —> P Pamd, 1, e) (14)

X=(X1,X2,....X,) ref
4=X]LIX2LI~--L|XE; D ST Xeyéﬂ

where ¢ = Z§$&
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Proof. We know that a xmatroid base polytope of codimension e is a product of e xmatroid base
polytopes of codimension 1. This shows that ¢ is surjective. It remains to show that ¢ is injective.
Suppose that ¢(u) =0 where u =) yuy, and uy € P.m(X) for all X. We have yx opy =0

if X # Y by Lemma 8.2. It follows that ?X@K(ué)) = VK@(”)) = 0. We can lift ux to an
element 'y € Pav(X). Then we have that

x (¢x (@x)) Zalm]

where the A; are *matroid polytopes of codimension > e. We have that [A;] € im ¢y- for some
partition ¥’ with more than e parts. Therefore [A;] € im ¢y as well for any coarsening ¥ of ¥’
with e parts, and we may choose Y so that ¥ # X, so by Lemma 8.2, yx([A;]) =0 for all i.
Therefore, we have

yx (dx @) = vx (vx ($x @x)) = D aivx (14i1) =

i
Note that yx induces a map yj : Pam(X) — Puv(X) such that ¢x o yy = yx o ¢x. We have that
x (iix) = (id — yx) (¢x (Tx)) = ¢x ((id — v§) @x)).-
Since ¢y is injective, we have
NX = (id — Vé)(ﬁx)
So Ux lies in the image of id — yx.

For smatroid polytopes ITi, ..., IT, of codimension 1 in RIX1l . RIXel respectively, we
have

v ([T % - x ) (x) = 1

for any relative interior point x of IT; x --- x IT,. It follows that
(id = yx) (UT1 x -+ x [T]) = Y _ap[F]
F

where F runs over the proper faces of [Ty x --- x I1, and ar € Z for all F. Therefore, the
composition

/

id—yX .
Pam(X) ——= Pam(X) —— Pm(X, e)

is equal to 0. Since uy is the image of iy = (id — yy)(ix), we have that ux =0. O

Let p(p)M(d, r, e) be the rank of F(p)M(d, r,e), and l(p)M(d, r) = p(p)M(d, r, 1) be the rank
of T(P)M(d, r).
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Proof of Theorem 1.6(d). From Theorem 8.3 follows that

tpm(d, r) x4y u 1 tom(d, 1) x4y u\°
exP( 2 dl =2l X dl
e=0

d,r=0 d,r=0

d,r,e
_ Z ppM( )xdyrue.
d!
e,d,r=0

If we substitute u = 1, we get

tem(d, r)x?y" ppmd.re) 4, e (1—y)
CXP<ZT =2 g Y =T e
d,r>=0 e,d,r=0

It follows that

tom(d, r)xdy” (em - y))
E =log
d! 1—ye*

d,r=0

(erx — l)yr

=x+log(1—y)—log(l—yex)=x+z -

r>1
Comparing the coefficients of x?y" gives

rd=l ifd > 1;

tpm(d, r) = { ]
0 otherwise.

(Recall that 0°=1.) O
‘We also have

pem(d, r, e)t?s" u® e'(l—ys) e'(l1—s)\"
Z =expllog| ———Ju )= —) -
d! 1 —sel 1 —set

d.r>0

Proof of Theorem 1.6(c). The proof is similar to the proof of part (d). We have

tM(d,r).xdiryr _ pM(ds r, e)-xdiryr _ X =y
Z — =log Z T =log Yo —ye s ) 15)

d,r>0 d,r.e

and

Z pm(d,r,e)x? "y z¢ X =y ‘ -
Pt d! T \xe*—ye )’

A table for the values #(pym(d, r) can be found in Appendix B.
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Ifd > 1, let tpm(d, r) be the set of all pairs (X, r) € ppm(d, r) such thatry > 0,and d ¢ Xy_1,
where k is the length of X. Similarly, if d > 2, let tym(d, r) be the set of all pairs (X, r) € tm(d, r)
such that ry > 0, | Xp—1| —rx—1 <d —r,and d ¢ Xj;_1.

Lemma 8.4. We have |tpym(d, r)| = tipym(d, r) whenever the former is defined.

Proof. For polymatroids. We revisit the bijection f : ppm(d, r) — a(d, r) defined in the proof
of Theorem 1.5(d). It is easy to see that a € f(tpm(d, r)) if and only if ay = ry =r and no a;
equals 0. Accordingly such an g has the form (ai,...,aq—1,r) with a; freely chosen from
{1,...,r}foreachi=1,...,d —1,s0 | f(tpm(d,r))| =r?~1.

For matroids. We proceed by means of generating functions. We begin by invoking the expo-
nential formula: the coefficient of x4~ y" of the generating function

co d
ew( »> L(dd,’ r)|xd"y’>

d=0r=0

enumerates the ways to choose a partitiond = Z1 U --- U Z; and a composition r =s1 +--- +5;
and an element (X;, r;) of tm(|Z;],s;) foreachi =1,...,1. Let us denote by q(d, r) the set of
tuples (d, r, (XD, rDy, ..., (XD, rDy).

We describe a bl]CCthIl between q(d, r) and py; (d,r). Roughly, given (X, r) € pyy (d, 1),
we break it into pieces, breaking after X; whenever X; \ X;_; contains the largest remaining ele-
ment of d \ X;_1. More formally, given (X, r) € psym(d r),foreach j > 1let Zj = X;; \ X;, -
(taking ig = 0) where i; is minimal such that Xi; contains the maximum element of d \ le .
and let s; =ri; — . This definition eventually fails, in that we cannot find a maximum el-
ement when Xij, = Xk =d, so we stop there and let / be such that ij = k. For j =1, ...,1,
let fj : Z; — |Z;| be the unique order-preserving map, and define the chain and list of integers

(X(j), ,:(j)) by

sym

X = fiKi i \ KoL) =1y =i,
ri(]) — rij,1+i — rij71 (l = 1 - ll 1)

We have that (X 0, ;;(j N etu(lZ jl,s;): the crucial property that d ¢ X | obtains by choice
of i; and monotonicity of f;. This finishes defining the bijection. Its inverse is easily constructed.
From this bijection and (15) it follows that

exp(ZZ'tM(d Dl s ) 1+ZZW P)lxdTy

d=1r=0 a1 r
drr

Z pm(d, ”)X

d,r

oo d
:exp(ZZ M(d r) x4 ryr> O
d=1r=0
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Lemma 8.5. The classes of [Rpym(X,r)] for (X,r) € tpym(d, r) are linearly independent
in Teym(d, r).

Proof. Let y =(—1,...,—1,d — 1). Let II(pym be the set of points x € Ap)m(d, r) such that
x + &y € Apwm(d, r) for sufficiently small £ > 0. Choose some (X,r) € tpm(d,r). If x €
Reym (X, r) N Hpym, and ¢ > 0 is sufficiently small, we have x 4+ ey € Rpym(X, ), since the
defining inequalities of Rpym(X, r) involve only the variables x1, ..., xqs—1. It follows that for
x € I1;pym we have

[Reym(X. 0 ]@) =y ([Rem(X, 1)]) ().

We will write {d} for the partition d = {1} U {2} U --- U {d}. Observe that y is {d}-balanced, so
that for any point x, x + ¢y is {d}-regular for sufficiently small ¢ > 0.
Suppose the sum

S = Z a(X, r)[Rem(X, )]

(X,r)etpmd,r)

vanishes in T(pym(d,r), i.e. is contained in Ppym(d, r, 2). Then the support of S contains no
{d}-regular points. So for any x € I1(pym we have S(x) =y, (5)(x) =0.

We specialize now to the matroid case. If r = d, then Tyi(d, r) = 0 and the result is trivial.
Otherwise let H be the hyperplane {x; = 0}; we will examine the situation on restriction to H.
Identifying H with RY~! in the obvious fashion, we have Am(d,r)NH=Amd—1,r), [Tyt N
H={xeAv(d—1,r): x; #0foralli}.Forany (X,r) € ty(d,r), Rm(X,r)NH = Ry(X', ')
where, supposing X has length &,

X" 9cXiCc--CXp1CXp\{dy=d—1

and (X', r’) is obtained from (X”,r) by dropping redundant entries as in the proof of Theo-
rem 5.4.

Suppose T' € Pvy(d — 1, 1) is supported on {x; = 0}. By Theorem 5.4 we have a unique ex-
pression

T= Y  bXn[RuX 0]
(X,r)epm(d—1,r)
But we also have
T=Tlm=0y=  ».  bX,N[Ru(X,r)Nix=0}]

(X.r)epm(d—1.r)

in which each [Ry (X, r) N {x; = 0}] is either zero or another [ Rv (X', /)], so that by uniqueness
b(X,r)=0when Rm(X,r) € {x; =0}.
The restriction S|y is supported on

d—1
Amd —1,r)N (U{xi =0}>,

i=1
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so it is a linear combination of those [ Ry (X, r)] supported on some {x; = 0}, i.e. those for which
r1 = 0. On the other hand,

Slu= Y. aX.n[Ru(X.r)NH|
(X,r)etm(d,r)

in which each Ry (X, r) N H is another matroid polytope Ry (X', r) with r; > 0 (and X’ only
differing from X by dropping the d in the kth place). Note that (X, r) € tm(d, ) is completely
determined by Ry (X, r) N H. Therefore, by Theorem 5.4, a(X,r) =0 for all (X, r) € ty(d,r).
The polymatroid case is similar, but in place of the hyperplane H we use all the hyperplanes
H;i ={x;=i}fori=0,...,r —1.
Note that Apy(d, r) N H; = Apm(d, r —i). For (X, r) € tpm(d, 1), supposing X has length &,

RuX', 1), r—1=>r—i,
RPM(LK)QH[:{ ME&, L), T ~

@, otherwise
where again

X' pcXiCc-CXrm1CXp\ldy=d—1

and

= (ri,r, e k1 Tk — D),

and (X', r’) is obtained from (X", r”) by dropping redundant entries as in the proof of Theo-
rem 5.4. Although (X, r) € tpm(d, r) is not completely determined by S|y, , the arguments in the
matroid case still show that S|p, =0, and a(X,r) =0 for all (X, r) for which X;_1 #d — 1.
Restricting to H,_; shows that a(X,r) =0 for all (X, r) for which X;_1 =d —1 and ry = 1.
Proceeding by induction on i, we restrict S to H._; and see that a(X,r) =0 for all (X, r) for
which X;_1=d—1landr,_;=i. O

The following is an immediate consequence of Lemmas 8.4 and 8.5.

Theorem 8.6. The group Tipym(d,r) is freely generated by all [Rpym(X,r)] with (X,r) €
teywm(d, r).

Example 8.7. Consider again Example 6.7. The set fpp (3, 2) consists of the following elements:

X:{1,2,3} X:{1,2} C{1,2,3}
r= (2 r=(1,2)

X:{1} C{1,2,3} X:{2} C{1,2,3}
r=(1,2) r=(1,2)
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The polytopes Rpm (X, 7), (X, r) € ppm(3, 2) are

.....................

X:{1,2,3,4} X:{1,2) C{1,2,3,4}
r=2 r=(1,2)
X:{1,3} C{1,2,3,4} X:{2,3} C{1,2,3,4}
r=(1,2) r=(1,2)

9. Additive invariants: the groups TI\S,Iy m Tlfl{,l[" , Tlf,f;,ln

The algebra P.3;" also has a natural filtration:

- C PR r,2) C PRNd, r, 1) C PRN(d, r,0) = PR (d, ).

*.
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Here P} M (d,r,e) is spanned by the indicator functions of all xmatroid base polytopes of
rank r and dimension d — e. Define ngm(d r,e) = qym M (.7, e)/ngm(d r,e+1).Let ngm
é drel Sym M (d, 1, e) be the associated graded algebra

Deﬁne T?;Im =D, P Sym M (d, r, 1). The following corollary follows from Theorem 8.3.

sym

Theorem 9.1. The algebra ﬁiy is the free symmetric algebra S (T ™) on Ty » and there exists

an isomorphism

) @Psym(d re). (16)

Proof. If we sum the isomorphism (14) in Theorem 8.3 over all d, we get an isomorphism
PPx)— PPd.r.e
d,X d,r

where the sum on the left-hand side is over all d and all partitions X of d into e nonempty
subsets. If we divide out the symmetries on both sides, we get the isomorphism (16). O

Corollary 9.2. The algebra P, M is a polynomial ring over Z.

Proof. Consider the surjective map
@Pjym(d r1) — @P‘ym(d r 1) =T3"
d,r

Suppose that G is a set of Z-module generators of Tgym Each element of G can be lifted to

é dor Sym(d r,e). Let G be the set of all lifts. Since G generates P by Theorem 9.1,G gen-

erates Py M over Z. Since G is an algebraically independent set, so is G So P M is a polynomial
ring over Z, generated by G. O

Proof of Theorem 1.6(a), (b). We prove the stated formulas after taking the reciprocal of both
sides. Let p_ M " (d, r, e) be the rank of P (d r, e). Define t*M (d,r) := pmm(d,r, 1) as the rank
of Tfl\y/[m (d, r). From the matroid case of Theorem 9.1 follows that

sym

TT(1—xye=) 5 @n__ 1

T l—x—y

and

sym

l_[(l_uxryd r)—fM d,r) Z S)’m(d r, e)ue r d r

d,r

From the polymatroid case follows that

_doadn 1=y
l_[(l xy) _41—x—y’
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and

sym

H(I_Zxdy tPM(dr) Zp (d r, e)zt d r O

10. Invariants as elements in free algebras

Let

sym @ Psym(d )

be the graded dual of P:K/Im.

Proof of Theorem 1.7(a), (b). A basis of (P;K,[m)# ®z Q is given by all u, where « runs over all
sequences of nonnegative integers, and a basis of (Py; YM# @7 Q is given by all uq where « is a
sequence of 0’s and 1’s (see Corollaries 6.5 and 6.6). The multiplication in (P, M ¥ is given by

d+e
Ug - Ug = d Uap,

where « has length d and B has length e. It follows that (Psym)# ®z Q is the free associative
algebra Q(ug, uy, u, ...) generated by ug, uy, uz, ... and (ngm)# ®7 Q is the free ass001at1ve
algebra Q(ug, u1) (the binomial coefficients make no difference). The ordinary dual, (P M )V isa
completion of the graded dual (Psym)# We get that (Psym)v ®z Qis equal to Q({ug, uy, us, ...))
and (P;,f’m)v ®z Q is equal to Q{{ug, u1)). 0O

Let mw = @y, Py (d.r.1). Then we have miy = @,, Py (d.r.2) and T3 =

MM/ miM.
The graded dual m*,; can be identified with

(sy“‘) /P310,0) = @@ngm(d,r)v.

So m’}iM ®7z Q will be identified with the ideal (uq, u1, ...) of Q{ug, u1,...) and mM ®z Q will
be identified with the ideal (uq, u1) of Q(ug, u1). The graded dual (Tsym)# ®z Q is a subalgebra
(without 1) of the ideal (uq, 1y, ...), and (Tsym)# ®z Q is a subalgebra of (ug, uy).

Lemma 10.1.

(a) uo,u; € (Tsym)v ®7zQ, and u; € (Tsym)v ®7 Q forall i;
®) If fg € (T%“&)V ®z Q then [f, g1 = fg —gf € T ©z Q.

Proof. Part (a) is clear. Suppose that f, g € (T(i,y;;l,[)v. Suppose that a, b € mpy;. We can write
Alad)=a®@1+1Q@a+a and Ab)=bR@1+1Qb+ b’ where d’, b’ € mpy @ mpy. Note that
ad(b®1),d(1®b),db b (a®1),b'(l®a)liein mdy, ® mpy or mpy ® may,. It follows that
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feab)=(f®g)(@®1+1®a)(b®1+11b))
=fQ®gab®1+a®b+b®a+1Qab)= f(a)gb)+ f(b)g(a).

Similarly gf (ab) = f(a)g(b) + f(b)g(a). We conclude that [ f, g](ab) =0. O

Proof of Theorem 1.7(c), (d). From Lemma 10.1 follows that (T;K,Im)# ®z Q contains the free
Lie algebra Q{ug, uy, u», ...} generated by ug, uy, ..., and (Tl\s,lym)# ®z Q contains Q{ug, u1}. By
the Poincaré-Birkhoff-Witt theorem, the graded Hilbert series of (Ppyy )* ®7 Q = Q(ug, u1, . . .)
is equal to the graded Hilbert series of the symmetric algebra on Qf{ug, uy, ...}. On the other
hand, the Hilbert series of PSK/[m ® ZQ is equal to the Hilbert series on the symmetric algebra
on T;Kdm ®7 Q. So (T;K/Im)# ®z Q and Q{ug, u1, ...} have the same graded Hilbert series, and
must therefore be equal. If we take the completion, we get (T;K/[m)v ®7Q =Q{{ug, u1, ...}}. The

proof for matroids is similar and (TI\S,[ym)v Q7 Q=Q{{ugp,u1}}. O

One can choose a basis in the free Lie algebra. We will use the Lyndon basis. A word (in
some alphabet A with a total ordering) is a Lyndon word if it is strictly smaller than any cyclic
permutation of w with respect to the lexicographic ordering. In particular, Lyndon words are
aperiodic. If &« € N, we define b(«) :=uy. If « = aja2 - - - 4 is a Lyndon word of length d > 1,
we define b(«) = [b(up), b(u, )] where y is a Lyndon word of maximal length for which o = By
and B is a nontrivial word. The Lyndon basis of Q{uq, u1} (respectively Qfug, uy, ...}) is the set
of all b(«) where « is a word in {0, 1} (respectively N). For details, see [22]. Define tlsvylm(d 1)
(respectively t;yl\zn (d, r)) as the set of all Lyndon words « in the alphabet {0, 1} (respectively N)
of length d with |«| = d. The following theorem follows.

Theorem 10.2. The space (T&,y)nl\}[)v(d , 1) ®7 Q of Q-valuative additive invariants for (poly)ma-
troids on d of rank r has the basis given by all b(«) with a € pil};?lM(d, r).

Example 10.3. For d = 6, r = 3 we have
ty(6,3)={000111,001011,001101}

and

tls,ﬁl(@ 3) ={000003, 000012, 000021, 000102, 000111,
000201, 001002, 001011, 001101}.

Proposition 10.4. The Hopf algebra PSK,Im ®z Q is isomorphic to the ring QSym of quasi-
symmetric functions over Q.

Proof. If we set u; = p;+; then the associative algebra P;K,[m ®z Q is isomorphic to NSym =

Q(p1, p2, . ..). The ring NSym has a Hopf algebra structure with A(p;) = pi ® 1 +1® p; (see [7,
§7.2]). The reader may verify that

Aw)=) ui@1+10u.
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This shows that the isomorphism is a Hopf-algebra isomorphism. It follows that P;K,Im ®z Q is
isomorphic to QSym, the Hopf-dual of NSym. O

If we identify P "' ®7 Q with QSym, then G is equal to WPM

If a mu1t1phcatlve invariant is also valuative, then there exists a group homomorphism
f: P:ym — A such that f = f 1//*M Since NIIn is onto, f is a ring homomorphism as
well. So there is a bijection between valuative, multiplicative 1nvar1ants with values in A, and
ring homomorphisms f P Y — A. By Corollary 9.2, the ring P M is a polynomial ring, so
ring homomorphisms P, o —> A are in bijection with set maps to A from a set of generators G
of P}y, One such set is a hft of a basis of m,y/m2,;. The next corollary follows.

Corollary 10.5. The set of valuative, multiplicative invariants on the set of xmatroids with values
in A is isomorphic to Homgz (mym /miM, A).
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Appendix A. Equivalence of the weak and strong valuative property

In this appendix we will prove that the weak valuative property and the strong valuative prop-
erty are equivalent.

For a megamatroid polyhedron I7, let vert(IT) be the vertex set of the polyhedron. Let
Wwmm(d, r) be the subgroup of Zmm(d, r) generated by all myy (IT; Iy, ..., I[T;) where IT =
IT{y U --- U I} is a megamatroid polyhedron decomposition. Define Wyvm(d, r, V') as the sub-
group generated by all the myq (IT; Iy, ..., IT;) where vert(IT) C V.

A megamatroid 1k : 2¢ — Z U oo is called bounded from above if 1k(i) < oo for i =
1,2,...,d. The group W;,]M(d, r) is the subgroup of Zym(d,r) generated by all myy(I7;
Iy, ..., IT;) where IT is bounded from above, and WI\J/TM (d, r, V) is the subgroup of Zym(d, )
generated by all my, (IT; Iy, ..., IT;) where IT is bounded from above and vert(/7) C V.

Lemma A.l. If 1k is a megamatroid bounded from above, then there exist megamatroids
1K1, ..., kg which are bounded from above and integers ay, ..., ar such that

i (tki) € Wyin(d. r, vert(dT))

||M»

and vert(Q(rk;)) consists of a single vertex of I1 := Q(1k) for all i.

This lemma follows from the Lawrence—Varchenko polar decomposition of Q(rk) [16,28].
For explicitness we give a proof.

Proof of Lemma A.1. Let T be the group generated by WM”M (d, r,vert(IT)) and all megama-
troid polyhedra I which are bounded from above, and whose vertex set consists of a single
element of vert(IT). We prove the lemma by induction on |vert(Q (rk))|. If |vert(/T)| = 1 then
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the result is clear. Otherwise, we can find vertices v and w of IT such that v — w is parallel to
e; — e for some i, j with i > j. Consider the half-line L = Rxo(e; — ¢;) where R is the set
of nonnegative real numbers. Let IT 4+ L be the Minkowski sum. Let us call a facet F of IT a
shadow facet if (F + L) N IT = F. Suppose that Fi, ..., F; are the shadow facets of IT.

We have a megamatroid polyhedron decomposition

O+ L=MU(F+L)U---U(F;+L).

Note that [T+ L, Fi + L, ..., Fj + L are bounded from above. The set vert(/T + L) is a proper
subset of vert(/7) because it cannot contain both v and w. Also vert(F; 4+ L) is contained in
vert(F;) for all i, and is therefore a proper subset of vert(/7) for all shadow facets F. The element

(tk) + mya(IT+ L; 1T, Fi +L,...,Fj + L)

is an integral combination of terms (rk’) where Q(rk’) is a face of IT + L or a face of F; + L
for some i. In particular, for each such term (rk’), the polyhedron Q(1k’) is bounded from above,
and vert(Q(1k")) is a proper subset of vert(Q (rk)). Hence by induction

(k) +myaq(II +L; I, F1+L,...,F;+L)eT.
Now it follows that (rk) e T. O

Proposition A.2. Suppose that 1ky, ..., 1k are megamatroids which are bounded from above
and ay, ..., ay are integers such that

k
> ailoak)]=
i=1

Then we have

k
> ailrki) € Wy (d. 7. V)
i=1

where V = Uf:l vert(Q (rk;)).

Proof. First, assume that Q(rk;) has only one vertex for all i. We prove the proposition by
induction on d, the case d = 1 being clear. We will also use induction on k, the case k = 0 being
obvious.

For vectors y = (y1,...,y4) and z = (21, ...,24), We say that y > z in the lexicographic
ordering if there exists an i such that y; =z; for j =1,2,...,i —l and y; > z;. If tkis a
megamatroid bounded from above, and Q (rk) has only one vertex v, then v is the largest element
of Q(rk) with respect to the lexicographic ordering.

Assume V = {vy, ..., vy}, where vy > vy > -+ > vy, in the lexicographical ordering. Assume
that Q(rky), ..., Q(rk,) are the only megamatroids among Q(rky), ..., QO (rky) which have v; as
a vertex. Because v is largest in lexicographic ordering, vy does not lie in any of the polyhedra
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Q(@ky+1), ..., Q@ky). Because these polyhedra are closed, there exists an open neighborhood U
of vy suchthat U N Q(rkj) =¥ for j =n+1,..., k. If we restrict to U, we see that

=~

S afoak)nU]=>"a[oak)nu]=o0.

i=1

Since Q(rky), ..., Q(rk,) are cones with vertex v, we have

Y ai[0k)] =0
i=1

and

k

Y ai[oak)] =0.

i=n+1
If n < k, then by the induction on k, we know that

n

> ailQk)i) € Wiy (d. . V)

i=1

and
k
> ai{0ak)) € Wiy (. r, V),
i=n+1
hence
k
> ai(Qk)) € Wy (d. v, V).
i=1
Assume that n =k, i.e., Q(1ky), ..., Q(tk) all have vertex v;. After translation by —vy, we
may assume that » =0, and v; = 0. Now Q(rky), ..., Q(rky) are all contained in the half-space
defined by y; > 0 inside the hyperplane y; +--- 4+ y4 =0.
Define

pil{yeR y 4y =—1} > {yeR |y + -+ y4 =0}

by o1y -e s Ya—1) = V1, -+, Ya—1, 1). Assume that p~1(Q(rk;)) # @ for i =1,2,...,t and
,o_l(Q(rk,')) =@fori=t+1,...,k. Fori=1,2,...,t, define megamatroids rk§ 2d=1
Z U {oo} such that Q(rk}) = p~1(Q(rk;)). We have

n

Za, (rk})] Zai[Q(rki)]op:O.

i=1
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Note that Q(rk}) is bounded from above and vert(Q(rk})) C {—ey,..., —eq—1} for i =
1,2,...,t. By induction on d we have
t
Za,-(rk;> e Wym(d — 1, =1, {—e1, —e2, ..., —eq_1}). (A1)
i=1
If I" is a megamatroid polyhedron inside y; + - -- + yg—1 = —1 which is bounded from above,
and vert(I") € {—ey, ..., —eq—1}, then define C(I") as the closure of R>po(I"). Note that C(I")
is also a megamatroid polyhedron. Define
y:Zum(d, =1, {—e2, ..., —eqa}) = Zmm(d, 0, {0})
by y ((rk)) = (rk), where rk is given by Q(tk) = C(Q(1k)).
If
0() = Q) U---U (1K)
is a megamatroid decomposition inside {y € R? | y; +--- + y4_1 = —1}, then

C((K)) =c(Q(rky)) u---u C(Q(rk;))

is also a megamatroid decomposition inside y; + - - - + yg = 0.
So y maps Wy (d, =1, {—el, ..., —eq—1}) to Wypy(d, 0, {O}).
Applying y to (A.1) we get

t t
% (Za,(rk;)> =Y ai(tk;) € Wy (d. 0. 10}).
i=1

i=1

From this follows that Y :_, a;[Q(tk;)] = 0. Since Zleai[Q(rk,-)] = 0, we have that
ZL, 11ai[Q@k;)] = 0. Since Q(rk;) is contained in the hyperplane defined by y; = 0 for
i=t+1,...,k, we can again use induction on d to show that

k

Y ai(tki) € Wiy (d. r, {0}).
i=t+1

We conclude that

k t k
D ailtki) =) aitki) + > aifrk;) € Wiy (d. 7. {0}).
i=1 i=1

i=t+1

Assume now we are in the case where rky, ..., rk; are arbitrary. By Lemma A.1, we can find
megamatroids rk; ; bounded from above with only one vertex which is contained in the set V/,
and integers ¢; ; such that

(ki) = ) i (ki j) € Wypy(d. 7. V).

J
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It follows that Zf: 1aici j[Q@k; ;)] = 0. From the special case considered above, we obtain

k k
> ai(rk;) Z Zc,, (tk; ;) € W@, V). O
i=1 i=1

Proof of Theorem 3.5. It suffices to show that the kernel of Yy is contained in Wym(d, 7).
Suppose that

k k
WMM(Zamrk ) > ai[oak)] =
i=1 i=1

Letsgn:R — {—1,0, 1} be the signum function. For a vector y = (y1, ..., yq) € {—1,0, 1} and
a megamatroid polyhedron 77, define

17 ={(y1,....yq) € IT | Vi (sgny; = y; or y; =0)}.
For every j we have a megamatroid polyhedron decomposition
;= U my (A2)

yel=11)4; I} #0

where y runs over {—1, 1}¢. Intersections of the polyhedra Hiy, y € {—1, 1} are of the form Hiy
where y € {—1,0, 1}4.If [T # § define rk! such that Q(rk}) = IT}". From (A.2) it follows that

mya (I} {n{}ye{fl,l}‘,) = (1k;) — > bY(1k]) e Wum(d,r)  (A3)
ye{—1,0,1)4; 1} #¢

where the coefficients b” € Z only depend on y. (One can show that b, = (— 1)) where z(y)
is the number of zeroes in y, but we will not need this.)
For every y we have

Y alm]=o.
iz 11} 00

For a given y, we may assume after permuting the coordinates that y; < y» < -+ < 4. It then
follows that Hiy is bounded from above for all i. By Proposition A.2, we have

Za,(rk}’) € WMM(d, r)

i

for all y. By (A.3) we get

k
Za,-(rki) € Wym(d, r). O
i=1
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Appendix B. Tables

Below are the tables for the values of ppm(d, 1), pm(d, 1), p;ﬁn(d, r), pls\zm(d, r), tem(d, r),
tm(d,r), tlii;[n d,r), tﬁ%m (d, r) for d <6 and r < 6. Rows correspond to values of d and columns
correspond to values of r:

r

—_—
g
ppm 0 1 2 3 4 5 6 mm 0 1 2 3 4 5 6
0 1 0 1
1 11 1 1 1 1 1 1 11
2 1 3 5 7 9 11 13 2 1 3 1
3 17 19 37 61 91 127 31 7 7 1
4 1 15 65 175 369 671 1105 4 1 15 33 15 1
5 1 31 211 781 2101 4651 9031 5 1 31 131 131 31 1
6 1 63 665 3367 11529 31031 70993 6 1 63 473 883 473 63 1
ppm O 2 3 4 5 6 o 01 2 3 4 5 6
0 1 0 1
1 11 1 1 1 1 1 1 11
2 1 2 3 4 5 7 2 1 2 1
3 1 3 6 10 15 21 28 3 1 3 3 1
4 1 4 10 20 35 56 84 4 1 4 6 4 1
5 1 5 15 35 70 126 210 5 1 5 10 10 5 1
6 1 6 21 56 126 252 462 6 1 6 15 20 15 6 1
M 0 1 2 3 4 5 6 N 2 3 4 5 6
0 0
1 11 1 1 1 1 1 11 1
2 1 2 3 4 5 6 2 1
3 1 4 9 16 25 36 3 1 1
4 1 8 27 64 125 216 4 1 1
5 1 16 81 256 625 1296 5 1111 1
6 1 32 343 1024 3125 7776 6 1 26 66 26 1
o 0 1 2 3 4 5 6 uo0 1 2 3 4 5 6
0 0
1 11 1 1 1 1 1 1 11
2 1 1 2 2 3 3 2 1
3 1 2 3 5 7 9 3 1 1
4 1 2 5 8 14 20 4 1 1 1
5 1 3 7 14 25 42 5 1 2 2 1
6 1 3 9 20 2 75 6 1 2 3 2 1

The tables for pwm, fm, t;ﬁl, tﬁm can be computed recursively using the equations for the gen-

erating functions in Theorems 1.5 and 1.6. The values for ppwm, p;{}n, p;v}[/m, tpm are trivial to
compute, but are included here for comparison. The tables of p;{T and p;%m are of course
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related to Pascal’s triangle. The table for pfv{m appears in Sloane’s On-Line Encyclopedia of
Integer Sequences [25] as sequence A046802. These numbers also appear in [24]. We have
tm(d,r)=E(d —1,r — 1) ford,r > 1, where the E(d, r) are the Eulerian numbers. See the
Handbook of Integer Sequences [25], sequences A008292 and A123125. The sequences t;ﬁn and
tﬁm are related to sequences A059966, A001037, and the sequence A051168 denoted by T (h, k)
in [25]. We have tp3 (d,r) =T(d — 1,r) ford > 1and r >0,and ty; " (d,r) =T(d —r —1,r)
if0<r <d.

Index of selected notations

A subscript pm Or py OF v On a notation refers to the variant relating respectively to megama-
troids or polymatroids or matroids. The subscript .\ stands in for any of ppv or pm or v, while
pyM stands in for either of py or um.

Notations below with a dagger may have the parenthesis (d, r) omitted, in which case they
refer to direct sums over all d and r. These are introduced on page 1869.

vV dual space of V, 1842
v# graded dual space of V, 1882
[IT] indicator function of a set 17, 1842, 1852

Ao, r) T the Z-module generated by all [R.\ (X, r)] with (X, r) € a.m(d, r), 1864
awm(d, r) index set, 1864
B.m(d, r) the group generated by all [Q(tk)] — [Q(tk o 0)], 1863

E the map E({rk)) = > p(rkr), F ranging over faces of rk, 1851
face(IT) the set of faces of a polyhedron I7, 1851

F Billera—Jia—Reiner quasi-symmetric function, 1841

g polymatroid invariant, 1841

LX) length of a chain X, 1854

Thull(F) linear hull of F, 1847

MM @B, P d.r, 1), 1882

Pov(d,r) the Z-module on indicator functions [Q(rk)], 1842, 1852

Pov(d,r,e) filtration of Py, 1873

P.m(d,r,e)  associated graded of Py, 1873

PX((d,r)t  P/B, the symmetrized version of Py, 1842, 1864

P}, re) filtration of Pyy,", 1881

ﬁi{&n (d,r,e) associated graded of P:K/[m, 1881

peym(d, r) rank of Ppym(d, r), the number of independent valuative functions, 1843
pa{?&/l d,r) rank of P(Si,y)rllf\l,I (d, r), the number of independent valuative invariants, 1843
peym(d, r,e) rank of Ppywm(d, r, e), 1875

pf{,;l;d(d, r,e) rank of Po(d,r, e), 1881

PM
pam(d, r) index set for a basis of Puv(d, r), 1859
pot (d, 1) index set for a basis of Py, (d,r), 1864

0 (k) base polytope of a megamatroid, 1845
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sym
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