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Cyclic Sieving Phenomenon (CSP)

Definition
Let Cn ýX be a finite set, X pqq P Nrqs, and ω : Cn Ñ Cˆ be an
embedding. Then pX ,X pqq,C q exhibits cyclic sieving if

@c P C : |X pqq|q“ωpcq “ |tx P X : cpxq “ xu|.

Example
§ ptk-multisubsets of rnsu,

“

n`k´1
k

‰

q
,Cnq

§ ptk-subsets of rnsu,
“

n
k

‰

q
,Cnq

§ ptnoncrossing partitions of n-gonu,Cnpqq,Cnq

§ pttriangulations of a regular n-gonu,Cn´2pqq,Cnq

§

ˆ"

dissections of n-gon
with k diagonals

*

, 1
rn`ksq

“

n`k
k`1

‰

q

“

n´3
k

‰

q
,Cn

˙

§

ˆ"

noncrossing partitions of
n-gon with n ´ k parts

*

,Npn, k; qq,Cn

˙

.
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k-multisubsets

Proposition (Reiner-Stanton-White 2004)

Let V be a f.d. GLnpCq-rep. Assume C permutes a basis tvxuxPX .
If

X pqq “ χρp1, q, . . . , q
n´1q “ Tr

`

diagp1, . . . , qn´1q : V Ñ V
˘

.

then pX ,X pqq,C q has CSP.

Corollary (Reiner-Stanton-White 2004)

Let V “ SymkpCNq. If λ “ pkq $ k , then

χV p1, q, . . . , q
N´1q “ sλp1, q, . . . , q

N´1q “

„

N ` k ´ 1

k



q

and hence ptk-multisubsets of rNsu,
“

N`k´1
k

‰

q
,Cnq has CSP.
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Equivalent Definition of Cyclic Sieving

Proposition (Reiner-Stanton-White 2004)

Consider pX ,X pqq,C q. Let AX be a graded C-vector space

AX “
à

iě0

AX ,i

with
ÿ

iě0

dimCAX ,iq
i “ X pqq.

Define C ýAX ,i by c ¨ v “ ωpcqiv . Then pX ,X pqq,C q has CSP
iff AX – CX .
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Representation Ring

Definition
The representation ring of G with coefficients in R is

ReppG ;Rq “ Rrtiso. classes of f.d. G -repsus{pI ` Jq

where

I “ ptrU ‘ V s ´ prUs ` rV squq

J “ ptrU b V s ´ rUsrV suq.

Fact
An isomorphism ReppG ;Cq Ñ ClFunpG q is given by rV s ÞÑ χV .

Fact
ReppG ;Rq has an R-basis consisting of irreducible representations.
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Cyclic Sieving Rephrased

Example

An isomorphism Zrqs{pqn ´ 1q Ñ ReppCn;Zq is given by q ÞÑ ωn.

Proposition (Reiner-Stanton-White 2004)

pX ,X pqq,Cnq has cyclic sieving ô CX “ X pωnq in ReppCn;Zq.

Definition
Let ρ1, . . . , ρk be representations of G . Let G ýX and
X pq1, . . . , qkq P Crq1, . . . , qk s. Then

pX ,X pq1, . . . , qkq, pρ1, . . . , ρkq,G q

has G -sieving if CX “ X pρ1, . . . , ρkq in ReppG ;Cq.
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Examples

Example (Cyclic Sieving)

G “ Cn and ρ1 “ ωn for an embedding ωn : Cn Ñ Cˆ.

Definition (Barcelo-Reiner-Stanton 2007)

Let G “ Cn ˆ Cm and ωn : Cn Ñ Cˆ, ωm : Cm Ñ Cˆ be
embeddings. Let X pt, qq P Zrt, qs. Then pX ,X pt, qq,Cn ˆ Cmq

has bicyclic sieving if

X pωnpcq, ωmpc
1qq “ |tx P X : pc , c 1qx “ xu|.

Example (Bicyclic Sieving)

G “ Cn ˆ Cm, ρ1 “ ωn b 1m and ρ2 “ 1n b ωm.
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Irreducible Representations of I2pnq

Let the dihedral group of order 2n be

I2pnq “
@

r , s
ˇ

ˇrn “ s2 “ e, rs “ sr´1
D

.

n odd 1, det, z1, . . . , zpn´1q{2.

n even 1, det, χa, χa ¨ det, z1, . . . , zpn´2q{2.

zi prq “

„

cosp2πkn q ´ sinp2πkn q

sinp2πkn q cosp2πkn q



zi psq “

„

1 0
0 ´1



Fact
zi “ Ind

I2pnq
Cn

ωi .
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Properties of Fibonomial Coefficients

Definition (Amdeberhan, Chen, Moll, Sagan)

t0us,t “ 0

t1us,t “ 1

tn ` 2us,t “ stn ` 1us,t ` ttnus,t .

Proposition (Amdeberhan, Chen, Moll, Sagan)

Let X “ s`
?
s2`4t
2 and Y “ s´

?
s2`4t
2 . Then

rnsq “ tnus,t |s“q`1,t“´q

tnus,t “ Y n´1 rnsq|q“X {Y
"

n

k

*

s,t

“ Y kpn´kq

„

n

k



q

ˇ

ˇ

ˇ

ˇ

ˇ

q“X {Y

.
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k-multisubsets

Proposition

Let n be odd, V a f.d. GLnpCq-rep. Assume I2pnq permutes a basis
tvx : x P X u. Let p P Zrx , y s be unique such that

ppa` b, abq “ χV pa
n´1, an´2b, . . . , abn´2, bn´1q

Then pX , p, pz1,´ detq, I2pnqq exhibits dihedral sieving.

Corollary

Let n be odd and X “
´́

rns
k

¯̄

. Then

˜

X ,

"

n ` k ´ 1

k

*

s,t

, pz1,´ detq, I2pnq

¸

exhibits dihedral sieving.
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Comparison of generating functions

Cn ρ1 “ ωn

I2pnq ρ1 “ z1, ρ2 “ ´ det

n odd Cn I2pnq

tk-subsets of rnsu
“

n
k

‰  

n
k

(

tk-multisubsets of rnsu
“

n`k´1
k

‰  

n`k´1
k

(

tNC partitions of rnsu 1
rn`1s

“

2n
n

‰

1
tn`1u

 

2n
n

(

"

NC partitions of rns
with n ´ k blocks

*

1
rns

“

n
k

‰“

n
k`1

‰

qkpk`1q 1
tnu

 

n
k

( 

n
k`1

(
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Possibly useful polynomials for even n

t0us,t,a “ 0

t1us,t,a “ 1

t2us,t,a “ s

tnus,t,a “

#

satn ´ 1u ` ttn ´ 2u n is odd

stn ´ 1u ` ttn ´ 2u n is even.

with substitution ps, t, aq “ pz1 ` b{n,´ det, 1´ b{4q gives

"

n

k

*

s,t,a

“

$

’

’

&

’

’

%

“

n
k

‰

q“ξ2`n
tr `, rn´`u

“

n
k

‰

q“ξ2
tsr , sr3, sr5, . . .u

“

n
k

‰

q“ξ2
` 2

“

n´2
k´1

‰

ξ2
`
“

n´2
k´2

‰

q“ξ2
tsr2, sr4, . . .u
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Further Dihedral Actions

§ Triangulations and dissections of an n-gon

§ Rhoades’s promotion-evacuation action on rectangular
tableaux

§ I2p4q on alternating sign matrices
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