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Cyclic Sieving Phenomenon (CSP)

Definition
Let C, C X be a finite set, X(q) € N[q], and w: C, — C* be an
embedding. Then (X, X(g), C) exhibits cyclic sieving if

Vee C:[X(9)lg=w(e) = {x € X 1 c(x) = x}|.
Example
» ({k-multisubsets of [n]}, ["+,§_I]q, Cn)
» ({k-subsets of [n]}, [Z]m Cn)
» ({noncrossing partitions of n-gon}, C,(q), Cy)
» ({triangulations of a regular n-gon}, C,—2(q), Cp)

. dissections of n-gon 1 [,,+k] [,,_3] c
with k diagonals P [ntklg Lk+1dgl &k g2 =0

. noncrossing partitions of _
<{n—gon with n — k parts }  Nin. & q), C">'



k-multisubsets

Proposition (Reiner-Stanton-White 2004)

Let V be a f.d. GL,(C)-rep. Assume C permutes a basis {vy}xex-
If

X(q) = x,(1,q,.. .,q”fl) =Tr (diag(l, .. .,q”fl) V- V) )
then (X, X(q), C) has CSP.

Corollary (Reiner-Stanton-White 2004)
Let V = SymK(CN). If A = (k) I k, then

) L [N+k—1
XV(laqv'-‘an 1):5)\(17q7""qN 1>:[ k :|
q

and hence ({k-multisubsets of [N]}, [N+,f_1]q, C,) has CSP.



Equivalent Definition of Cyclic Sieving

Proposition (Reiner-Stanton-White 2004)
Consider (X, X(q), C). Let Ax be a graded C-vector space

Ax = P Ax;i
i=0
with _
> dimcAx.iq’ = X(q).
i=0
Define C & Ax,; by c- v = w(c)’v. Then (X, X(q), C) has CSP
iff Ax = CX.



Representation Ring

Definition
The representation ring of G with coefficients in R is

Rep(G; R) = R[{iso. classes of f.d. G-reps}]/(/ + J)

where

Fact
An isomorphism Rep(G; C) — CIFun(G) is given by [V] — xv.

Fact
Rep(G; R) has an R-basis consisting of irreducible representations.



Cyclic Sieving Rephrased

Example
An isomorphism Z[q]/(q" — 1) — Rep(Cp; Z) is given by g — w,.

Proposition (Reiner-Stanton-White 2004)
(X, X(q), Cp) has cyclic sieving < CX = X(w,) in Rep(Cp; Z).
Definition
Let p1,..., pk be representations of G. Let G C X and
X(q1,---,9x) € Clg1,...,qk]. Then

(X7X(q17" '7qk)7(p17"'7pk)7 G)

has G-sieving if CX = X(p1,...,px) in Rep(G;C).



Examples

Example (Cyclic Sieving)

G = C, and p; = w, for an embedding w, : C, — C*.
Definition (Barcelo-Reiner-Stanton 2007)

Let G=C, x Cp,and wy, : C; —» C*, wy : Cy — C* be

embeddings. Let X(t,q) € Z[t,q]. Then (X, X(t,q), C, x Cp)
has bicyclic sieving if

X(wn(c),wm(c)) = [{xe X : (c,c)x = x}|.

Example (Bicyclic Sieving)
CG=C,xCppr=wpn®1lpand pp =1, @ wn.



Irreducible Representations of (n)
Let the dihedral group of order 2n be
h(n) = <r,s|r” —s?=ers= sr_1>.

nodd 1, det, z,... 1 Z(n—1)/2-

neven 1, det, Xar Xa- det, z, ... 1 Z(n—2)/2-
B cos(%) —sin(%)
0= o) o

Fact
zi = Indléfn)w’.



Properties of Fibonomial Coefficients

Definition (Amdeberhan, Chen, Moll, Sagan)

{O}S,t =0
{I}S,t =1
{n+2}st =s{n+1}s+ + t{n}s:.

Proposition (Amdeberhan, Chen, Moll, Sagan)
Let X = SEVSHAL and ¥ = s=VsH4t Then

[n]q = {n}57t|s:q+l,t:—q

(n}se = Y [nlelo_x/y

n n
Yk(nfk) [ :|
{k}s,t k q

I

q=X/Y



k-multisubsets

Proposition
Let n be odd, V a f.d. GL,(C)-rep. Assume k(n) permutes a basis
{vx : x € X}. Let p € Z[x, y] be unique such that

p(a+ b,ab) = xy(a" 1, a"2b,...,ab" 2, b" 1)
Then (X, p, (z1, — det), h(n)) exhibits dihedral sieving.

Corollary
Let n be odd and X = (([71)). Then

(x, {” * ’; - 1}5 (= det) /z(n)>

)

exhibits dihedral sieving.



Comparison of generating functions

Cn P1 = Wn
h(n) p1 = z1, po = —det

n odd ‘ Cn ‘ I2(n)
{k-subsets of [n]} [Z] {Z}
{k-multisubsets of [n]} ["H,ifl] n+l/§71
{NC partitions of [n]} [n-1+1] [2,7"] {n.lu} {2,7”}

NC titi f 1 n my n
{NC parttions of (o]} | b L 2uJa o | {2l



Possibly useful polynomials for even n

{0}sta=0
{I}sea=1
{2}sta=s
sa{n—1} +t{n—2} nis odd
(a2 = {5{n—1}+t{n—2} n is even.

with substitution (s, t,a) = (z1 + b/n, —det,1 — b/4) gives

i P {rt,rm=
{Z} = iy, {sr,sr3,srd,
s,t,a [Z]q ot [ ]E + [Z:é]q:& {sr?, sr*, ..

-}

B



Further Dihedral Actions

» Triangulations and dissections of an n-gon

» Rhoades’'s promotion-evacuation action on rectangular
tableaux

» |(4) on alternating sign matrices
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