
 

REMO 8 Day6 Ben Brubaker
Linear

Algebraic Monoids

Roughideof Lastweek the

group GlidF for Fanfeld
w

general lineargroup
of noninvertiblematrices F

GlenE EMate
n x n matrices
amonoidundermultiplication
GlueF arethegroup of
units invertbleelements inside

Try to understand repintheory ofmonoids
likeMathE in order toinferproperties
oftheir unitgroup likeGlenED



Let's go back to

symmetricgroup on n
letters

We know itsrepresentationtheory
forexample Its irreducible
representations are in bijection
with partitions t n

AR ZZ Hts n

Moreover givensuch an imp X2 irreducible
rep in

dim 4 of standard
tableaux ofshape4

Xx character ofVx
is afunction onconjugacy
classes in Su cycletypes

for Sn



e g µ 14,2
n t7 acycletype

abcdefCg
FIT

xxfuf Iwt.cn
standard someknown
tableanxT combinatorial

otshapen rule

isthegropotunitsiramonoid

therookmonoidRn
fawangementsofnonattacking
rooksonannarchessboard

fn nmatrices sando's
atmostonelineachrow

and column



fit

In particular EE nm permutation
matrices

e X tt l
butRnalso containsnoninvertible
matrices like 1888 8

Gasiesentations of the
hook monoid

M End V
M 0cm a bak matrix

if dink k



Its still true for Ruth at
repins alwaysdecompose

into

direct sums ofirreducible repins

The irreduciblerephs are inbijection
with partitions ofsite ten

and there are characterformulas

etc Solomon

RenExercis
a Find all irreduciblerephsof
b Rs

YExera.mnnkingaboutwaystoonstnU
repins So ifyouknow

onewayfindanother
or replace n 3by n 4

c Howmany
elements arethere inRu



Reupubthly
study andclassify irreducible

repins ofmonoids M or

equivalently modules over their

monoidalgebras CCM and their

generalizations 1

Elements of elm arejustformal
linearcombinationsoftheform

F ci mi Mi EM cite

with Enid Cmj 1M Mj
multiplication in M



Which monoids should we study

ANI Onesthatontainfinite
Coxetergroups
For example is aAxetergroup
since is generatedby
involutions say read E Gp
e g riff 423

r orzorn B born or

53has a presentation affinities
rn ra FERIA KEIFER ra

or Crispen



Encode the presentation in agraph

vortices generators

If generators ri rj
have rig In don'tconnect

them
CrirjPF connect them

Cristen connectthem
with a double

edge

and weirderthings happen
we'llworryabouthowtodecorate
them later



EXAMPLE hasthis graph

q 2
whatthefinitecoxetergroups
Check that snhas presentation
withgraph

n n 0

I 2 3 n l

12 23 34 n bn

finite ehAfnitecoxetergroupisagroupwi
apresentation

rn ru rf 1 Crirj MIy
Ceri are involutions

MijE 2,3



Others

Bnp 55 T.fm

Du 2 5 n

9 more called

GeE7E8 F4 62,1 344,7244
dihedral
groups

symmetries
of

regularb sidedand any polygon

product
k

WxWj XNk
ofsuchgroups



e g

1359,5 rs rf 1 r r2rn brnb
rzrjr2r5r3rzr3rz

K 2bz
3

rersr

semidirectproduct

BzhasarepresentationactrigonlR3

bypermutingfregatingwordinates

thehyperoctahedralgroup
ofallsignedpermulatonmatices

Cake 1 811



Lets explore themonoidsassociated

Lo Bu the symplecticrookmonoids
either

RSpan AERaulAJAIATJA O

or AJAIATA J

where F blockmatrix
qq.fi

REUExercisel5CdDetFetheelementsofRSpy

IJandshowitontainsanisomorphic
copy of Bs
b Whatstheorder cardinality otRSpan



RSpanwasstudiedin2ootki Li Cao

but interestingquestions remain

Forexample Rn representations o

Rspan representations

canberestrictedtoarephofthe
Coxetergroup Sno Bn inside

IcoxetergrapAnthhatistismap
µI

YE ai
REUExeru.seI6Ca1Desaibetheinageofiweducible
rep1nsofRzunderrestidi0ntoS3
WhataboutRntoSn

b SameqrestonforRSpan

I



W

64 Fgafinitefield
with

q pdemerits
contains a subgroup
B if uppertriangular

invertible nxn

theBorelsubgroup
matrices

THMCBmhat.tn
Quaff we

BwB

whereBwB Ibwba bibEB
a doubleasset



c g BeB BffP B B
boring

similarly thesymplecticgroup
Spalff ftp.BWB
IlDEFN
AEG def AIA J
where B uppertriangularmatrices in spaceg
Fider thealgebra over a
genidbythe characteristicfunctions
ofthe B doubleassets BwB
withmultiplicationbyconvolution



Thisalgebra is calledthe
Kwahon HeckealgebraHCGB

danyoneconsiderthis
in 3 reasons

teaser G Fg GGlenSpan

repintheory is hard
mainresultofDeligne Lustig
toconstructthem via

Cary cohomologytheory
Better totry to breakupthe
set ofallirreducible repins into
digestiblechunks

I t l



Considerrephswithatheastone
nonzero B fixedvector

G Auto

gr g a maponvectorsinV

Want vevs.tolb v

vtbeBReasonP7MlBordMatsumoto

Themap V V B fixed

givesabjection
vectors

linen Ea I liftoffs

Rent
Handed B EGG
Hepnaff B ECBn

Conclusion Reps ofGlaaFg
with B fixedvectors areindexedby 4th



Whatabout rephsotmonoids

Isthereasimilarstaytot
REU em 6 more precisely

a Isthere aBorel MatsumotoTheorem

e g Mn Matney
for monoids 2

BU uppertriangular.hn rfebgle

Hare Mn pnBrB
So H H Mn B convolutionalgebra

as before
b Describe irreduciblerepins of

HCMspan B whereMspanismonoid
with in itsspan

EEi 5 m

s


