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RANDOM-TO-RANDOM SHUFFLING

Markov chains model the behavior of dynamical systems such as shutffling
a deck of cards. To predict their long term behavior, we need to find their
eigenvalues. Here we do so for a g-analog of random-to-random shutffling.

Definition: Random-to-Random Shuffling

e Physical: Given a deck of n uniformly distributed cards, random-to-
random shuffle R2R,, moves a random card to a random position.

* In the group algebra C[S,|: In terms of adjacent transpositions,
n—1n—1

R2R,, Z ZSZ‘ .S151 .

1=0 7=0

Example: R2R3(123)
= ((123)+(213)+(231)) + ((213) + (123) +(132)) + ((312) + (132) + (123))
=3-(123) +2-(132) +2-(213) +1-(231) + 1 - (312).

Dieker and Saliola [1] gave an explicit formula and recurrence for the eigen-
values of R2R,, indexing by horizontal strips A/ where A - n.* They also
computed the S5, -representation structure of the eigenspaces.

“u # (k), u # (1%) for £ odd

OUR QUESTIONS
A g-analog of C[S,,] is the space C|G/B| of complete flags

0CU CU & CUpy CU, =F.
Brown-Diaconis [2] and Brauner-Commins-Reiner [3] defined a natural ¢-

analog R2R'? arising from the theory of left regular bands. We ask
e What are the eigenvalues of R2R{??

e What is the GL, (F,) representation structure on R2R{? eigenspaces?

OUR APPROACH: THE HECKE ALGEBRA

The Hecke algebra H, (q) is the associative C-algebra with generators
Th,...,T,_1 satistying

2. TZTJ = TJTZ for ‘Z — ]‘ > 2,

1. (T,

3. T;Ti1T; =T 11T 4.

Here, C[G/B] = @,.,, (G* ®c H* ) asa GL,(F,) x H,(¢q) bimodule.

S, by value C ) S, by position

| replace

G L, (F )C G/BUH

qg=1

q — analog (the Hecke algebra)

MAIN RESULTS

R2R(?) Expression in End(C[G/B])

R2R, (@ := T2RW o R2T(W).

whereforU:=0C U, C U, C--- C U, = Ty with U; := (f1, fa, , fi),
cRTIV(U):=> " > 4CU+UL S Cl+Uimy U1+ C Un,
7 line ¢CU;
CqU; 1
® TQR?(;]) (U) — Z Z (fotar f1)C(fetar fi, fj+1+a;j f1)CU;41C---CU,
j (a1, ,a;)€R,
R2R(?) Expression in H.,,(q)
n—1n—1
RRY =N N T,... Ty ... Ty,
i=0 j=0

In the C-basis for 7—[ (¢) indexed by the reduced words of S,

n—1
R2RW = [p +qu 1(q+ )T, + q Z T;.. Ty+q » T,...T,

1=p+1 71=p+1

+ (¢ —1) Z ZTk

T(p+1)TpT(p—|—1) « .. Tg) .
k=p+1{=p+1
Conjectural Explicit Formula and Representation Structure

Let X\ be a partition of n and A/ be a horizontal strip.  We conjecture all

eigenvalues of R2R\? are of the form:

pyay
eig(A/1)g = diag(\/p)g + Y ¢ + |ull,

g=1

€ Z>olq).

And for any eigenvalue ¢, the e-eigenspace has g-Frobenius characteristic

Z d'uS)\.
(A1)

etg(A/p)q=¢
Note: diag(A/p)q, d* are (q)-constants depending on the shape of A, i
Conjectural Recurrence Formula

For €y an eigenvalue of R2 Rf{” on G* ® H*, there’s an eigenvalue €., for
L on G @ HA e with

Exte, = gex + [(n+1) + (A +1) — ilg.

Example: for A = (2,2),

n=4,i=3 n=>51i=1
Na=0 M=2
€22 = [0lg €221 =q0]g+[4+1)+(0+1)=3]; €z21y=a3l+[6+1)+(2+1)—1],

= [3lq = [8]q + al3]q

COMPUTATIONAL DATA

A Eigenvalues of R2 R on G* @ H>

Al
2,2) | 0], 4],

(2,2,1)

(3,2,1) | |
4], 6], 18], 2
8lq 4 al3lq, [8lg +ql5lg, [8lg +ql5]q +¢7(2]
**Note: Multiplicity here is normalized by dim(G*)

¢ 6]g +q[3]q

PROOF STRATEGY: THE ALGEBRA OF WORDS

Let M(™ be the C-vector space generated by words of length n in the al-
phabet {1,2,...,n} allowing repeated letters.

Key idea: In [4], Mathas defines the right action by #,,(¢) on M ‘™ in terms
of rules for how each T; acts on words. We can use this action to find recur-
rences and eventually solve for the eigenvalues of R2R'%.

Example: (112) - 77 = q(112) and (112) - T, = (121).
For ¢ = 1, Dieker and Saliola [1] also used M (™ and defined two operators.

D Wi

0<757<n

Z w1 ..
1<k<n
wE=J

® sh;(w) := Wi .. W

* Oji(w) =

cWE—1 1 Wkt - - W

We define a g-analog of these operators and conjecture that for: = 1,

R2R!?) shi? = ¢ - shi”R2R'D + [+ 1] shi? + ) ¢" 277 - shi? Q).
j=1
We hope to find and prove the recursion for all i, then project them onto
irreducible representations for our conjectural recurrence formula.
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