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Partitions

Definition

A partition is a weakly decreasing tuple of positive integers
A= (A1, n)-
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A Young diagram of a partition is a left-justified array of cells where row /
contains \; cells for 1 </ < n.
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Partitions

Definition

A partition is a weakly decreasing tuple of positive integers
A= (A1, n)-

Definition

A Young diagram of a partition is a left-justified array of cells where row /
contains \; cells for 1 </ < n.

Figure: Young diagram for partition A\ = (5,4,1)
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Hook Lengths and Cores

Definition
The hook length of a cell C in the Young Diagram of a partition is the
number of cells directly below or to the right of C, including C itself.

— | O =]
[RW]
p—

Figure: Young diagram for partition A = (4,3,1,1).
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Hook lengths and cores

Definition
The hook length of a cell C in the Young Diagram of a partition is the
number of cells directly below or to the right of C, including C itself.

— | 0 [(©D| ~3
(W]
—_

Figure: Young diagram for partition A = (4,3,1,1).
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Hook lengths and cores

Definition
An s-core partition is one without any hook lengths of size s. An (s, t)-core
partition is one without hook lengths of size s or t.

=[O =T
)
—

Figure: We have X = (4,3,1,1) is a (6, 8)-core partition.
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Hook lengths and cores

Definition
The [-set of a partition X is the set of hook lengths in the first column. J

— | O =]
[RW]
p—

Figure: Young diagram for partition A\ = (4,3,1,1), with S-set (1,2,5,7).
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Frame Title

Lemma
The B-set of \ is obtained by the positions of vertical segments of the
profile of the Young diagram, indexing the first horizontal segment as 0.

4)3]1@
216

@
b0 | ot =1

Figure: Young diagram for partition A = (4,3,1,1), with S-set (1,2,5,7).
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Hook lengths and cores

Lemma J

A hook length of n corresponds to a ‘bead’ n spaces in front of a ‘spacer’.

714]3]16
B2 1
2
1
¢
o—oo—e—0—
Corollary
The B-set of an s-core partition is closed under subtracting s. J
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Hook lengths and cores

Theorem (Anderson, 2002 [And02])

There are a finite number of (s, t)-core partitions iff gcd(s,t) = 1. In

(9

particular, there are “5 (s, t)-core partitions when gcd(s, t) = 1.
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There are a finite number of (s, t)-core partitions iff gcd(s,t) = 1. In

(9

particular, there are “5 (s, t)-core partitions when gcd(s, t) = 1.

® For any (s, t) core partition \, we have a€ § — a—s,a—t € f.
® Since 0 ¢ 3, then c1s + oot ¢ [.
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Hook lengths and cores

Theorem (Anderson, 2002 [And02])

There are a finite number of (s, t)-core partitions iff gcd(s,t) = 1. In

s+t
particular, there are (Sjrt) (s, t)-core partitions when gcd(s, t) = 1.

® For any (s, t) core partition \, we have a€ § — a—s,a—t € f.
® Since 0 ¢ 3, then c1s + oot ¢ [.

e Iff gcd(s,t) > 1, there are finitely many integers not of the form
cis+ oot ¢ B = there are finitely many (s, t)-core partitions.
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(s,s + k)-core partitions with distinct parts

Definition
We say a partition A = (A1,...,A,) has distinct parts if all A; are distinct. J
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(s,s + k)-core partitions with distinct parts

Definition
We say a partition A = (A1,...,A,) has distinct parts if all A; are distinct.

v

Lemma

A partition \ has distinct parts if and only if any two elements x,y € ()
satisfy |[x —y| > 1.
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(s,s + k)-core partitions with distinct parts

Definition
We say a partition A = (A1,...,A,) has distinct parts if all A; are distinct.

v

Lemma

A partition \ has distinct parts if and only if any two elements x,y € ()
satisfy |[x —y| > 1.

Questions

@ How many (s, s + k)-core partitions with distinct parts are there?
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(s,s + k)-core partitions with distinct parts

Definition
We say a partition A = (A1,...,A,) has distinct parts if all A; are distinct.

~

Lemma

A partition \ has distinct parts if and only if any two elements x,y € ()
satisfy |[x —y| > 1.

Questions

@ How many (s, s + k)-core partitions with distinct parts are there?

® What is the maximum hook length over (s, s + k)-core partitions with
distinct parts?
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Maximum hook length of distinct (s, s + k)-core partitions

Theorem (PPX 2022)

Let s and k be positive, coprime integers with s > 2. Then, letting H
denote the maximum hook length of an (s,s + k)-core partition with
distinct parts, we have

s—1 ifk=1
H={(B-2 if k>1and m™! mod k <
B-1 if k> 1 and m—! mod k >

|x N x

27

where

m = s mod k,

m = min{£m~* mod k}, and
B = r;lJ (k+5n~1)+s<[m;1rﬂ —|—n~7—1) +m.
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The poset P(s 5.4

Definition

Let Pss1k) = N\ {n|n=as+ b(s + k) for some a,b € No}, where

n>mifandonlyif n—m=sorn—m=s+k.

28 23 18
/\/\/\/\/\/\
fif‘@\/\/\/
27 2z (7

N/ \/\ /
@ 14 9
AVAY
(l [4
/
3

Figure: The Hasse diagram of Pg 13
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Correspondence between [3-sets and down sets of P(s )

Corollary

The (B-set of an (s,s + k)-core partition is closed under subtracting s and
s+ k.

The (-sets of (s, s+ k)-core partitions are exactly the down sets of P(s,s+k)

o s o
gy/z\/\/ZQ\/\/t 4
27 zz (7 iz
/\/\/\/
/\/\/
! ¢ l
/
5
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Structure of P oy

2

k=S 5. 70

m=3 /s N\ 7/ N\
67 62 57
/N7 N /N
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Structure of P oy

53
k=5 1. 70
m=3 /s N\ 7/ N\
67 62 57
/N7 N /N
ST 0S4 4a 4t

® |edges L; correspond to elements i (mod k)
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Structure of P oy

R
k=5 15 70
m=3 /s N\ 7/ N\
& 62 57
/N7 N/

® |edges L; correspond to elements i (mod k)
® | edges partition shaded region
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Structure of P oy

R
k=5 15 70
m=3 /7 \ 7/ \
7 62 57
/N7 N/
9S4 49 4

23 18
/\/\/\/\/X/’/\xj
3Y Zo Z

>
27 ZZ WZ/ (s=Lo

,:\/\gﬁ/ B

4
/\/\/\/\
%é

® |edges L; correspond to elements i (mod k)
® | edges partition shaded region
® Adjacent ledges differ by s = m (mod k)
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Down sets and ledges of Ps k)

27 2 7 @7 / Ls
9 \H S / Lo
PVAY —
< \‘ ( Ly
/
@/ -

UMN REU Problem 5 (s, t)-core partitions into d-distinct parts August 3, 2022 16 /25



Down sets and ledges of P(s s

® Down set intersects shaded region at an interval

UMN REU Problem 5 (s, t)-core partitions into d-distinct parts August 3, 2022 16 /25



Down sets and ledges of P(s s

® Down set intersects shaded region at an interval

® Maximize hook length = maximize the length of intersection with
shaded region
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Example for distinct (s, s + k)-core partitions

® Ledges L; correspond to elements i (mod k)
¢ Adjacent ledges differ by s = m (mod k)
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Example for distinct (s, s + k)-core partitions

® Ledges L; correspond to elements i (mod k)
¢ Adjacent ledges differ by s = m (mod k)
® m:=min{+m ! mod k} =2
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Generalization to d—distinct Core Partitions

Definition
We say a partition A = (A1,...,A,) is d—distinct if \; — \jy1 > d for all
1<i<n.
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Generalization to d—distinct Core Partitions

Definition
We say a partition A = (A1,...,A,) is d—distinct if \; — \jy1 > d for all
1<i<n.

Lemma

A partition \ has distinct parts if and only if any two elements x,y € ()
satisfy |[x —y| > d.
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Generalization to d—distinct Core Partitions

Definition
We say a partition A = (A1,...,A,) is d—distinct if \; — \jy1 > d for all
1<i<n.

Lemma

A partition \ has distinct parts if and only if any two elements x,y € ()
satisfy |[x —y| > d.

Question

What is the maximum hook length over d-distinct (s, s + k)-core partitions?
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Maximum hook length of d-distinct (s, s + k)-cores

Theorem (PPX 2022)

Let s and k be positive coprime integers with s > 2. The maximum hook
length Hy of an (s,s + k)-core with d-distinct parts can be computed as

s—1 ifk=1ork,s<d
s+k—1 ifk#1andk <d<s

Hy — B -2 ifd < k and mmg mod k=1
B-s—1 ifd < kandl < mmgmodk <d
B+k—mmyg—1 ifd < k andd < mmg mod k < k —1
B-1 ifd < kand1l < mmyg mod k = k — 1,

where

B = r;lJ (k—l—sr?rd)-l-s({%-‘ +r71d—1) +m,

m = s mod k, and

g = min{fm " mod k | —d < ¢ < d, ¢ #0}.
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d-distinct (s, s + k)-core example

(5:5tK) = (8:13)

® s=8k=5=m=3
® my=min{fm1|-d<(<d{#0} =1
o Hy =25
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(k — 1)-distinct (rk + 1, (r 4+ 1)k 4 1))-core partitions

The number of d-distinct (s, s + k)-core partitions is well-understood when
d > k [Kral9].

But, “the case of general d < k is fundamentally more complicated”
[Kral9].
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(k — 1)-distinct (rk + 1, (r 4+ 1)k 4 1))-core partitions

The number of d-distinct (s, s + k)-core partitions is well-understood when
d > k [Kral9].

But, “the case of general d < k is fundamentally more complicated”
[Kral9].

It's natural to start with d = k — 1. It turns out to be convenient to have
s=1 (mod k).

Hence, we study (k — 1)-distinct (rk + 1, (r + 1)k + 1))-core partitions.
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(k — 1)-distinct (rk + 1, (r 4+ 1)k 4 1))-core partitions

Conjecture

For a fixed r, the number of (k — 1)-distinct (rk =1, (r + 1)k £ 1))-core
partitions is a polynomial in k.
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(k — 1)-distinct (rk + 1, (r 4+ 1)k 4 1))-core partitions

Conjecture

For a fixed r, the number of (k — 1)-distinct (rk =1, (r + 1)k £ 1))-core
partitions is a polynomial in k.

1
#(2k—1,3k—1):§k2+gk—3

1 1
t#(3k — 1,4k —1) = Yol By g

6 2 3

1 1
#(2k+1,3k+1):§k2+?9k—5

1 1
t#0Bk + 1,4k +1) = 6k3+gk2+%k—26
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(k — 1)-distinct (rk + 1, (r 4+ 1)k 4 1))-core partitions

Conjecture

For a fixed r, the number of (k — 1)-distinct (rk =1, (r + 1)k £ 1))-core
partitions is a polynomial in k.

1
#(2k—1,3k—1):§k2+gk—3

1 1
K — L4k —1) = =k + L2+ Bk

6 2 3

1, 1
#(2k+1,3k+1)=§k2+79k—5

1 1
T#(Bk + 1,4k +1) = 6k3+%k2+%k—26

We have a recurrence for the plus case (conditional on one conjecture)!
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(k — 1)-distinct (rk + 1, (r 4+ 1)k 4 1))-core partitions
Let

Cp = (Catalan numbers)

r—1
E(¢,r)=Cp + (Z(Ci - C/‘—l)cf—i> —(Cry1 —2CG + G 1)Co, (conjectured)
i=2

£—1 a—1 k
D(L, k,a,b) = > ((c,-+1 - G) (Z D¢ — i, k, a, b)> +(C - Ci_1) ( >° D —iik,a, b)>>

i=1 a=1 =at1

+8a6(Coy1 — Co) (6 is Kronecker delta)

- (55 5 o6ken) o

i=1 a=1 3=1

r r k j—1 k
Ti(rk)=> (k=1 -E(r+1,)+ > D E,i)- (Zu)) +E(L—1,i)- ( > (*)> ,

i=1 £=it1 j=2 a=1

where

j—2 k
(%) = (Z D(r—[,k,a,ﬂ)) + (ZD(r—Z+1,k,a,ﬂ)> .

B=1 B=j
Then, the number of (k — 1)-distinct (rk + 1, (r + 1)k + 1)-core partitions
is To(r, k) + Ti(r, k).
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