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Introduction

An ideal generated by monomials is called a monomial ideal.

Affine semigroups ℕ𝐴 are finitely generated submonoids of ℤ𝑑,

where 𝐴 is a 𝑑-dimensional matrix and its columns are generators

of the semigroup.

We call the semigroup ℕ𝐴 normal when ℕ𝐴 = ℝ≥0𝐴 ∩ ℤ𝐴.

The affine semigroup ring given by ℕ𝐴 is

ℂ[ℕ𝐴] ≔ ⨁
𝑎∈ℕ𝐴

ℂ ⋅ 𝑡𝑎,

where 𝑎 = (𝑎1, ..., 𝑎𝑑) and 𝑡𝑎 = (𝑡𝑎1
1 , ..., 𝑡𝑎𝑑

𝑑 ).
Theorem 1 [ST01]: The ring of differential operators 𝐷(𝑅) is
generated by

{𝐷𝑏 ∣ 𝑏 ∈ ℤ𝐴, and for all 𝑡𝑐 ∈ ℂ[ℕ𝐴], 𝐷𝑏(𝑡𝑐) = 𝑡𝑏+𝑐}
Let the hyperplanes ℎ1 = 0, ..., ℎ𝑟 = 0 be the boundaries of ℕ𝐴
such that ℎ𝑖(ℕ𝐴) ≥ 0 for all 1 ≤ 𝑖 ≤ 𝑟. The order of a differential
operator 𝐷𝑏 is

𝑟
∑
𝑖=1

max{−ℎ𝑖(𝑏), 0}. Let 𝐷𝑁−1(𝑅) denote all
differential operators of order less than or equal to 𝑁 − 1.
For any monomial ideal 𝐼 ⊆ 𝑅, the 𝑁th differential power of 𝐼 is

𝐼 ⟨𝑁⟩ ≔ {𝑓 ∈ 𝑅 ∣ 𝜕(𝑓) ∈ 𝐼 for all 𝜕 ∈ 𝐷𝑁−1(𝑅)}.
We only need to consider a small subset of the differential

operators generating 𝐷(𝑅) to compute 𝐼 ⟨𝑁⟩.

Example

We can visualize monomials in a monomial ideal as integer points

in ℤ𝑑 in that the point (𝑞1, ..., 𝑞𝑑) corresponds to the monomial

𝑡𝑞1
1 ⋯ 𝑡𝑞𝑑

𝑑 .

𝑠

𝑡

𝐼 = (𝑠2𝑡3, 𝑠3𝑡2)

𝐼⟨2⟩ = (𝑠3𝑡3)

Figure 1. The 2nd differential power of an ideal in the semigroup ring ℂ[ℕ𝐴],

where 𝐴 = [1 1 1
0 1 2] .

Standard Pairs

A standard pair of a monomial ideal 𝐼 ⊆ ℂ[ℕ𝐴] is (𝑡ℓ, 𝐹 ), where
𝑡ℓ1
1 𝑡ℓ2

2 ⋯ 𝑡ℓ𝑑
𝑑 = 𝑡ℓ ∉ 𝐼, and 𝐹 ⊆ {𝑡1, ..., 𝑡𝑑} such that

Supp(𝑡ℓ) ∩ 𝐹 = ∅, and (𝑡ℓ, 𝐹 ) ⊈ (𝑡𝑘, 𝐺) for any standard pair

(𝑡𝑘, 𝐺).
A monomial ideal 𝐼 ⊆ ℂ[ℕ𝐴] can be determined by its finite set

of standard pairs.

Differential Powers in Prime and Radical Ideals

The radical of an ideal 𝐼 ⊆ ℂ[ℕ𝐴] is√
𝐼 = {𝑓 ∈ ℂ[ℕ𝐴] ∣ ∃ℓ ∈ ℤ+ such that 𝑓ℓ ∈ 𝐼}.

When ideals are radical, their 𝑁th differential power is equal to

their 𝑁th symbolic power, which have been of considerable

interest in algebraic geometry and commutative algebra

[Dao+18].

The following Theorems hold in polynomial rings ℂ[𝑥1, ..., 𝑥𝑛].
Theorem 2 [Cyr+24]: Let 𝑃𝐹 be a prime monomial ideal

corresponding to a face 𝐹. Then, 𝑃𝐹 = ⟨𝑥𝑖 ∣ 𝑥𝑖 ∉ 𝐹⟩, and
stdPairs(𝑃 ⟨ℓ⟩

𝐹 ) = {(𝑥𝑎, 𝐹 )∣
𝑛

∑
𝑖=1

𝑎𝑖 < ℓ, 𝑎𝑖 = 0 if 𝑥𝑖 ∈ 𝐹}.

Theorem 3 [Cyr+24]: Let 𝐼 be a radical monomial ideal. Then,

stdPairs(𝐼 ⟨ℓ⟩) =
𝑛
⋃

𝑖=1
stdPairs(𝑃 ⟨ℓ⟩

𝐹𝑖
).

Example

𝑦

𝑧

𝑥
(a) stdPairs(𝑃𝑦) = {(1, 𝑦)}

𝑦

𝑧

𝑥
(b) stdPairs(𝑃 ⟨2⟩

𝑦 ) =
{(1, 𝑦), (𝑥, 𝑦), (𝑧, 𝑦)}

Figure 2. The standard pairs of the prime monomial ideal

𝑃𝑦 = (𝑥, 𝑧) ⊆ 𝐶[𝑥, 𝑦, 𝑧] and its second differential power

𝑃 ⟨2⟩
𝑦 = (𝑥2, 𝑥𝑧, 𝑧2).

Eventually Periodic Differential Powers

We first generalize a result in [Ken+21] regarding polynomial

rings ℂ[𝑥, 𝑦] to polynomial rings with an arbitrary number of

generators.

Theorem 4 [Cyr+24]: Let 𝐼 ⊆ ℂ[𝑥1, ..., 𝑥𝑛] be a radical ideal.
Then there exists 𝑁 ∈ ℕ such that for all 𝑚 ≥ 𝑁, 𝐼 ⟨𝑚⟩ is principal.

We have an analogous result holding in semigroups rings ℂ[ℕ𝐴]

where 𝐴 = [1 1 ⋯ 1
0 1 ⋯ 𝑛] .

Theorem 5 [Cyr+24]: Let 𝐼 ⊆ ℂ[𝑡1, ..., 𝑡𝑑] be an ideal. There
exists 𝑁 ∈ ℕ such that when 𝑛 ≥ 𝑁, the number of generators
of 𝐼 ⟨𝑛⟩ is periodic.

- If 2 ∤ 𝑛, 𝐼 ⟨𝑛⟩ can be generated by two elements or is principal.

Example

We give an example of an ideal with differential powers eventually

principal in the polynomial ring ℂ[𝑥, 𝑦].

𝑥

𝑦

𝑥𝑦4

𝑥2𝑦3

𝑥3𝑦

𝐼 = (𝑥𝑦4, 𝑥2𝑦3, 𝑥3𝑦)

𝐼⟨2⟩ = (𝑥2𝑦4, 𝑥3𝑦3, 𝑥4𝑦2)

𝐼⟨3⟩ = (𝑥3𝑦4, 𝑥4𝑦3)

𝐼⟨4⟩ = (𝑥4𝑦4)

Figure 3. An ideal 𝐼 ⊆ ℂ[𝑥, 𝑦] with principal differential powers 𝐼⟨𝑛⟩ when

𝑛 ≥ 4.

References & Acknowledgments

We would like to thank our problem mentor Christine Berkesch and our TA Eduardo Torres Dávila

for their guidance and support. (Thanks Eduardo!) We also thank Ayah Almousa and Vic Reiner for

organizing the 2024 University of Minnesota Algebra and Combinatorics REU, which gave us the

opportunity to work on this problem.

[Cyr+24] S. Cyrusian, N. Joseph, Z. Medlin, S. Solotko, and M. Yang. Differential Powers in

Semigroup and Polynomial Rings. Tech. rep. University of Minnesota, 2024.

[Dao+18] H. Dao et al. Symbolic powers of ideals. In: Springer Proc. Math. Stat. 222 (2018), pp.

387–432.

[Ken+21] J. Kenkel, L. McPherson, J. Page, D. Smolkin, M. Stephenson, and F. Yang. Asymptotic

Behavior of Differential Powers. 2021. arXiv: 2111.15653.

[ST01] M. Saito and W. Traves. Differential algebras on semigroup algebras. In: Contemp.

Math. 286 (2001), pp. 207–226.


