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1. Introduction

Let Q be a quiver and CQ its path algebra. This means that Q is an oriented graph, and CQ is the algebra of C-linear
combinations of paths in the quiver, with multiplication given by concatenation of paths (setting p - ¢ = 0 if p and q cannot
be concatenated). This algebra is graded by path length, which we denote by |p|.

If p and q are the paths we define the partial derivative of g with respect to p as

9g-= 1" if ¢ = pr with r a path,
P4°=10 otherwise.

We can extend this operation linearly to get a map 9, : CQ — CQ. Note that if p = e is a trivial path (i.e. a vertex) then
taking the derivative is the same as multiplication on the left: 9.q = eq.

Similarly to [1,2], we define the derivation-quotient algebra of w € CQ of order k as the path algebra modulo the deriva-
tives of w by paths with length k:

D(w, k) = CQ/{dpw; |p| = k). (1.1)
We are particularly interested in w which are super-cyclically symmetric, i.e., are sums of elements of the form

n
Y (=D g gy air, 6 € Q. (12)
i=1
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Such w will be called superpotentials.? We will also consider twisted superpotentials. These are elements in (CQ ), the vector
space spanned by paths of length n, that are invariant under the C-linear map

ap -ty > (=)o (a)ar - apog. (1.3)

where o is a graded C-algebra automorphism of CQ which fixes the trace function CQ X ¢ such that Tr(p) = 1ifpis
a vertex, and Tr(p) = O for all other paths p. (If o is trivial one recovers the notion of a superpotential. We need twisted
superpotentials to address the McKay correspondence for GL,, as opposed to SL;.)

For the case k = 1in (1.1), algebras defined by superpotentials have been greatly studied. Examples include three-
dimensional Sklyanin algebras [3], algebras coming from the three-dimensional McKay correspondence [4,5], cluster
algebras and mutations [6], and algebras derived from exceptional collections on Calabi-Yau varieties [7]. The fact that
all these algebras have a superpotential can be traced back to a common homological property: the Calabi-Yau property. In
one of its forms, this property states that an algebra A is CY-n if A has a projective A-bimodule resolution & that is self-dual:

Homy_4(P*, A ® A) = 2", (1.4)

Similarly, one has the twisted Calabi-Yau property, where the resolution is self-dual to a twist of itself by an automorphism
o of A:

Homy_4(P*,AQA) = P ° QuA°,

where A? is the bimodule obtained from A by twisting the right multiplicationby o (a-x - b = axo (b), forx € A%, a, b € A).

It is known that graded three-dimensional Calabi-Yau algebras always derive from a superpotential [8], i.e., are of the
form (1.1) with k = 1. Also, in [4, Theorem 3.6.4], a wide class of Calabi-Yau algebras of any dimension are shown to arise
from a much more general type of superpotential.

In [1,2], in the one-vertex case (working over a field), these results were generalized to higher order derivations. In
particular, [2, Theorem 11] implies that any AS-Gorenstein algebra over a field which is also Koszul is equal to D (w, k) for
some w, k (more generally, this is shown replacing Koszul with N-Koszul, a generalization to the case of algebras presented
by homogeneous relations of degree N rather than two [9]). We recall that a graded algebra over a field k is AS-Gorenstein if

i ~ |0 i # n
Exty (k. k) = {k i=n.
It is clear by extending the proof of Proposition 4.3 in [10] that graded twisted Calabi-Yau algebras over a field are AS-
Gorenstein. In the other direction, the result of Dubois-Violette implies that, in the Koszul case, AS-Gorenstein algebras are
twisted Calabi-Yau. If we work over a general semisimple algebra S instead of k, then the same relation holds between
twisted Calabi-Yau and the AS-Gorenstein property with k replaced by S. In this paper, we will therefore use the twisted
Calabi-Yau condition.

One of the main goals of this paper is to generalize [2] to the several-vertex case. Precisely, we give a Morita-invariant
construction of algebras D (w, k) over any semisimple C-algebra (Section 2. Using this, we show that algebras which occurin
the higher-dimensional McKay correspondence also derive from a superpotential (Section 3). We give a method to compute
the superpotential for the path algebra with relations which is Morita equivalent to C[V]#G and illustrate this with some
examples. These results generalize those of Crawley-Boevey and Holland [11,12] and Ginzburg [4] in the cases G = SL,, SLs.
We then prove (Section 6) that any N-Koszul, (twisted) Calabi-Yau algebra over a semisimple algebra is of the form D (w, k),
where w is a (twisted) superpotential. This last theorem generalizes [2, Theorem 11] to the quiver case, and gives another
proof of the fact that McKay correspondence algebras are given by a (twisted) superpotential. It also generalizes [8] to
arbitrary Calabi-Yau dimension. More generally, we show that N-Koszul twisted Calabi-Yau algebras are equivalent to
algebras A = D(w, k) such that an associated complex (6.1) yields a bimodule resolution of A.

We end by illustrating this theorem in the case of Sklyanin algebras of dimension 4 (Section 7), which was the main
motivating example behind Section 6. We give a formula for the superpotential (which was done in [2, Section 6.4], see also
[1], in different language and over R). In Section 7.0.1, we describe the twisted superpotentials associated to the algebras
from [13] related to the Sklyanin algebras. We explain that the Sklyanin McKay correspondence algebras involve subgroups
of the Heisenberg group over Z/4.

As an application of our results, we give a simple representation-theoretic computation of the moduli space of Sklyanin
algebras of dimension 4 (Theorem 7.9). This description involves considering the projective space of superpotentials. Since
the automorphism group of a generic Sklyanin is a form of the Heisenberg group over Z/4 equipped with the Heisenberg
representation (which is uniquely determined by the action of its center), we are able to find a version of the Weil
representation acting on superpotentials. Pulling this back, we obtain a description of the moduli space in terms of the
original parameters for the Sklyanin algebras. We remark that, while it is probably possible to obtain this result using the
geometry associated to Sklyanin algebras (an elliptic curve and a point of that curve), and our result can also be deduced
from, e.g., [27] and [ 14, Proposition 3.1, Section 9], it is interesting that the theorem follows purely from representation-
theoretic consequences of the action of the Heisenberg group by automorphisms on the Sklyanin algebra.

3 In the N-Koszul case for N > 2, i.e., where n is greater than the expected Hochschild dimension of £ (w, k), we will need to consider superpotentials
which are cyclically rather than super-cyclically symmetric: i.e., the sign is eliminated. See Section 6.
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2. Coordinate-free potentials

In this section we formulate potentials, derivations, and D(w, k) in a categorical way for a tensor algebra over a
semisimple algebra.

2.1. Duals, duals, duals...

Let S be a finite-dimensional semisimple algebra over C and let V be an S-bimodule. We will denote the ordinary tensor
product over C by ® and the tensor product over S by ®s.
There are at least 4 distinct way to construct a dual bimodule to V:

e The space of linear morphisms to C: V* := Hom¢(V, C) with bimodule action (s1¥s;)(w) = ¥ (s,wsq).

o The space of right-module morphisms to S: V*} := Hompeq.s(V, S) with bimodule action (s;vs;)(w) = s1¥ (s,w).

o The space of left-module morphisms to S: V*! := Homg_moq(V, S) with bimodule action (s1s2)(w) = ¥ (ws1)ss.

o The space of bimodule morphisms to S ®¢ S: V*# := Homg_pimea(V, S ® S). Using Sweedler notation, we write ¢ € V*£
as Y1 ®c V2, with bimodule action (s11/52)1(w) ® (s1¥82)2(w) = Y¥1(w)sz @ s1¥2(w).

These duals extend to 4 contravariant functors *, *R, %L, *B : S-bimod — S-bimod. All these different constructions are
not canonically isomorphic in the category of S-bimodules, so in order to identify them we need an extra datum. This extra
datum is a nondegenerate trace function Tr : S — C which defines natural isomorphisms L, R, B from the complex dual to
the the 3 other duals by demanding that, for ¢ € V*,

Yw e Vi (w) = TRy (w) = Trly (w) = Tr((By)1(w))Tr((Byr)2(w)).

Moreover, these identifications are compatible with Morita equivalence: if e € S is an idempotent such that SeS = S, then
the trace on S restricts to a nondegenerate trace on eSe. The images of the identification maps under the Morita equivalence
M : S-bimod — eSe-bimod are precisely the identification maps of the restricted trace. From now on we will fix a trace on
S and omit the functors.

For v € V* and w € V, we will denote the pairings to C and S by

(U, x) = (x, ¢) =¥ (x) while[yx] :=Ry(x) and [xy]:=Ly(x).

The resulting S-bimodule morphisms, []: V*®sV — Sand [] : V ®s V* — S called the evaluation maps. The duals of
the evaluation maps are called the coevaluation maps:

coevg: S = V®sV* and coev;:S — V*®sV.

We will write the image of 1 under the coevaluation as

coevg(1) = Zx@s x* and coev;(1) = Zx* Qs X.
Rx Ix

In these expressions Rx and Lx stand for summation over right and left S-module bases of V, respectively. These elements
satisfy the following standard evaluation—coevaluation identities:

VeV ¢ = Z[;x]x* = Zx*[xg]
Rx Lx

YueV:u= Zx[x*u] = Z[ux*]x.
Rx Lx

The bracket notation can be extended to tensor products to obtain maps [] : (V*)®sk x v®s! — y®s=h (for | > k) such
that

(01 ®s - Qs ¢, w1 Qs - -+ Qs wi] = [@1[ - - - [Prwr] - - - wr—qJwi] - Wig1 Rs - - - @5 wy,

and similarly [] : V®s!x (V*)®sk — y®sl=b [fk = |we end up with an element in S. In this case, we define also the pairing
() (V)®sk@gV®sk — Cby (x,y) := Tr[xy]. For k > I, we may replace the image V®s (=X by (Vv*)®s*=D_ These satisfy
associativity identities, e.g., [(¢ Qs ¥)x] = [p[vx]] and [[px]¥] = [plxy]]1if ¥ € (V)®sk ¢ € (V)®landx € VO™
withn > k + L

2.2. Potentials

A weak potential of degree n is an element of degree n in the tensor algebra TsV that commutes with the S-action:

e V®" suchthatVs € S : sw = ws.
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A weak potential is called a superpotential if
Vi e V¥ [Yol = (=)' oyl
Let T be a graded C-algebra automorphism of TsV that preserves the trace. This gives us an automorphism of S as a C-
algebra, and we can define for any bimodule M the left twist ; M to be the vector space M equipped with the bimodule action
S1 - X - Sy == sjxs. The right twist M, is defined analogously. We obtain isomorphisms ,-1S = S, ,,-1 V = V; using 7, and
—1V* = (V*); using T*.
We then define a twisted weak potential of degree n to be an element

weV®" suchthatVs €S :s"w = ws.
A twisted superpotential is a twisted weak potential w satisfying
VY e Vi [Yol = (=" oy ],
For every (twisted) weak potential w of degree n and every nonnegative k < n, we can define a bimodule morphism
AL (VEH* @518 > VIS Ly @cx — [Pkl
We will denote the image of A? by W,,_, C V&s"=h,
Definition 2.1. We define the derivation-quotient algebra of w of order k to be the path algebra modulo the ideal generated
by the S-bimodule W,_:
D(w, k) :=CQ/({ImA}) = CQ/{(Wh_y).

Here, (M) stands for the smallest two-sided ideal containing M.

2.3. Path algebras and quivers

Let us look at all these concepts in the case of a path algebra of a quiver. A quiver Q consists of a set of vertices, Qp, a set
of arrows, Q;, and two maps, h, t : Q; — Qy, assigning to every arrow its head and tail. We set S = C%, where the vertices
form a basis of idempotents, we equip it with a trace Tr such that all vertices have trace 1. We construct the S-bimodule
V := C% such that, for every arrow a € Q, we have the identity a = h(a)at(a). The path algebra can now be viewed as
CQ = TsV. Note that, with this notation, the composition of arrows is given by

b
ab =< <.
The set Q; of arrows is a basis for V. Define a* € V* so that {a* | a € Q;} is a dual basis to Q;. Tensoring these bases

together, we obtain the dual bases for V&% = CQy, (V*)®* = CQ; which are nothing but the paths and dual paths of
length k. The brackets have the following form for paths p, g € CQy:

[p*ql = 8pgt(q),  [gp"] = Spgh(q), and (p*,q) = &y
More generally, if p, g are any paths, then we obtain that bracketing corresponds to taking partial derivatives:

da = [p"ql.
A weak potential is an element w € CQy that consists only of closed paths (i.e. w is a linear combination of elements p such
that h(p) = t(p)), and A} corresponds to the map (CQy)* — CQqu—k : p* — 9dpw. The weak potential w is a superpotential
if and only if [a*w] = (—1)""![wa*] for all a € Q, which is the same as saying that @ = (—1)"'w, where » denotes the
cyclic shift: a; .~ . a, = aya; ... a,_q1, where a; € Q; for all i.

If T is a graded trace-preserving automorphism of CQ then a twisted weak potential consists of a linear combination of
paths p that satisfy h(p) = 7(t(p)) (note that T must induce a permutation on the set of paths of length k for all k). It is a
twisted superpotential if and only if [(a®)*w] = (—1)" [wa*] foralla € Q, i.e, ®® = (—1)""'w, where &7 is the twisted
cyclic shift C-linearly defined by a; .”. a," = ala ...a,—; fora; € Q.

2.4. Morita equivalence
The new formulation has the advantage that it is compatible with standard Morita equivalence:

Lemma 2.2. Let e € S be an idempotent such that SeS = S. If M C TsV is an S-bimodule then there is a Morita equivalence
between A = TsV /(M) and

Tese(eVe) / (eMe).
If wis a (twisted) weak potential and e* = e, then we have that

eD(w, ke = D(ewe, k).
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Proof. By the standard Morita equivalence between S and eSe, we have a functor
F : S-bimod — eSe-bimod

which maps M to eMe. This functor commutes with tensor products F (M ®s N) = F (M) Qese F (N), where e(m ®s n)e —
eme ®ese ene is the natural isomorphism. The same holds for duals and direct sums. This implies that £ (TsV) = e(TsV)e =
Tese(eVe), and for any S-subbimodule M C TsV, that # (M) C F(TsV) and F ((M)) = (¥ (M)). We obtain an isomorphism
between T,s.(eVe)/(eMe) and e(TsV /(M))e, which is Morita equivalent to TsV /(M).
Finally, if o € V®s" is a (twisted) weak potential of degree n and W,_; := ImAY € V81K e get that F(Wy_y) =
F (ImAy) = Im(F (Ay)). Since
F(AY) (ede Qese exe) = [epewexe] = [(ege) (ewe) (exe)] = A (ede ®es. exe),

we deduce that # (AY) = Aj*®, and hence eD(w, k)e = D(ewe, k). O

3. McKay correspondence and potentials

Let G be any finite group, and let V be an arbitrary finite-dimensional representation. We can look at the tensor algebra
TcV* and the ring C[V] = SymV* of polynomial functions on V. This last ring can be seen as the (n — 2)nd-derived algebra
coming from the superpotential:

w = Z (_1)Uxa(l) ®--- ®Xg'(n) € T(cv*

oeGp

where x; . .. x, form a basis for V*. Indeed, for every pathp = x;, ...x;,_, € (TcV),—2, we get that 9,w is zero if some of the
x;; are identical, and otherwise it is equal to the commutator between the two basis elements that do not occur in p (in some
order). We conclude that

ClV] = D(w,n — 2).

If R is a ring with G acting as automorphisms we can construct the smash product R#G. As a vector space, this ring is
isomorphic to R ® CG, and the product is given by

(r®g) (g =ri(g n) L.

For the tensor algebra TV* we can rewrite the smash product as a tensor algebra over the group algebra CG. Let us define
U = V* ® CG. The CG-bimodule action on it is given by

g(v ®x)h .= gv ® gxh.
It is easy to see that for every k we have
(TV'#G) 2V Q... V* ® CG
= (V*®c CO) ®cc - - - Qcc(V* ®c CG) = (TegU)k.

The special bimodule action on U makes the identifications also compatible with the product, so that TcV*#G = TcU. So
the smash of the tensor algebra is again a tensor algebra but now over the semisimple algebra CG. This algebra is isomorphic
to

@ Mat gims; xdims; (C),
Si

where we sum over all irreducible representations of G (up to isomorphism). The standard traces of these matrix algebras
provide us a trace on CG.

Lemma 3.1. If R = TcV*/(M), where M is a vector space of relations which is invariant under the G-action on TcV*, then

R#G = TecU/ (M ® CG).

Proof. If M is a G-invariant vector space in T¢V*, then M ® CG can be considered as a CG-subbimodule of TcV*#G. This
means that if i < TcV* is a G-invariant ideal, then i ® CG is an ideal of TcV*#G. Moreover, if i = (M) with M a G-invariant
subspace of TcV*, theni ® CG = (M ® CG). So

TegV* ® CG (TeVH) ®CG TV

= = ®CG=R#G. O
(M ® CG) (M) ® CG (M)
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Suppose R = C[V] with its action of G. Now Cw = /\” V* is a one-dimensional G-representation. This means that
A" V* ® CG is a bimodule of the form CG, where t(g) = (detg)g and hence the element @ ® 1 is a twisted weak potential.
It is easy to check that

(IMA?) ® CG = Im((AY) ® idee) = Im(AL®D).

Furthermore we see that t permutes the summands of CG corresponding to the irreducible representations: the summand
corresponding to S; gets sent to the one corresponding to /\" V* ® Si. One may find ane = ) _ e; such that e” = e, where
the e; are primitive idempotents such that CGe; = §; for all i, with one e; for each S;. To find this, first note that, for any two
idempotents e, e, € CG and any m > 0, we have

e1(TcV#G)es D e1(CG ® VE™)e, = (61C6) @cc(VE™ ® CGey) = Home(e1CG, VO™ ® (CGey)). (3.1)

Now, for any irreducible representation W of G, let m > 1 be the smallest positive integer such that (A" V)®" @ W = W

as representations of G. Let ¢ : W > (/\" V*)®Mm @ W be an intertwiner, and let w € W be a nonzero eigenvector, up to
scaling, of v: that is, ¥ (w) = x ® w for some nonzero x € (/\" V*)®™, Then, let e; € CG be a primitive idempotent such

that there is an isomorphism CGe; = W which sends eq to w. Then, it follows that e;xe; € e (TcV#G)e; represents the
intertwiner ¥’ € Hom(CGe, (/\" V*)®" @ CGe;) sending e; to x ® eq, and is hence nonzero. Thus, e;x = xe; as elements of
TcV#G. Next, let ey, es, . . ., e, be the primitive idempotents such that e;w = we; 1 in TcV#G forall 1 <i < m — 1, where
w € /\" V* C T¢V is the superpotential from before. Then, it follows that e, = wey, and thus the set {eq, €2, ..., en}
is closed under the twist, and is a set of primitive idempotents for distinct irreducible representations. Performing this
construction once on each orbit of isomorphism classes of irreducible representations under tensoring by /\" V*, we obtain
the desired full collection of primitive idempotents e; and the element e = ), e; such that e = e*. We will identify the
irreducible representations S; with CGe;, and consider therefore e; € CGe; = S; as a specified nonzero vector.

Note that Tr(e;) = 1, just as we want it to be for a path algebra. The element ewe is a twisted superpotential because the
original w is, and the property of being a twisted superpotential is preserved by taking w to w ® 1.

We deduce the following result:

Theorem 3.2. The algebra C[V]#G is a derivation-quotient algebra of order n — 2 with a (twisted if G ¢ SL,) superpotential of
degree n. The same is true for the corresponding Morita equivalent path algebra with relations.

How do we work out the potential in terms of paths in the path algebra? If G is a finite group acting on V then the
quiver underlying e(C[V]#G)e is called the McKay quiver of G and V. Its vertices e; are in one to one correspondence to
the irreducible representations S; of G. The trace function on CG then allows us to identify CG* with CG as CG-bimodules:
CG — CG* : g — Tr(g - —). Therefore S/ is isomorphic to ;CG as a right module.

The number of arrows from e; to e; is equal to the dimension of

ej(V* ® CG)e; = Homeg(CGej, (V¥ ® CG)e;) = Homeg(S), V* ® Sp).

This means that we can (and do) identify each arrow a : e; — e; with a certain intertwiner morphism v, : Spq) = V* ®St(q),
such that the set of arrows gives a basis of these intertwiner maps. Here, we use the notation S, := S;. We have a dual basis
a*, which can be interpreted as a collection of maps

Yar : St —> V @ Sha),
using the natural pairing between Homgc(S;, V* ® S;) and Homeg(Si, V ® S)).
By construction, the set of vertices e; € Qy C CQ is closed under the twist t. We can choose intertwiners so that Q; C CQ

is also closed under the twist, as follows. First, w € /\" V* C T"V* gives an intertwiner v )we; : St(e;) = /\" V* ® Se;s
given by 7(e;) = o ® e;, for all vertices e;. We will denote this simply by ¥, := ¥z (e;)we;-
Next, we choose the intertwiners v/, so that the following diagram commutes (for all a € Q):

Ya
St(h(ay) V* ® Se(t(ay (3.2)
Yo \Lidv* QY
n l id/\n v Yt n
A" V* ® Sha) N'V*®V* ® Sia)-

Then, the corresponding elements Q; C CQ will be closed under the twist t. Furthermore, assign to every path p of
length k the composite maps ¥, : Shpy — (V) ® Sypy and ¥+ : Sypy — V' @ Sy These also fit into the commutative
diagram above, replacing a by p.

For every k < n we have an antisymmetrizer: o : V& — /\k Vivy®: - ®ug > v A... A If pis a path of length
n, consider the composite

Uln®id5h(p) idany @Yo
A"V ® Suep)

w £
Sty ———> VO ® Ship) NV N VF®Sip) —— Sty (3.3)
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where the last arrow is given by the pairing between V and V*. Since this is an intertwiner, by Schur’s lemma it is a scalar,
which we denote by c,. In other words, ¢, is such that (o, ®ids,,)) o ¥ (enp) = ¢, ' (@ Qer(p), where ), (V) — N v
is the antisymmetrizer.

These scalars allow us to write down an explicit form of the superpotential. The weak potential w® 1 in Teg(V* ® CG) acts
as a linear function on (CG* ® V)®cc" = y®" @ CG, given by the last three arrows of (3.3) followed by the trace Tr. Hence,
(@RD(P") =tr((w@DWp)) =tr((0® 1) ((an ® lsh(p))(l//p*))) = tr(cp) = cpdim t(p). Here we used tr for the canonical
trace End(S¢»)) — C, to distinguish it from Tr. Because the Morita equivalence between CG and eCGe is compatible with
taking the dual, we see that

e@®Ne= ) (ew®De)(p"p =) cdimt(p)p = &
Ipl=n Ipl=n
and so C[V]#G is Morita equivalent to
TeSe(eve) ~ CQ

(Im(AZ<_”)2®De)) (0@ : qis apath of lengthn —2)°

4. Corollaries and remarks

In this section we show how the main result of the last section recovers several known results in the literature. In
particular we show that for a finite subgroup of SL,(C), we recover the preprojective algebra; for a finite small* subgroup
of GL,(C) we recover the mesh relations; and for a finite subgroup of SL3(C) we recover the superpotential found by
Ginzburg [4]. Furthermore, if the group is abelian in GL,(C), we can also recover the toric result.

Recall our convention that, when referring to quivers, xy means y followed by x.

We start with the toric case: suppose G is a finite abelian subgroup of GL,(C). Being abelian we may choose a basis
ey, ..., e, of V that diagonalizes the action of G and thus we get n characters p1, ..., p, defined by setting p;(g) to be the
ith diagonal element of g. It is clear that e; is a basis for the representation p;.

In what follows it is convenient to suppress tensor product signs as much as possible, so we write p; jpo for p; ® p; ® p.
In this notation dety = p;,.__,. Denote the set of irreducible representations by Irr (G).

Corollary 4.1 ([15]). Let G be a finite abelian subgroup of GL,(C). Then the McKay quiver is the directed graph with a vertex for
each irreducible representation p and an arrow

¥
Pip — P

forall1 <i<nand p € Irr(G). Furthermore, the path algebra of the McKay quiver modulo the relations

{xjpxipjp = xf’xfiﬂ cpelr(G),1<i,j<n}

is isomorphic to the skew group ring C[V ]#G.

Proof. The first statement regarding the McKay quiver is trivial since V = p; @ ... & p,. Furthermore since G is abelian the
idempotent e in Section 3 is the identity and so we really are describing the skew group ring up to isomorphism, not just
Morita equivalence.

For the relations, we build a potential as follows: first recall we have a basis ey, ..., e, of V (from which e; is a basis for
each p;). Since the p; generate the group of characters this gives a basis for every representation. Now if we view the map xf
as an intertwiner p; ® p — V ® p itis clear that it can be represented as ¢; ® v, — e; ® v, where v,, is the basis element
of p.

This means thatifapathp : dety®p — p oflength n contains two x’s with the same subscript then ¢, = 0. Consequently,
for any given p € Irr(G), the only nonzero contributions to the potential from paths dety, ® p — p of length n come from

Po(2),...,0(n)P Po(3),...,0(n)P P
o (1) o (2) o(n)
dety @ p ——> L5 (2),....o )L ——> Po(3),....0(n) P cee Po(n) P 1Y

where o € &,,. Thus for each p € Irr(G) we obtain a contribution to the potential

— o) Po(n) P Po(3),....,0(m)P  Po(2),....0(n)P
(pp = Z w(ea(l) ®...Q® eg(n))xa(n)xa(n_l) .. 'XU'(Z) X0<l) .
oeGy

Adding these contributions one obtains the potential @ = Y
to paths of length n — 2 gives the required relations. O

peirc) Pp- Itis easy to see that differentiating @ with respect

4 Here, “small” means that the group has no pseudoreflections, i.e., no elements whose eigenspace of eigenvalue one has codimension one.
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As another corollary to Theorem 3.2 we have

Corollary 4.2 (Reiten-Van den Bergh [16]). Suppose G is a finite small subgroup of GL,(C). Then the relations on the McKay
quiver which give an algebra Morita equivalent to C[x, y|#G are precisely the mesh relations from AR theory on C[[x, y]]® and
the superpotential is exactly the sum of all mesh relations with the appropriate sign.

More precisely, by AR theory for every arrow a : i — j there is an arrow t(j) — i which we denote by a”. The twist on the
vertices equals the Auslander-Reiten translation, and the mesh relation associated to a vertexjis y h(@)=j aa”.

In particular for a finite subgroup of SL,(C), the preprojective algebra of the corresponding extended Dynkin diagram is Morita
equivalent to C[x, y]#G.

Proof. We will work out the proof in the completed case and then go back by taking the associated graded ring. Denote by
R = C[[x, y]] the ring of formal power series in two variables and consider the Koszul complex over R

0 —— R® dety R®V R C 0.

We know that this comes from a superpotential (if we consider, for all m, (V*)®™ C C((x, y)) = the ring of noncommutative
power series in x, y, and define derivation quotients D (w, k) for @ € (V*)®™ of C{(x, y)) just as in the uncompleted case).
We proved that the algebra obtained by smashing with a group G also comes from a (possibly twisted) superpotential, so

0——=R®dety CG——=RQVR®CGC——=RQCG——=CG——=0

(which is the minimal projective resolution of the R#G module CG) arises from a superpotential, i.e. the relations on R#G
can be read off from the fact that the composition of the first two nontrivial maps is zero.
For convenience label the elements of Irr(G) by oy, o1, . .., 0, where o corresponds to the trivial representation. Since

CG = @, 62" the above exact sequence decomposes into

O, (0 —>R®dety ® 0; — R®V ® 0; —= R ® 0; —> 0; —> 0 )®4mn)

so the relations on R#G can be read off from the fact that the composition of the first two nontrivial maps in each summand
is zero. But now, by [17, 10.9],

projR#G ~ ¢IMR®
M M®

is an equivalence of categories, where projR#G is the category of finitely generated projective R#G modules, and ¢ORC is the
category of maximal Cohen-Macaulay modules for R°. Thus taking G-invariants of the above exact sequence, the relations
on R#G can be read off from the fact that the composition of the first two nontrivial maps in each summand of

Do( 0= (R dety ® 0)¢ =~ (RQV ® 67)¢ = (R® 07)¢ — 0¢ — 0 )&M)

is zero. It is clear that of = 0 for i # 0 whilst ooc = C.By[17, 10.13], for i # 0 the summands above are precisely the AR
short exact sequences, and for i = 0 the sequence has the appropriate AR property. Thus the relations on eR#Ge are precisely
the mesh relations.

Because the mesh relations are graded and taking the associated graded is compatible with the Morita equivalence we
can conclude that the relations of eC[x, y]#Ge are also given by the mesh relations and the superpotential will be the sum
of all mesh relations. O

Because we work with superpotentials there is a redundancy in the coefficients of the potential:

Lemma 4.3. Choose a basis of arrows in CQ; = e(TcV#G)e that is closed under the application of the twist t. Then the coefficients
of e(w ® 1)e = le‘:n cpp have the following property: if p = p1 ... pn is a path of length n then

_ n—1
Cproon = (=D CpZpipy.pay-

Proof. This follows immediately from Theorem 3.2 and the discussion in Section 2.3. O

Note that if G < SL,(C), the twist is trivial so we can work with any basis for the arrows. In this case, not only does
the above lemma simplify the calculation of the ¢, but it also tells us that we can write our superpotential up to cyclic
permutation (if one defines the notation carefully). This generalizes a result of Ginzburg [4] for SL3(C).

The superpotential highly depends on the representatives we chose for the arrows in Q. From the point of view of the
quiver we have an action of the graded automorphism group,

Autcq,CQ = [] 6Le(CQ)ey,
e;,ej€Qp
on the space (CQ),, and all potentials that give an isomorphic derivation-quotient algebra are in the same orbit. An
interesting problem is to find (and define the notion of) nice representatives for the arrows, and hence for the superpotential.
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5. Examples of McKay correspondence superpotentials

In this section we illustrate Theorem 3.2 by computing examples. We first illustrate that our theorem does not depend
on whether or not G has pseudoreflections by computing an example of a non-abelian group G < GL,(C) where C?/G =
Spec C[x, y]° is smooth:

Example 5.1. Consider the dihedral group Dg = (g, h: g* = h*> = 1, h~gh = g~ ') viewed inside GL,(C) as

(&4 O h_Ol
“\o &) —\1 o)

It is clear that the invariant ring is C[xy, x* + y*] and so is smooth. Denoting the natural representation by V, the character
table for this group is

|1 g g h gh
l1 1 1 1 1
i1 1 1 -1 —1
vl 1 =1 1 -1
Vsl1 01 -1 -1 1
Vi2 -2 0 0 o0

and so the McKay quiver has the shape

V3

We shall show that the algebra Morita equivalent to the skew group ring is:

{} Da=0 Ch=0
.;gj.:\gj. Ad=0 Bc=0
{X aA + dD = bB + cC

2

[ ]

Note that t(a) = d, 7(d) = a, t(A) = D, (D) = A and likewise with the c’s and D’s. Notice also that there are five relations,
which coincides with the number of paths of length zero (i.e. the number of vertices). We now check that the relations above
are correct.

For eachi € {0, 1, 2, 3}, let v; denote a basis vector for V;. Let {eq, e;} be the (standard) basis for V in which the above
matrices are written, and let {e], €5} be the dual basis of V*. Assume that w = e] ®e} —e; ®e7. For our idempotent e, we have
a choice of the component in V, since V is two-dimensional. Let us pick the component in V to be the one corresponding to
a multiple of e; (rather than of e,). Take the following t-closed basis of arrows (i.e., intertwiners) ¥+ for CQy, as x ranges
over the edges of Q;. The right side of the line indicates the edge that the (summand of the) map corresponds to:

V= (C61 D (Cez = (C(Uo ® 61) D (C(Uo ® 62) = Vo RV (A)
V=CeidCe; > (C(U] ® El) (&) (C(—U] ® 62) =Vi®V (D)
V= (Cel (&) (CEZ g (C(Uz ® ez) D (C(Uz ® el) = V2 RV (B)
V=Cei®Cey (C(U3 ® 6'2) D (C(—U3 ® 6‘1) =V;QV (C)

V()@V]@Vz@‘/_ﬁ,=CUO@CU1@CU2@CU3 l—)(c(el®€2+€2®€1) (a)
BCe1 ®@ex —ex®ey) (d)
SCe1®@e1t+ex®ey) (b)
BC(e1 ®@e1 —ex®ey) (©)
=VV.

Since the determinant representation is Vi, if we consider paths of length 2 ending at a given vertex p, the only possible
ones with nonzero ¢, must start at p ® V.
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Now, the coefficients ¢, are easy to compute using (3.3). For example, with p = Ad, we have

d A®1 idy, ®ay VYo ®id A2y
Vi Vev V0®V®V*0>Vo®/\zv

Vi@ APVEe AN’V —=V
takes
Ve e —eRe > wRe Qe —vRe e 200 QW - 2U @ w ® W' > 2vy,
and so csg = 2. For another example, take p = aA. Then, we have
(1> e e ®EQe)+e®(CE1Qe) > e®—0 > eQw®—w > —e, (5.1)
so cgs = 1. Continuing in this fashion our potential (after dividing through by 2) is
(Da — aA + Ad — dD) + (—Cb + bB — Bc + cC),

which in compact form may be written as [Da], — [Cb]., where [x], is the sum of all signed 7-cyclic permutations of x that
give rise to distinct monomials (cf. Lemma 4.3). Since n — 2 = 0 we do not differentiate, and these are precisely the relations.

Note that we needed here the fact that, in the superpotential, the coefficient of each path p is ¢,dim t(p): this was neces-
sary for the coefficient of Ad to be negative the coefficient of aA by our computation above. Without this, the superpotential
would not be t-cyclically symmetric.

Remark 5.2. Taking a different basis of arrows for CQ; (which is not closed under 7) may lead to a potential which is not
invariant under twisted cyclic permutation.

Remark 5.3. In the above example if we change h slightly and so our group is now the binary dihedral group D5 , generated

by
_(ea O (0 1
=G 3) =(5)

inside SL,(C), then although the character table and so shape of the McKay quiver is the same, the relations differ. Indeed,
by Corollary 4.2 the relations are now the preprojective relations. This can also be verified directly by choosing a basis of
arrows for CQ; closed under t.

We now illustrate Corollary 4.2 with an example of a finite small subgroup of GL,(C):
Example 5.4. Take G = Ds 5, i.e. the group inside GL,(C) generated by
G = &4 0 0 &y &6 0
“\\o &) \es 0)\0 &)/
The McKay quiver is

Po dety Po
ap ] 20

ai

az

\s

//\\

as

pApA
N

where the trivial, determinant and natural representations are illustrated, and the ends of the two sides are identified. Note
that the permutation t induced by tensoring with the determinant representation rotates this picture to the left, and so the
fact that the permutation coincides with the AR translate is implicit. The mesh relations are
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Xodo = 0 yObQ =0 ZpCo = 0
xia; =0 y1b1 =0 zic;=0
Xoly = 0 ysz =0 ZpC) = 0
x3a3 =0 y3b3 =0 2z3c3=0

boXQ + b]X] + b2X2 + b3X3 =0
CoYo + C1y1 + C2y2 +¢c3y3 =0
ApZo + 121 + a2z, + azz3 =0

and so we have 15 relations, matching the number of paths of length 0 (i.e. the number of vertices).

Example 5.5. Take G = %(1, 2,4) x (1), i.e. the group inside SL3(C) generated by

e 0 0 010
G:< 0 ¢ o0 ,(0 0 1)>
o o ¢ 100

where ¢’ = 1. The McKay quiver is

Ly

UCVB//;::ﬁ::QVOH

Denote the basis of L; by [; for 1 < i < 3, the basis V by ey, e,, e3, and the basis of V3 by j1, j», j3. Take the basis of arrows
(=intertwiners) for CQ; corresponding to the following images of the above bases (with the edge as listed in the right side
of the row), where y is a cube root of unity:

Vi Lh®V =Clh®e) @ C®e) ®C(l R e3) (@)

Vi LV =Clh®ye) ®Clh ®y’e) ®Ci®es) (b)

Vi LoV =Choy’e)®CLhye) ®Clh®es) (c)
VoOVEH > VeV =Cs®e) ®Ce ®e) ®Cle; ®ep) ()
DC(e1 ®ey) ® Clex ®es) © Clez ®ey) (*)

DC(e; ®ey) ®Cles @ ey) @ Cleg ®es) )

LeLidLeoaVoV;)—> V0V =C(1®e+j2®e1+j38e€) (A)
BC (1 ®@y’es + ®yer+jz ®es) (B)
OC(1®yes+p®y’er+j3@e) ©)
BOC(j2 ® ez) ® C(3 V@ e3) ® C(ji ®ey) (2)
BC(j2 ®e3) ®C(3 ®er) @ C(1 ®ea) (v)
A calculation shows that the superpotential can be written as
O ax—y)A+bx— yy)B+c(x— yzy)C — zux + vzy + %uuu - %vvv.
Differentiating with respect to the paths of length 3 — 2 = 1 gives the relations
0a ax = ay
O bx = yby
dc cx = ycy
0qg XA = yA
Op XB = yyB
o xC = y2yC
Oy Aa+ Bb + Cc = zu
d, Aa+yBb+ y*Chb=vz
A xz = u?
9, zy = v2.

Example 5.6. As in Example 5.1 consider the group Dg, but now acting on (V @ V*) = (V @ V). Since Dg is generated inside
V by pseudoreflections it follows that inside V & V it is generated by symplectic reflections, thus in this case C[V & V]#G
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is the undeformed symplectic reflection algebra. The McKay quiver is now

The superpotential is then given by the sum of the following terms and all distinct terms obtained by signed cyclic
permutations:

(AaAa) —(AaAa) —2(AdDa) (AdDa) (AdDa) (AbBa) —(AbBa) —(AcCa)
(AcCa) (AaAa) (AdDa) (AdDa) —2(AdDa) —(AbBa) (AbBa) (AcCa)
—(AcCa) (DdDd) —(DdDd) —(DbBd) (DbBd) (DcCd) —(DcCd)  (DdDAQ)
(DbBAQ) —(DbBd) —(DcCq) (DcCd)  (BbBb) —(BbBb) —2(BcCh) (BcCh)
(BcCb) (BbBb) (BcChb) (BcChb) —2(BcCb)  (CcCc) —(CcCc) (CcCe).

(Recall, since we are inside SL4(C), a negative sign is introduced with cyclic permutation.) Differentiating appropriately
gives the relations

Da=0 Ad=0 Ch=0 Bc=0
Da=0 Ad=0 Cb=0 Bc=0
Da = —Da Aa = Aa Ca=Ca Ba = Ba
Db = Db Ab = Ab Ch=—Cb Bb = Bb
Dc = Dc Ac = Ac Cc=Cc Bc = —Bc
Dd = Dd Ad = —Ad Cd =Cd Bd = Bd
aA + bB = cC + dD
aA +bB =cC+dD
aA+bB=aA+bB=cC+dD=cC+dD =X

1 1
where ¥ = E(aA—l— bB 4+ cC+dD) = E(aA—i—bB—i- cC +dD).

The calculations involving this example were done using a computer program written in GAP [18]. The source code of this
program can be downloaded at http://www.algebra.ua.ac.be/research/mckay.gap.

6. Koszul algebras

Thus far, we have explained that, for G < GL(V), C[V]#G, and hence the quiver algebras Morita equivalent to it, are
twisted Calabi-Yau and derived from a twisted superpotential (in the case G < SL(V), we may remove the word “twisted”).
Here we explain that this is part of a more general phenomenon: any (N-)Koszul, (twisted) Calabi-Yau algebra is of the form
D(w, k). This was proved in [2] for algebras over a field, so our result generalizes this to the quiver case. We also prove
a converse: any algebra of the form A = D (w, k) is (N-)Koszul and (twisted) Calabi-Yau if and only if a natural complex
attached to w is a bimodule resolution of A.

Recall that a graded algebra A is Koszul if A has a bimodule resolution with all maps of degree 1. This is clearly invariant
under a Morita equivalence A ~ eAe, using the functor described in Section 2. Then, McKay correspondence algebras are
Koszul, by the following well-known lemma:

Lemma 6.1. If G C SL(V) = SL,, is finite, then C[V]#G is CY-n and Koszul.

Proof. The standard Koszul bimodule resolution KX* for C[V] is self-dual, so C[V] is CY-n. The kth term of this resolution is
Xk=cC[vl® /\k V* ® C[V] and it is isomorphic to the (KX"~%)* dual term because of the pairing

k n—k
/\V*x/\V*—>(C:(v1,v2)—>a = pIAGy=aX] A ... AXp.

Since G C SL(V), this pairing is a pairing of left CG-modules.

All of the terms M above are G-modules compatibly with the C[V]-bimodule structure (precisely, they are (C[V] ®
C[V])#G-modules). Now we apply the exact functor M — M ® CG. This turns the above resolution into a projective
C[V]#G-bimodule resolution of C[V] ® CG = C|[V]#G, where for each term M in the resolution, the bimodule action is


http://www.algebra.ua.ac.be/research/mckay.gap
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now given by (xg)(m® h)(x'g’) = (x-g(m) - gh(x') ® ghg’). The Koszul property follows from the fact that tensoring by CG
preserves the grading, and the self-duality property carries over. O

In order to formulate the theorem, we need to introduce a natural complex W* attached to any superpotential w, for
A = D(w, k) (which may be viewed as a bimodule version of [2, (5.3)]). For simplicity, we will assume for now that |w| =
k + 2, so that A is quadratic.
Recall the spaces W; defined above Definition 2.1. Consider the complex
dje d
W =0— A®5 W\a)\ ®SA‘—>‘A®5 W‘w‘,] ®5A —> s > A®5 Wi ®5A—1)A®5 WO ®5A — 0, (6])

where, for vy, ...,v; € Wanda, d € A,

di = &i(split; + (—1)'splitg) |4 @g w; @54,
split, (A®s vV1vy - 1 ®sd) = AV Rs vy - -+ V; Rs d,
splitg(a ®s v1v2 -+ - V; ®s @) = A®s V1 - - - Vi1 Qs Vi,

o [ D < (ol + 1)/2,
T, otherwise.

It is easy to check that the above yields a complex, i.e., d; o di;.1 = 0. Moreover, the terms, aside from A itself, are projective
bimodules, and the maps are A-bimodule maps. We will see that it is exact if and only if A is Koszul and Calabi-Yau. More
precisely, we will prove:

Theorem 6.2. Analgebra TsW /(R) is Koszul and Calabi-Yau if and only if it is of the form D (w, k) and the corresponding complex
(6.1) is exact in positive degree and H®(W*) = A. In this case, (6.1) is the Koszul resolution of A, and it is self-dual.

Remark 6.3. The condition that 'W* is a resolution of A is very subtle and hard to check for a given potential. In the one-vertex
case it is shown in [1,2] that this implies some special regularity conditions on w.

We begin with the

Lemma 6.4. For any superpotential w, the complex (6.1) is self-dual.
Proof. First, note that w induces perfect pairings
() W@ W —C. (e B) = [(@®s Bol.
satisfying the supersymmetry property,
o, B) = (=D1P1(B, ).
This yields an isomorphism 7 : W‘j‘u‘_i = Wi;, and hence a duality pairing of bimodules
(,): (A®s W ®sA) ®s(A®s Wiy—i ®sA) = AR A, (a®sx®sd, b®sysb') = db®s[n~" (x)y] Qs ba.

This explains why the terms in the above complex are in duality.

It remains to check that the differentials satisfy the self-duality property: d; = drwl 41—+ It suffices to show that

split; |4 o5 w; @5 4 1S identified with g;g),|_isplity|a g, Wi, ®sA under the above duality. That is, forallx € W;, y € W4 41—i, we
need to check that
(1®sy ®s 1, split (1 Qs x ®s 1)) = €i€)4|-i{splitg(1 Qs Yy Vs 1), 1 ®s x Rs 1).
This amounts to checking that, for alla € W} = W*, we have
[~ (lexDy] = &ijo)—ilxn ™" [yall.
By associativity identities and the definition of 5, the LHS of is [ (™' (x) ®s &€)y]. The RHS may be rewritten as
gi€lol—i(— DMV T @) [YEN] = &80 (=D [( 7 (%) ®s £)y].

Thus, setting ¢; as specified above yields the desired self-duality. O

Lemma 6.5. The complex (6.1) is a subcomplex of the Koszul complex for D (w, |w| — 2).
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Proof. The Koszul complex can be defined as follows. If A = TsW /(R) where R is an S-subbimodule of W ®s W, then we
denote by R* the submodule of W* ®s W* that annihilates R. The Koszul dual of A is A' := TsW*/(R') and it is again a
graded algebra. For each k we have a projection (W*)®sk — A;(, and, dually, this gives us injections (A;()* <> W®sk The
Koszul complex K * is defined by the maps d : A ®s (A;{)* RsA —> ARs (A;{_l)* ®s A which are constructed analogously to
the maps in (6.1). To prove the lemma we only have to show that W, C (A;()*.

What does (A})* look like? Because A, = (W*)®sk /(3 (W*)®s! ®s Rt ®@5(W*)®s*~1=2)) one has that w € (A})* if and
only if (w, ¢) = 0forall ¢ € (O, (W*)®! @5 Rt ®s(W*)®s*~1=2)) This is the same as to say that

we m W®5 l ®s R ®s W®g(k*l*2) — m W®51 ®s W2 ®s W®g(k7172).
I I

We conclude immediately that Wy, C (A})*. O

Remark 6.6. According to [19, Theorem 5.4], the pairing between the W, can be extended to a pairing between the (A;<)*,
but this pairing is not necessarily perfect. Only in the AS-Gorenstein (Koszul twisted Calabi-Yau) case this pairing becomes
perfect because then (A}<)* and W, coincide.

Proof of Theorem 6.2. If (6.1) is a resolution of A then since all of the differentials have degree +1 with respect to the
grading of A, this would imply (by one definition of Koszulity) that A is Koszul, and that (6.1) is a Koszul resolution of A
(more generally, for any graded algebra, any free bimodule resolution of A with differentials of positive degree must be
minimal and unique). Then, by Lemma 6.4, A is Calabi-Yau as well.

Conversely, suppose that A is CY of dimension n and Koszul. Using the CY property, [8, Theorem A.5.2] shows that there
is a trace function Tr : Ext}(S, S) — C such that

Tr(a % B) = (= D*" PTr(B xa), « € Ext*(S,S), B € Ext" XS, S) (6.2)

induces a perfect pairing, where * denotes the Yoneda cup product. Using the Koszul property, we may identify Ext"(S, S)
with a quotient of (W*)®s" so that a trace function becomes canonically an element @ € W®s", Then, (6.2) says precisely
that w is a superpotential.
By nondegeneracy, the trace pairing induces an isomorphism Ext?(S, S) = Ext"~2(S, S)*. Furthermore, Ext>(S, S) = R,
so this isomorphism translates into the statement that W, = R, and hence W, = R by Lemma 6.5. Thus,A = D (w, n — 2).
Similarly, nondegeneracy of the trace pairing provides an isomorphism between Ext'(S, S) and a subspace of W; for all i,
and hence (applying Lemma 6.5 again) (6.1) must be the Koszul resolution of A. O

Remark 6.7. This theorem is a generalization of Theorem 3.2 (at least in the nontwisted case): to obtain Theorem 3.2, we
combine Theorem 6.2 and Lemma 6.1. See below for the twisted case.

Finally, we explain briefly how to generalize to N-Koszul and twisted Calabi-Yau algebras. First, for the o -twisted setting,
all that changes is that the twisted superpotential property proves a o -twisted self-duality in Lemma 6.4, and conversely in
the proof of Theorem 6.2. For the converse, one needs to use the modified Serre duality f * g = (—1)¥"YF’(g) « f, where
F' 1 Ext!(S,S) S Ext! (,-1S, 5-15) is the map coming from the functor on A-modules, M — -1 M, which is the composi-
tion of the Serre functor with the shift by —n. In this case, if we compose with the canonical isomorphisms V* = Ext!(S, S)
and V* = Ext!(,-1S, ,—15), then we obtain the map o : V* 5 V*.Asaresult, the superpotential w becomes a o -twisted
superpotential.

Next, for the N-Koszul setting, first recall [9] that an N-Koszul algebra is an algebra A presented by homogeneous relations
of degree N so that there is a free resolution of A with differentials of degrees alternating between N — 1 and 1:

d d
> AR Y, s A S AR Y RsA—S ARsA— A — 0,

where d; has degree 1ifiisodd,and N — 1ifiis even.
In this setting, it is natural to define N-complexes of bimodules instead of complexes [20]. These are sequences of maps

Ki 4 Xi_1 such that d¥ = 0 (instead of d> = 0). As in the ordinary Koszul case one can define a self-dual bimodule N-
complex

die d
W =0—> AR W\wl ®5A‘—>‘A®s W|w|,] RsA— -+ > ARs W, ®5A—1>A®s Wo ®sA — 0, (6.3)

where d; = &;(split; + (q)'splitg) |4 ®s W; @ 4, and ¢ is a primitive Nth root of 1. This N-complex is a subcomplex of the Koszul
N-complex as defined in [19].

From now on, assume N > 2. We can contract N-complexes to obtain complexes. In the case of our self-dual N-complex,
we get

0> AQsWini1 ®sA > AQs Wiy ®sA — A®s Wim_1)n+1 Qs A
—)~~-—)A®5WN®5A—)A®5W‘1®SA_>A®SW0®SA_>07 (64)
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where the differentials alternate between i(split’L\’_1 + splitILV_zspIitR +- 4 splithpIitg_2 + splitg_l) and = (split; — splitg).
This is not self-dual anymore unless we are in the case that [w| = mN + 1 for some m € N.

We see in (6.4) that the length of the complex is even, i.e., if it is exact, then A should have odd Hochschild dimension,
2m + 1. In this case, since the desired perfect pairing Ext'(S, S) x Ext*™(S, S) — C will be symmetric, we should work with
cyclically symmetric potentials rather than super-cyclically symmetric potentials.

For N > 2, the N-Koszul generalization of Theorem 6.2 then becomes

Theorem 6.8. An algebra A = TsW /(R) is N-Koszul (for N > 2) and o -twisted Calabi-Yau if and only if A = D(w, (m —
1)N + 1) for a o-twisted cyclically symmetric potential w of degree mN + 1 for some m > 1, and the corresponding complex
(6.4) is exact in positive degree and H*(W*) = A. In this case, (6.4) is the N-Koszul resolution of A, it is twisted self-dual, and A
has twisted CY dimension 2m + 1.

The proof of the theorem uses basically the same arguments as in the proof of Theorem 6.2 but adapted to the N-Koszul
situation in accordance with the results of [9,19].

Remark 6.9. As also remarked in [10], a graded three-dimensional CY algebra is automatically N-Koszul, since then the
graded self-dual resolution has maps of degrees 1, N — 1, and 1. Hence, we recover the twisted generalization of the main
result of [8], that the algebra comes from a twisted superpotential (and moreover that the associated complex is the minimal
bimodule resolution of A).

7. Sklyanin algebras

In this section we consider the four-dimensional Sklyanin algebras as introduced by Sklyanin in [21,22]. These algebras

may be thought of as “elliptic deformations” of the polynomial algebra in four variables, and they are in particular Koszul
1

and have the same Hilbert series Good 38 the polynomial ring.
Following [23, Section 0], fix values «, 8, and y satisfying®
a+B+y+aBy =0. (7.1)
Then, the algebra A is defined by
A = C(xo, X1, X2, X3) /1,

where [ is the two-sided ideal generated by the relations r;, s;°:

1= XoX1 — X1Xg — a(X2X3 + X3X3), S1 1= XoX1 + X1Xp0 — (X2X3 — X3X3),
Iy = XoX2 — X2Xo — B(X3X1 + X1X3), Sy 1= XoXp + XoXp — (X3X1 — X1X3),
I3 = XoX3 — X3Xg — ¥ (X1X2 + X2X1), S3 1= XoX3 + X3Xp0 — (X1X2 — X2X1).

We would like to find a superpotential for A. This must be a supercyclic element which is homogeneous of degree
four. The superpotential also sits in I because for every homogeneous element u and every n < |u|, we have the identity
u= le\=n pdyu (the summation is over the monomials of degree n in C(xo, X1, X2, X3)). It is easy to compute that, under
the assumption

(a,B,y) ¢ {(a, =1, 1), (1, 8, =1), (=1, 1, )}, (7.2)
the space of such elements is one-dimensional and spanned by the following element:

@ = k1(r1S1 + $111) + Kk2(1282 + $2T2) + k3(1383 + S373), (7.3)
where (k1, k3, k3) 7 (0, 0, 0) is determined up to a nonzero multiple by

Kil+a)=x3(1-y), ki(l—a)=k(1+p), K(l—pF)=r(1+y). (7.4)

Proposition 7.1. The element w is a superpotential. Moreover, for any «, B, y satisfying (7.2), A = D(w, 2), and in this case,
the resolution (6.1) is a self-dual resolution of A, making A Calabi-Yau.

5 In the original form [21,22], see also e.g. [24,25], not all values «, B, y satisfying this equation are considered—only those that arise from an elliptic
curve and a point of that curve. By, e.g., [23], these are the values where (7.2) holds and «, 8, y # 0; cf. Theorem 7.4.

6 Our notation 1; is for the relation involving xox; — X;Xo, and s; is the relation involving xox; + X;Xo.
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Proof. It is easy to verify that by the precise choice of the «;, w is a superpotential (in fact, it makes sense and is cyclically
supersymmetric even if (7.2) is not satisfied). Next, suppose (7.2) holds. Then, «1, k3, and «3 are nonzero. The elements r;, s;
are linearly independent and we can complete this set with elements {uq, ..., U9} to obtain a basis for C(xg, X1, X2, X3)>.

This gives us a dual basis r}*, s7, u and

[rfw] = kisi, [sfw] = kit [ufw] = 0.

This shows that A = D (w, 2).
To deduce that (6.1) is a resolution of A, we make use of

Theorem 7.2 ([23]). Assuming (7.2), A is Koszul. Moreover, H(A", t) = (1 + t)*.

In the above theorem, H(V, t) denotes the Hilbert series of a graded vector space V, i.e, H(V,t) = ) dimV (m)t™. The
hard part of the above theorem is the Koszulity.
Now, by Lemma 6.5 and the formula for the Koszul complex (see the proof of Lemma 6.5), it suffices only to show that

dimW; = (':) for all i. For i = 2, this follows from the above observations; then, it follows by applying partial derivatives to

the relations rj, s; that this is true for i = 1. Since i = 0 is obvious, we get dimW,; = (':) for all i by the self-duality of Ww*.
Thus, A is Calabi-Yau with self-dual resolution W*. O

m>0

Remark 7.3. It is also easy to derive that A is Calabi-Yau directly from [23]: in particular, in [23] it is shown that A’ is
Frobenius, and one may easily show that A' is in fact symmetric. Our contribution here is in producing a superpotential and
showing that the minimal (Koszul) resolution of A is produced in this way.

7.0.1. Modified Sklyanin algebras from [13]

In [13], some new algebras related to the above are defined and shown to be Koszul, and have the same Hilbert series
ﬁ as the polynomial ring in four variables. Here, we explain that these algebras are not Calabi-Yau, but rather twisted

Calabi-Yau, with twisted superpotential described below. We omit the proofs, which are the same as for the Sklyanin algebra.
Following [13], let us assume in this subsection that {«, 8, ¥} N {0, 1, —1} = .

Heuristically, these algebras are “elliptic deformations” of the algebra C(Xg, X1, X2, X3)/(—x3 + X3 + X3 + X3, xiX; — X;¥; |
{i, j} # {2, 3}) in the same way that the Sklyanin algebras are deformations of C[xg, X1, X2, X3].

Precisely, the relations are given by using any five of the relations r;, s;, and replacing the sixth with the new relation
q .= d1$21 + d,82,, where
1+a , 1-«a

X2

1-8 14y
We obtain the algebra A’ = C(xg, X1, X, x3)/I', where I’ is the ideal generated by q and five of the r;, s;. (The geometric
motivation for studying A’ is that it and the Sklyanin algebra A both surject to the same ring B := A/(£21, £2,) of geometric
relevance.)

First, suppose that the relations are q, 13, 13, S1, S2, S3 (S0 1 is not a relation). We claim that A is twisted Calabi-Yau with
twisting o (xg) = —Xg, 0 (X1) = —X1, 0 (X2) = X2, 0 (x3) = X3, and with unique twisted superpotential (up to scaling) given
by

2 1 y2 g2 42 52 2
§£21 = —Xx5 +x] +x; + X3, §£2; =x7+ X3.

A1(gsy +51q) + Ax(rars — r3r) + A3(S283 — $352),
with (A1 : A3 : A3) € P? determined by
dy) = X (By + 1), didy = —Ay + A3,

provided that any nonzero solution to the above has all of A1, A5, A3 nonzero, i.e., (dq, d3) is not a multiple of (1, 0) or
(1, =1 = By).

Next, suppose that the relations are g, rq, 13, 13, S2, S3 (50 51 is not a relation). Then, A is twisted Calabi-Yau with the same
twisting as above, and the unique twisted superpotential (up to scaling) is given by

A(gry +11q) + Ao (1283 — $312) + A3(S2r3 — 1353),
with (A1 : A3 : A3) € P? determined by
adid = Ay — As, a(dy +d))Ay = Bry + yAs,

again provided all of A1, A,, A3 can be nonzero (i.e., (di, d;) is not a multiple of (1, 8 — 1) or (1, —1 — y)). Any other A’ can
be obtained from this or the previous paragraph by a cyclic permutation of the parameters and relations.

Finally, in [13], also the algebra AL, = C(xo, X1, X2, X3)/ (2, S2, I'3, S3, §21, §23) is studied, and shown to be Koszul and
have the same Hilbert series as the polynomial ring in four variables (just as in all the other examples). We claim that this
algebra is twisted Calabi-Yau with twisting o (x;) = —x; for all i. In other words, the twisted superpotential w (which is
unique up to scaling) is actually cyclically symmetric. We omit the formula for the twisted superpotential.
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7.1. McKay correspondence for four-dimensional Sklyanin algebras

It makes sense to think of the potential (7.3) as a deformed version of the volume form in the case of the polynomial
algebra in four variables: precisely, the potential w for a Koszul Calabi-Yau algebra always spans the top Hochschild homol-
ogy group (here, HH4(A, A)) as a free module over the center HH°(A, A), viewing w as a standard Hochschild cycle. This may
be deduced by applying M — M ®a g, a0 A to (6.1) and comparing with the standard Hochschild complex; cf. [2, Propo-
sition 10]. We are interested in automorphisms of A preserving the potential. It is well known (e.g., [24,25]) that the finite
Heisenberg group acts on the Sklyanin algebra A by automorphisms. In fact:

Theorem 7.4 ([26, Section 2]). Assume that o, B,y # 0 and (7.2) holds. If a, B or y # Z£+/—3 then the group of graded
automorphisms of A (C Aut(V)) is isomorphic to a group H given by a central extension,
1> C* > H— (Z/4A®Z/4) — 1, (7.5)

such that for lifts X, Y of (1,0), (0, 1) to H, [X,Y] =+/—1€ C*.Inthecasex = B = y = £+/—3, the group has the form
H x Z/3.

Explicit matrix generators for this group are given in [26, Section 2] and are also given below, at the end of Section 7.3.

Notation. Call the subgroup of Aut(V) preserving w € V®* the automorphism group of w, and denote it by Aut(w).

The only elements of C* that act trivially on V®4 are fourth roots of unity. As a result, in the situation above where
Aut(A) = H, the automorphism group of the superpotential w will be finite, of order 64. It turns out this is one of the
“Z/4-Heisenberg groups,” which we describe as follows. Let X, Y € H be elements as in the theorem, chosen to have the
property X4 = Y* = —1. Then, H is the group generated by X and Y. It is a central extension

1> uys—>H—>Z/A®Z/4— 1, (7.6)
where p4 C C* is the subgroup of elements of order four. A presentation for H is given by
HX(X,Y,Z|XZ=2X,YZ=2Y,72" =1, X" =Y =72 [X, Y] = Z). (7.7)
We deduce the following:
Proposition 7.5. For any «, 8, y as in Theorem 7.4, Aut(w) = H, unlessa = 8 = y = Z+/—3, in which case this group is
H % 7/3, where Z/3 acts nontrivially on H.

As a consequence, we see that, under the assumptions of Theorem 7.4, ® ® 1 € A#H is still a superpotential, and hence
also gives a superpotential for any algebra Morita equivalent to A#H. Letting f1, . . ., fiy be a full set of primitive idempotents
(one for each irreducible representation of H), and f := f; + - - - + f,, we then have

Proposition 7.6. The algebra f (A#H)f is Calabi-Yau. For any finite subgroup G < H f'(A#G)f" is twisted Calabi-Yau, where f’
is the sum of a full set of primitive idempotents for G.

These algebras may be considered the elliptic McKay correspondence algebras in dimension four, and f (A#H)f is the
maximal Calabi-Yau one, in the sense that H is maximal (and so the McKay quiver is also the largest possible).

7.2. Thecasea =0

The Theorem 7.4 did not apply to the case that one of «, 8, y is zero. Since we only need (7.2) to obtain a Calabi-
Yau algebra and a potential, it is worth proving the analogue of Theorem 7.4 in the degenerate cases («, 8, y) € {(0, 8, —f),
(o, 0, —), (o, —x, 0), (0, 0, 0)} (and we will use this in the next subsection). By symmetry, we restrict ourselves to the case
a =0.

It is likely that this result is known, but we did not find it in the literature. We remark that, in [23, Section 1], it is shown
that these degenerate cases are iterated Ore extensions.

Theorem 7.7. (i) Assume («, 8, y) = (0, B, —B) with 8 # 0. Then, the graded automorphism group of A is generated by C*,

1.0 0 0 0 —— 0 0
; : 01 0 o\l 2,2 +V/B
the group SO(2, C) acting on Span{x,, X3}, i.e., 0o o a blla+b°=1¢, andtheelements{ | +/p 0 o of,
0 0 -b a 0 o 1.0
0 0 0 1

i
0 0 i

(ii)If « = B = y = 0, then the automorphism group is C* - SO(3, C), with SO(3, C) the automorphism group of Span
{x1, X2, X3} together with its standard symmetric bilinear form (x;, x;) = §;;.

i 0 0 0
0 i 00 here i denot tof —1
0 0 Zi o , where 1 denotes a square roo Of— .
0 :
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Proof. (i) The vector r; = Xy A x; must be preserved up to scalar by any automorphism, so the span of xq, x; is preserved;
then the only element of Sym? Span{xo, x1} in the symmetrization of the relations is xox; + X1Xo. Hence, any automorphism

must send (Xg, X1) to (AXq, 1X;) or (ux1, AXp). Up to the automorphism xq — +/BX1, %] — ﬁxo, Xy > Xp,X3 > X3

and scaling, we may assume that our automorphism v satisfies 1 (xg) = Axq, ¥ (x1) = A~ 'x;. Since then xgx; + X1Xg is
preserved, looking at s;, we see that x,x3 — X3, is preserved, and hence the span of x,, x5 is preserved.

Next, note that the relations project isomorphically to A%V. Let [, y] := xy — yx denote the commutator and {x, y} :=
Xy + yx the anticommutator. We have ¥ (r;) = [Axg, ¥ (x2)] — %{w()g), x1}. If we write Ay (x;) = ax, + bxs, then we must
have v (r,) = ar, 4 brs. This implies that, restricted to Span{x;, X3}, 1 must have the form

—b\
(7.8)
ai

<
Il
>l > a

Applying the same reasoning to 1/ (x3), we deduce furthermore that A* = 1. This yields the claimed description.

(i) Let R be the vector space spanned by the relations. In the case« = 8 = y = 0, the intersection A2V NRis Span{xg} AV,
and hence any automorphism ¥ must send x, to a multiple of itself. Up to scaling, let us assume that v (xo) = xo. Then, the
fact that the relations project isomorphically to A2V yields a canonical isomorphism A%V /(A%V NR) =S Span{x1, X2, X3},
sending w € A2V to the unique element v such that w — (xov + vXg) € R. Any automorphism v as above preserves not

only U := Span{x, X2, X3}, but also the isomorphism A%U = U obtained from the above. This isomorphism can also be

expressed as the composition A2U 5 A2U* 5 U where the first map uses the standard symmetric bilinear form (x;, x;)
= &y, and the second map uses the standard volume form. It easily follows that automorphisms preserving this map are

exactly SO(3, C). Conversely, any element preserving the map A2U S Uis easily shown to be an automorphism of A. This
yields the result. O

Corollary 7.8. In either case of the theorem, the automorphism group of the potential Aut(w) is generated by the elements listed,
except that C* is replaced by the group 4 C C* of fourth roots of unity.

Proof. It suffices to observe that all of the elements listed, aside from the scalars C*, preserve the potential u4. This is
straightforward in (i); for part (ii), by looking at the coefficient of xox;x,x3 under the action of SO(3, C) on w, one sees that
the character SO(3,C) —» C*,g — % is the same as the determinant, and hence is trivial. O

As a consequence, we may again consider A#G for any finite subgroup G C Aut(w), which will be a Calabi-Yau algebra, and
in the case that G is in Aut(A) but not in Aut(w), we get a twisted Calabi-Yau algebra. As before, one may consider the Morita
equivalent algebras and write down their potentials.

7.3. Moduli space of four-dimensional Sklyanin algebras

In this subsection we will use the theory of the Weil representation over Z/4 and the preceding results to give a simple
computation of the moduli space of Sklyanin algebras in dimension four. Throughout, when we say “isomorphism” or
“automorphism” of Sklyanin algebras, we mean a graded isomorphism or automorphism.

First, we note that, given any («, 8, y), the algebras associated to this triple and any cyclic permutation are isomorphic:
the permutation xg > Xg, X1 — X2 > X3 > X1 sends the relations for («, §, y) to the relations for (y, «, 8). Similarly, the
map Xo > Xg, X1 > X2, Xa > —X1, X3 > X3 sends the relations for (¢, §, y) to the relations for (-8, —«, —y).

Hence, if we consider the &3 action on the surface § givenby o + 8 4+ y + a8y = 0, given by multiplying the standard
permutation action by the sign representation, we get a map

48/63 — {Isomorphism classes of four-dimensional Sklyanin algebras}. (7.9)

Theorem 7.9. The map (7.9) is a bijection.

The rest of the subsection will be devoted to the proof of the theorem. The main case of the theorem concerns those
parameters satisfying the conditions of Theorem 7.4, and we will prove the result by finding a description of the moduli
space of potentials in terms of the Heisenberg and Weil representations.

Remark 7.10. Note that, in the locus of elements satisfying Theorem 7.4, the &3 action is free except at the two points
o = B = y = +£4/—3. Here, these two points form a two-element orbit, and the isotropy Z/3 is picked up by the automor-
phism group at these points (cf. Theorem 7.4).
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First, let us handle the degenerate cases when one of «, 3, v is zero. Suppose only one is zero, and without loss of
generality, say it is «. Then («, 8, y) = (0, 8, —B). Note that, in this case, the automorphism group of A is independent of

the value of 8. In particular, any ¢ : V. — V inducing an isomorphism A = A with A’ of the same form must normalize
the connected component of the identity of the common automorphism group, i.e.,, C* - SO(2). Since ¥ must therefore
preserve the trivial weight spaces of SO(2) and either preserve or interchange the nontrivial weight spaces, ¥ must have
the form ¢ = ' @ ", where ¥’ = V¥ |spanixg,x;} aNd ¥ = ¥ |span(xy,x5)» aNd " € O(Span{x,, x3}) (the orthogonal group).

0

Up to an automorphism of A, we may assume that " = ((1) E), with ¢ € {1, —1}. By the same argument as in the proof of

1
Theorem 7.7, we must have that v/’ is either diagonal or strictly off-diagonal, and using the automorphism ( Of iﬂ),
+/B 0

we may assume v’ is diagonal, say ' = . Using that the relations for A an oth contain s, s,, 3, it follows tha
Visd I "= (5 ,)-Using that the relations for A and A’ both cont t follows that

uA = €, 0 = A, and u = e. Put together, this says that ¢ = 1 and © = A = =£1. This is already an automorphism of A,
so ¢ € Aut(A). Thatis, A and A’ already had the same relations. So (7.9) is injective when restricted to parameters («, 8, y)
with exactly one parameter equal to zero.

In the case « = 8 = y = 0, it is clear that no other triple («, 8, y) yields an isomorphic algebra.

We did not restrict ourselves to the Calabi-Yau condition (7.2), so let us also explain the contrary cases. First assume
(o, B,y) = (o, —1, 1) with o # %1. Call R the span of the relations. We quickly compute the automorphism group of A as
follows. We see that R contains the rank-two tensors

XoX2 + X1X3, XaXg — X3X1, XoX3 — X1X2, X3Xg + X2X1. (7.10)

Set U := Span{xg, X1} and U’ := Span{x;, x3}. Then, the rank-two tensors form a union of an open subvariety of RN (U ® U")
and an open subvariety of RN (U’ ®U). Thus, any automorphism of A must either preserve or interchange U and U’. Moreover,
equip U and U’ each with their standard symmetric bilinear forms. We see that, given nonzero vectors wy, w, € U, the
subspace of relations {w;w| — wow), | wj, w, € U’} N R is two-dimensional if and only if (wy, w;) = 0. Hence, any
automorphism of A which preserves U, U’ must also preserve their standard symmetric bilinear forms. Thus, Aut(A) must
be a subgroup of (C*SO(U)) & (C*SO(U")) x Z/2, where 1 € Z/2 interchanges U and U’, e.g., it may be the element
Xo > =X > Xo, X1 > /—1- Y= - x3 — x;. We claim that the automorphism group is C* (SO(U) & SO(U’)) x Z/2.
To prove this it suffices to show that any automorphism of A in C* @ C* is diagonal, i.e., if i € Aut(A) has the property
that ¥ |y and y |;; are scalar, then the two scalars are equal. Such an element must preserve the relation s, which implies
the needed result. N

If we had any two parameters («, —1, 1), (¢’, —1, 1), with @, &’ & {1}, then any intertwiner A — A’ between the
two, by the above analysis, must also either preserve U, U’ and their standard symmetric bilinear forms (hence « = «'), or
else must interchange U and U’; up to SO(U) x SO(U’), we may assume that the map sends x, to a multiple of x, and vice
versa, and sends x; to a multiple of x3 and vice versa. It easily follows that o = «'.

The case where «, 8, y € {£1} is trivial since all of these cases are under the same orbit of G5 (and they cannot be
equivalent to any other example because their relations have the largest subvarieties of rank-two tensors, or alternatively,
because we show in all other examples that this case is not equivalent).

Thus, we have reduced the theorem to the nondegenerate case when «, 8, and y are all nonzero and (7.2) is satisfied.
We may also assume that «, 8, y are not all equal, since these two cases are isomorphic and they are the only ones where
the automorphism group has size 192. We will not make further mention of these assumptions.

Recall the Heisenberg group H = Aut(w) from the previous section. We will need the Stone-von Neumann theorem in
our context (we omit the proof, which is easy):

Lemma 7.11 (Stone-von Neumann Theorem). There is a unique irreducible representation of H which sends elements ¢ € 4
to the corresponding scalar matrix ¢ - id.

Call this the Heisenberg representation. Note that our given representation V of H is of this form.

Notation. Let Aut(H, 1t4) denote the subgroup of the automorphism group of H which acts trivially on the center u4 < H.
Similarly, let Inn(H, (t4) = Inn(H) be the inner automorphisms, and Out(H, w4) be Aut(H, t4) modulo inner automor-
phisms.

We know that a Sklyanin algebra is specified by a potential w € V®4, up to a scalar multiple. Now, let us fix one such algebra
Ao with potential wg. Then, V naturally has the structure of the unique irreducible Heisenberg representation of Lemma 7.11,
given by any fixed isomorphism H = Aut(wp) C Aut(V). Let p : H — Aut(V) be such a representation. Further, once and
for all identifying 14 with the center of H, we will assume that pg restricts to the tautological inclusion 4 < C* -id on
the center.

So, we have fixed the data (Ag, wg, po). Now, given any other algebra A with potential € V®4, it is equipped with
a Heisenberg representation p : H — Aut(V) which is unique up to precomposition with an element of Aut(H, it4). By

Lemma 7.11 and Schur’s Lemma, there must be a unique up to scalar intertwiner ¢ : V > Vsuchthat Yooy~ = p(g)
for all h € H. Hence, we obtain the vector ¥ ~!(w) € V®. This vector is uniquely determined by (A, w, p) up to scaling.
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If we had picked a different potential w, this could also only affect the vector ¢ ~!(w) by scaling.
If, instead of p, we had chosen p’ = p o ¢ for some element ¢ € Aut(H, ji4), then instead of ¥ ~'(w) € V®*, we would

have obtained Ve Ly~ (w), where Vs v 5 Vis any intertwiner (unique up to scaling) between pg and pg o ¢, i.e., such

that s po ()Y, ' = po(p(h).

Note that, by Lemma 7.11, we have a projective representation Aut(H, 1t4) — PGL(V®%). Thus, we have obtained a map
from Sklyanin algebras to PV®4/Aut(H, j1,). In fact, we can do better: since w is fixed by the action of p(H), ¥ ~!(wp) is fixed
by the action of pg(H), and this is the same as the action of Inn(H, jt4) on PV®4. Hence, letting T C V®* be the subspace of
fixed vectors under po(H), we have a projective representation of Out(H, 14) on T, and have a map

Four-dimensional Sklyanin algebras — PT/Out(H, 1t4). (7.11)

Furthermore, suppose we have (A, w, p) as above, and another Sklyanin algebra A* = A, together with an isomorphism
6 :V > V carrying the relations of A to the relations of A'. We may pick ' = 6 (w) as our potential for A’, and p’ := 6 p6~!
as our Heisenberg representation H — Aut(w’). Thus, using the intertwiner ¢’ = 6 o i, we see that the image of A and
A’ under (7.11) is the same. Conversely, if we are given (4, o, p), (A, o, p'), ¥, ¥’ such that ¥ " '(w) = (¥')"'(«’), then
Y oy~!:V S Visanisomorphism carrying o to ', and hence induces an isomorphism between (the relations of) A
and A’

We thus obtain a canonical map (having fixed just Ag and pg):

Isomorphism classes of four-dimensional Sklanin algebras < PT/Out(H, (4). (7.12)

The reader will probably recognize that Out(H, p4) = SL,(Z/4) and its action on PT is a version of the Weil represen-
tation, which we will explain.
Let us define M := (Z/4)®? and think of this as a free rank-two Z/4-module.

Lemma 7.12. The outer automorphism group Out(H, [t4) of H fixing its center is SL,(Z/4). We have the exact sequence

1—> M — Aut(H, ug) — SL(Z/4) — 1. (7.13)

Here, Aut(H, 1t4) denotes the automorphism group of H which acts trivially on the center j14. Note that the size of SL,(Z/4)
is 48.

Proof. It is clear that the inner automorphism group is H/u4 = M. This acts by characters M — 4, fixing u4 < H.
Furthermore, the action of the outer automorphism group on H fixing the center descends to an action on H/pu4 = M, and
this action must preserve commutators since [H, H] C 4. If we consider x Ay — [x,y] forx,y € M = H/u4 tobe a
volume form, then we obtain an embedding Out(H, 1t4) <> SL,(Z/4). We have to show this is surjective. If X, Y are lifts of
generators of M to H, they have order 8, and it follows that the same is true for X?Y® whenever at least one of a, b is odd. As
a result, we see that, for any two elements X', Y’ € H such that [X’, Y'] = [X, Y],the map X + X', Y — Y’ must yield an
automorphism of H fixing 4. O

As a consequence, the action of Out(H, p4) on PT is a projective representation of SL,(Z/4), which we will call the Weil
representation on T.

Let 8¢ C 4 be the subset of tuples satisfying the assumptions of Theorem 7.4. Next, we will describe explicitly the
map 4o — PT/SL,(Z/4) and show that its kernel is G3. More precisely, we show that this map factors as follows. Let
K C SL,(Z/4) be the kernel of the canonical surjection SL,(Z/4) — SL,(Z/2) (note that K = (Z/2)*3). Then, we prove the
following

Claim 1. The map («, B, y) — w given by (7.3) factors as follows:
80 <> PT/K — PT/SLy(Z/4). (7.14)

Moreover, using a natural isomorphism G3 = SL,(Z/2), the action of G3 on & is identified with the action of SL,(Z/2) on
PT /K.

The theorem follows immediately from the claim.
To prove the claim, we recall from [26, Section 2] explicit formulas for po(X), po(Y). Let 8y, 61, 62, 63 € C* be numbers
such that

6061 \° 6062 \° 6063\°
= (2 = (22) . =— (=) . 7.15
ag <9203) Bo (9193) Yo 0.6, ( )
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(The numbers 6; are in fact Jacobi’s four theta functions associated with an elliptic curve valued at a point of that curve,
which may be used to give a geometric definition of Ay. We will not need this fact.) Fix i = /—1 € C. We have:

.03 .0,
0 0 0 197 0 0 _107 0
o o
.0, 03
0 0 _107 0 0 0 0 _97
Po(X) = 0, 1 , po(Y) = 6o . (7.16)
0 i— 0 0 i— 0 0 0
0, 0,
.00 01
i— 0 0 0 0 — 0 0
03 03

Then, if (o, B, y) € 4o, for any choice of 6, 67, 65, 65 satisfying the version of (7.15) for («, 8, ), we may define the
representation p using (7.16) with primed thetas. It is easy to see that an intertwiner v carrying p to p is given by

00/0y 0 0 0
_| o ey 0 0
=1 o 0 6/6, O (7.17)

0 0 0 656

As a consequence, we obtain a vector ¥ ~!() in T. However, the construction involved a choice of the Oj’, so it is not yet
well defined. First, nothing is affected by multiplying all the 9].’ by the same scalar, since everything only involves ratios of
the same number of the thetas. So let us assume that §; = 1. Any other choice of 61, 65, 65 must differ by a transformation

1 1 0 0 O 1
0] 0 & 0 0]]o
o~ 1o o & o]le] (7.18)
0, 0 0 0 &3/ \4
where & € 4, and g16,63 = =£1. First of all, in the case that ¢ € {%1} for all j and 16,63 = 1, then the matrix

1.0 0 o0
(g 501 802 g) is already in po(H) (and p(H), so it will not affect v/ ~!(w). Factoring the group of e-matrices (7.18) by
0 0 0 &3

this subgroup leaves a group isomorphic to (Z/2)*3. Conjugating o, by the action of this group is easily verified to send pg
to pp oK, where K C SL,(Z/4) = Out(H, j¢4) is the kernel of SL,(Z/4) — SL,(Z/2). After all, given any h € H, the elements
i po (hX2£Y?™) for k, £, m € Z are exactly those that differ from h by a diagonal matrix. Hence, we obtain a well-defined map
from tuples («, 8, y) € 4o to PT/K.

We claim that the resulting map $, — PT/K is injective. To see this, note that, since 1~ is diagonal, we may recover o

from ¥~ (w) as follows: Write 1 ~!(w) as a linear combination of terms of the form

[xi, Xi1{Xk, X}, [Xi, % 1{Xk, X}, {xi, X} Xk, X¢], {xi, xjHxk, X}, (7.19)

where, as before, {x, y} := xy 4 yx is the anticommutator. We see that

Coefficient in ¥~ () of {xo, X1}{X2, X3}

— = (7.20)
Coefficient in ¥ —1(w) of [xg, X1][X2, X3]

This does not change if we rescale @ or apply an element of K. Similarly, we may recover 8, y from ¥ ~!(). This proves
injectivity.

It remains only to show that the action of SL,(Z/2) is identified with the action given in the theorem of &3 under an
isomorphism SL,(Z/2) = &s. Since &3 clearly acts by automorphisms and faithfully so except at two points, this must be
true, but we give an explicit identification.

There is a natural isomorphism SL,;(Z/2) = &3 given by the induced permutation action on the nonzero elements of
7./2 @ 7./2. This identifies with the image of Aut(H, jt4) acting on the quotient H/ (X2, Y2, u4) = 7/2 @ Z/2. Next, note
that po takes Aut(H, i4) to permutation matrices times diagonal matrices, and (X2, Y2, j14) is the subgroup mapping to
diagonal matrices under p,. Thus, taking the image under p, and modding by diagonal matrices, the above permutation
action becomes the image 63 = &4/(Z/2 & Z/2) of the conjugation action of P(pg(Aut(H, it4))) = &4 0n P(po(H)) =
7]2 @ 7Z/2 = {(ab)(cd) | {a, b, c,d} = {1, 2, 3,4}} C G4.

This shows that the action of Aut(H, p4) on the LHS of (7.20) via pg, which descends to SL;(Z/2) = &3, must apply the
same element of &3 to («, B, ) (up to elements of 14, and in fact, 1), using the RHS of (7.20). If we are slightly more
careful, we can see that the action is the permutation action tensored with the sign representation.

This completes the proof of 7.9.
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