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Summary

We consider the Coxeter transformation in the context of the McKay corre-
spondence, representations of quivers, and Poincaré series.

We study in detail the Jordan forms of the Coxeter transformations and
prove splitting formulas due to Subbotin and Sumin for the characteristic
polynomials of the Coxeter transformations. Using splitting formulas we calcu-
late characteristic polynomials of the Coxeter transformation for the diagrams
T5,3.7,133,, 124, prove J. S. Frame’s formulas, and generalize R. Steinberg’s
theorem on the spectrum of the affine Coxeter transformation for the multiply-
laced diagrams. This theorem is the key statement in R. Steinberg’s proof of
the McKay correspondence. For every extended Dynkin diagram, the spec-
trum of the Coxeter transformation is easily obtained from R. Steinberg’s
theorem.

In the study of representations 7, of SU(2), we extend B. Kostant’s con-
struction of a vector-valued generating function Pg(t). B. Kostant’s construc-
tion appears in the context of the McKay correspondence and gives a way to
obtain multiplicities of irreducible representations p; of the binary polyhedral
group G in the decomposition of 7,|G. In the case of multiply-laced graphs,
instead of irreducible representations p; we use restricted representations and
induced representations of G introduced by P. Slodowy. Using B. Kostant’s
construction we generalize to the case of multiply-laced graphs W. Ebeling’s
theorem which connects the Poincaré series [Pg(t)]o and the Coxeter trans-
formations. According to W. Ebeling’s theorem

X
[Pa(t)]o = T2)

where X is the characteristic polynomial of the Coxeter transformation and
X is the characteristic polynomial of the corresponding affine Coxeter trans-
formation.

Using the Jordan form of the Coxeter transformation we prove a criterion
of V. Dlab and C. M. Ringel of the regularity of quiver representations, con-
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sider necessary and sufficient conditions of this criterion for extended Dynkin
diagrams and for diagrams with indefinite Tits form.

We prove one more observation of McKay concerning the Kostant gener-
ating functions [Pg(t)];:

(t+t[Pa®))i = [Pa(t)];,

Jj—1

where j runs over all successor vertices to i.

A connection between fixed and anti-fixed points of the powers of the
Coxeter transformations and Chebyshev polynomials of the first and second
kind is established.



In memory of V. F. Subbotin
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Introduction

...A second empirical procedure for finding the
exponents was discovered by H. S. M. Coxeter.
He recognized that the exponents can be
obtained from a particular transformation ~y in
the Weyl group, which he had been studying,
and which we take the liberty of calling a
Coxeter-Killing transformation...

B. Kostant, [Kos59, p.974], 1959.

1.1 The three historical aspects of the Coxeter
transformation

The three areas, where the Coxeter transformation plays a dramatic role, are:

e the theory of Lie algebras of the compact simple Lie groups;

e the representation theory of algebras and quivers;

e the McKay correspondence.

A Cozeter transformation or a Cozeter element is defined as the product
of all the reflections in the simple roots. Neither the choice of simple roots nor
the ordering of reflections in the product affects its conjugacy class, see [Bo,
Ch.5, §6], see also Remark B.6. H. S. M. Coxeter studied these elements and
their eigenvalues in [Cox51].

Let h be the order of the Coxeter transformation (called the Cozeter num-
ber), |A| the number of roots in the corresponding root system A, and [ the
number of eigenvalues of the Coxeter transformation, i.e., the rank of the
Cartan subalgebra. Then

hl = |A]|. (1.1)

This fact was observed by H. S. M. Coxeter in [Cox51] and proved by
B. Kostant in [Kos59, p.1021].
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H. S. M. Coxeter also observed that the order of the Weyl group is equal
to
(my + 1)(mg + 1)...(my + 1),

where the m,; are the exponents of the eigenvalues of the Coxeter transforma-

tion, and the factors m; + 1 are the degrees of [ basic polynomial invariants of

the Weyl group. Proofs of these facts were obtained by C. Chevalley [Ch55]

and other authors; for historical notes, see [Bo], [Kos59]; for details, see §2.3.2.
Let A4 C A be the subset of simple positive roots, let

B =nia1+ -+ nay,

where o; € AL, be the highest root in the root system A. The Coxeter number
h from (1.1) and coordinates n; of § are related as follows:

h=ny+ng+---+mn +1. (1.2)

Observation (1.2) is due to H. S. M. Coxeter [Cox49, p.234], see also [Stb59,
Th.1.4.], [Bo, Ch.6, 1, §11,Prop.31].

The Coxeter transformation is important in the study of representations
of algebras, quivers, partially ordered sets (posets) and lattices. The distin-
guished role of the Coxeter transformation in these areas is related to the
construction of the Coxeter functors given by I. N. Bernstein, I. M. Gelfand,
V. A. Ponomarev in [BGP73]. Further revelation of the role of Coxeter func-
tors for representations of algebras is due to V. Dlab and C. M. Ringel [DR76];
for a construction of the functor DTr — an analog of the Coxeter functor for
hereditary Artin algebras, see M. Auslander, M. I. Platzeck and I. Reiten
[AuPR79], [AuRS95, Ch.8,82]. For an application of the Coxeter functors in
the representations of posets, see [Drz74]; for their applications in the repre-
sentations of the modular lattices, see [GP74], [GP76], [St07].

Another area where the affine Coxeter transformations appeared is the
McKay correspondence — a one-to-one correspondence between finite sub-
groups of SU(2) and simply-laced extended Dynkin diagrams. Affine Cox-
eter transformations play the principal role in R. Steinberg’s work [Stb85]
on the proof of the McKay correspondence, see §6.2. B. Kostant ([Kos84])
obtains multiplicities of the representations related to the concrete nodes of
the extended Dynkin diagram from the orbit structure of the affine Coxeter
transformation, see §A.4, §5.5.

We only consider two areas of application of the Coxeter transformation:
representations of quivers and the McKay correspondence. We do not con-
sider other areas where the Coxeter transformation plays an important role,
such as the theory of singularities of differentiable maps (the monodromy op-
erator coincides with a Coxeter transformation, see, e.g., [A’C75], [Gu76],
[ArGV86], [1187], [1195], [EbGu99]), Alexander polynomials, pretzel knots,
Lehmer’s problem, growth series of Coxeter groups (see, e.g., [Lev66], [Hir02],
[GHO1], [McMO02]).
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1.2 A brief review of this work

In Ch.2, we recall some common definitions and notions.

In Ch.3, we establish general results about the Jordan form and the spec-
trum of the Coxeter transformation.

In Ch.4, we give the eigenvalues of the affine Coxeter transformation. After
that we prove some splitting formulas concerning the characteristic polynomi-
als of the Coxeter transformation. The main splitting formula is the Subbotin-
Sumin splitting along the edge formula which is extended in this chapter to the
multiply-laced case. One of applications of splitting formulas is a construction
of characteristic polynomials of the Coxeter transformation for the hyperbolic
Dynkin diagrams Ts 3., 133, and T 4,. Two Frame formulas from [Fr51]
(see Remark 4.14 and Proposition 5.2) are easily obtained from the splitting
formulas.

In Ch.5, we generalize a number of results appearing in a context of
the McKay correspondence to multiply-laced diagrams. First, we consider
R. Steinberg’s theorem playing the key role in his proof of the McKay corre-
spondence. Essentially, R. Steinberg observed that the orders of eigenvalues
of the affine Coxeter transformation corresponding to the extended Dynkin
diagram T coincide with the lengths of branches of the corresponding Dynkin
diagram T', [Stb85, p.591,(x)].

Further, in Ch.5, we move on to B. Kostant’s construction of a vector-
valued generating function Pg(t) [Kos84]. Let G be a binary polyhedral group,
let p;, where i = 0,...,r, be irreducible representations of G corresponding
by the McKay correspondence to simple roots «; of the extended Dynkin
diagram, let 7,,, where n = 0, 1,. .., be irreducible representations of SU(2) in
the symmetric algebra Sym”™ (C?), where Sym™ (V) is the nth symmetric power
of V. Representations {m, | n =0,1,... } constitute the set of all irreducible
representations of SU(2), [Sp77, Ch. 3.2]. Let m;(n) be multiplicities in the
decomposition

|G = Zmi(n)pl,
i=0
set .
v, = Zmi(n)ai.
i=0

Then the Kostant generating function is defined as the following vector-valued
function:

Ps(t) = o = i vpt™. (1.3)
n=0
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In particular, [Pg(t)]o is the Poincaré series of the algebra of invariants
Sym(C?)% i.e.,
[Pg(t)]o = P(Sym(C?)“,t). (1.4)

B. Kostant obtained an explicit expression for the series [Pg(t)];, and the
multiplicities m;(n), see [Kos84, Ch. 6.1.]. In Ch.5, we extend B. Kostant’s
construction to the case of multiply-laced graphs. For this purpose, we use
P. Slodowy’s generalization [S180, App.I1I] of the McKay correspondence to
the multiply-laced case. The main idea of P. Slodowy is to consider the pair
of binary polyhedral groups H < G and their restricted representations p |%
and induced representations T Tfl instead of the representations p;.

In Appendix A, we study in detail P. Slodowy’s generalization for the case
of the binary octahedral group O and the binary tetrahedral group 7, where
T < O. The generalization of the McKay correspondence to the multiply-laced
case is said to be the Slodowy correspondence.

Generally, one can speak about the McKay-Slodowy correspondence.

In Ch.5 we generalize W. Ebeling’s theorem [Ebl02] to the multiply-laced
case: it relates the Poincaré series [Pg(t)]o and the Coxeter transformations.
According to W. Ebeling’s theorem,

Pe(®o =% 55

where X is the characteristic polynomial of the Coxeter transformation C
and X is the characteristic polynomial of the corresponding affine Coxeter
transformation C,, see Theorem 5.12.

In §5.5 we prove one more observation of McKay concerning the Kostant
generating functions [Pg(t)];, see (1.3):

(t+t N [Pa(®)]i = Y _[Pa(t));,

jei

where j runs over all successor! vertices to i, and [Pg(t)]o related to the affine
vertex g occurs in the right side only: ¢ =1,2,...,r.

The results of Ch.4 and Ch.5 are published for the first time.

In Ch.6, we study the affine Coxeter transformation C,. We discuss details
of the original proof of R. Steinberg’s theorem and its generalization. In §6.3
we consider the important linear form concerning the affine Coxeter transfor-
mation: the defect §(z). It was introduced by Dlab and Ringel in [DR76] for
the classification of tame type quivers in the representation theory of quivers.
The following remarkable formula is due to V. Dlab and C. M. Ringel, see
[DR76]:

Chz = 2 4+ hé(2)2',

! For a definition of the successor vertex, see Remark 5.16.
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where h is the Coxeter number, 2! is the eigenvector corresponding to eigen-
value 1 of the affine Coxeter transformation C,. This formula is proved in
§6.3.

In Ch.B, using results on the Jordan form of the Coxeter transformation
we prove a criterion of V. Dlab and C.M. Ringel of the regularity of quiver rep-
resentations, we consider necessary and sufficient conditions of this criterion
for extended Dynkin diagrams and for diagrams with indefinite Tits form.

In §C.7 we establish a connection between fixed and anti-fixed points of
the powers of the Coxeter transformations and Chebyshev polynomials of the
first and second kind.
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credit to the priority of the results.

The results of Ch.3 about the Jordan normal form of the Coxeter trans-
formation are obtained by V. F. Subbotin and the author, [SuSt75], [SuSt7§],
[St82al, [St85].

The results of Ch.4 on the “splitting along the edge” obtained by V. F. Sub-
botin and M. V. Sumin, [SuSum82]. The formula of splitting along the
weighted edge is obtained by the author in [St05]. An explicit calculation
of eigenvalues for extended Dynkin diagrams is carried out by V. F. Sub-
botin and the author [SuSt75], [St82a], [St81]. Formulas of the characteris-
tic polynomials for some diagrams T}, , , are obtained by the author [St05].
R. Steinberg’s theorem [Sth85] and W. Ebeling’s theorem [Ebl02] from Ch.5
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were generalized by the author for the multiply-laced case in [St05]. The proof
of the observation of McKay [McK99] was obtained by the author [St06].

Necessary regularity conditions for the extended Dynkin diagrams from
Ch.6 were obtained by V. Dlab and C. M. Ringel, [DR76]. Necessary and suf-
ficient regularity conditions for the extended Dynkin diagrams for an arbitrary
orientation were obtained by V. F. Subbotin and the author [SuSt79], [St82].
These conditions are obtained by means of a careful study of conjugations in
the Weyl group which connect Coxeter transformations related to different
orientations [St82], [St85].

1.3 The spectrum and the Jordan form

1.3.1 The Jordan form and reduction to the golden pair of
matrices

In this work we review the research started more than 30 years ago in the
teamwork with V.F. Subbotin and discuss the Jordan form and the spectrum
of the Coxeter transformation. We show that the study of eigenvalues of the
Coxeter transformation reduces to the study of the golden pair of matrices
satisfying conditions of the Perron-Frobenius theorem [MMG64], [Ga90] and
having other nice properties.

In §3.1.3 we recall (see (3.2), (3.4), (3.5)) that any Cartan matrix K asso-
ciated with a tree graph can be represented in the form

2B for K symmetric, see (3.2)
UB for K symmetrizable, see (3.4),

where U is a diagonal matrix, B is a symmetric matrix. For simply-laced
(resp. multiply-laced) diagrams!, the golden pair of matrices is

DD" and D'D (resp. DF and FD),

where the matrices D and D! are found from the expressions

I, D
B= (Dt Ik) (1.5)
in the simply-laced case, and D and F are found from the expressions
21, 2D
K= (2F 2Ik> (1.6)

for the multiply-laced case; for details, see §2.1.1 and §3.1.3.

The above reduction method works only for trees (they have symmetriz-
able Cartan matrices) and for graphs with even cycles. In §4.2 we give some
bibliographical remarks regarding generalized Cartan matrices.

! For a definition of simply-laced and multiply-laced diagrams, see §2.1.1.
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Remark 1.1. We associate the Cartan matrix K with every tree graph T,
§2.1.1. Given a Cartan matrix K, we construct the Weyl group W, §2.2.1.
From every orientation ) of the graph I" we construct the Coxeter transfor-
mation Cgq in the Weyl group W, §2.2.6.

Let the ¢; be the eigenvalues of DD and D*D. The corresponding eigen-
values AT, of the Coxeter transformations are (according to Proposition 3.4,
relation (3.13))

ATh =20 — 1+ 2¢/pi(pi — 1).

Let B be the quadratic form corresponding to the matrix B. This quadratic
form is called the Tits quadratic form. For details, see §2.1.1.

One of the central results of this work is Theorem 3.15 (§3, Fig. 3.3) on
Jordan form [SuSt75, SuSt78, St85]:

1) The Jordan form of the Coxeter transformation is diagonal if and only
if the Tits form is non-degenerate.

2) If B is non-negative definite (i.e., T' is an extended Dynkin diagram),
then the Jordan form of the Coxeter transformation contains one 2 x 2 Jordan
block. All other Jordan blocks are of size 1 x 1. All eigenvalues \; lie on the
unit circle centered at the origin.

3) If B is indefinite and degenerate, then the number of 2 x 2 Jordan
blocks coincides with dim ker B. All other Jordan blocks are of size 1 x 1. The
mazimal \{' and the minimal \3* eigenvalues such that

AP >1, A<

are simple.

C. M. Ringel [Rin94] generalized the result of Theorem 3.15 for non-
symmetrizable Cartan matrices, see §4.2.

1.3.2 An explicit construction of eigenvectors. The eigenvalues are
roots of unity

An important point of this work is an explicit construction of eigenvectors
and adjoint vectors of the Coxeter transformation — the vectors that form a
Jordan basis, see Proposition 3.10, [SuSt75, SuSt78]. This construction is used
to obtain the necessary and sufficient regularity conditions of representations
[SuSt75, SuSt78]. This condition was also found by V. Dlab and C.M. Ringel,
[DR76], see §6.3.1.

The eigenvalues for all cases of extended Dynkin diagrams are easily cal-
culated using a generalized R. Steinberg theorem (Theorem 5.5) and Table
1.2.

Theorem 4.1 and Table 4.1 summarize this calculation as follows ([SuSt79,
St81, St82a, St85]):
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the eigenvalues of the Coxeter transformation for any extended Dynkin
diagram are roots of unity.

The case of A, is considered! in the §4.2. According to eq. (4.3), the
characteristic polynomial of the Coxeter transformation for A,, is as follows:

()\nkarl _ 1)()\1@ o 1)7

where k is the number characterizing the conjugacy class of the Coxeter trans-
formation, see [MeSu82], [Men85], [Col89], [Shi00], [BT97]. For A, there are
[n/2] characteristic polynomials [Col89], (see §4.2), but, in all these cases, the
eigenvalues of the Coxeter transformation are roots of unity.

1.3.3 Study of the Coxeter transformation and the Cartan matrix

To study of the Coxeter transformation is almost the same as to study of the
Cartan matrix. The Cartan matrix and the matrix of the Coxeter transfor-
mation (more precisely, the bicolored representative? of the conjugacy class
of the Coxeter transformation, §3.1.3) are constructed from the same blocks,
see relations (3.2), (3.4).

By Proposition 3.2, the eigenvalues A of the Coxeter transformation and
the eigenvalues 7 of the matrix B of the quadratic Tits form® are related as
follows:

A+1)?% 12
o =0 =1
By Corollary 3.11, the Jordan form of the Coxeter transformation is diagonal
if and only if the Tits form is nondegenerate.

The Coxeter transformation contains more information than the Cartan
matrix, namely, the Coxeter transformation contains additional information
about orientation, see §2.2.6 and considerations on the graphs containing cy-
cles in §4.2.

The Coxeter transformation and the Cartan matrix are also related to the
fized points and anti-fixed points of the powers of the Coxeter transformation.
This connection is given by means of the Chebyshev polynomials in Theorem

C.19 ([SuSts2)).

1.3.4 Monotonicity of the dominant eigenvalue of the golden pair

According to §2.1.1 we associate the Cartan matrix K to every tree graph
T, and by (1.6) we can associate the matrices DD? and D!D to the graph T.
According to Corollary 3.8, the matrices DD! and D!D have a common simple

! For notation of the extended Dynkin diagrams, see §2.1.6.

2 For a definition of the bicolored representative of the conjugacy class of the Cox-
eter transformation, i.e., the bicolored Coxeter transformation, see §3.1.2.

3 For a definition of the Tits form, see §1.3.1 or §2.1.1.
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positive eigenvalue (1, the maximal eigenvalue. This eigenvalue is said to be
the dominant eigenvalue. Thus, the dominant eigenvalue ¢; of the matrices
DD? and DD is a certain characteristic of the graph I'. In Proposition 3.12,
we show that if any edge is added to I', then this characteristic only grows.
The same is true for the maximal eigenvalue A\{", see Proposition 3.4, relation
(3.13).

Problem. Is the dominant eigenvalue ¢; an invariant of the graph I' in
the class of trees, T? L.e., is there a one-to-one correspondence between the
dominant eigenvalue and the graph provided the Tits form of the graph is
indefinite?

If there exist two graphs I'y and I's with the same dominant eigenvalue
1, and 6 is the assignment of the dominant eigenvalue to a graph, then what
class of graphs T/6 do we obtain modulo the relation given by 67

This problem is solved in this work for the diagrams 753 ,, 153,, T2.4,r,
see Propositions 4.16, 4.17, 4.19 and Tables 4.4, 4.5, 4.6 in §4.4.

For a definition of the diagrams T, 4., see §2.1.8 and Fig. 2.1. Some of
the Dynkin diagrams (as well as the extended Dynkin diagrams®, §2.1.6, and
the hyperbolic Dynkin diagrams, §2.1.8) are subclasses of the diagrams of the
form T} 4.7

1.4 Splitting formulas and the diagrams T, , ,

1.4.1 Splitting formulas for the characteristic polynomial

There is a number of recurrence formulas used to calculate the characteris-
tic polynomial of the Coxeter transformation of a given graph in terms of
characteristic polynomials of the Coxeter transformation of components of
the graph. Subbotin and Sumin proved the formula of splitting along the edge
[SuSum82]:

X(T,\) = X(D1, )X (Do, A) — AX(D1\a, )X (D2\ 5, ). (1.7)

The proof of the Subbotin-Sumin formula is given in Proposition 4.8.
Another formula ([KMSS83]) is given in Proposition 4.11.
V. Kolmykov kindly informed me that the following statement holds:

! For notation of extended Dynkin diagrams, see §2.1.6. There we give two different
notation: one used in the context of representations of quivers, and another one
used in the context of affine Lie algebras, see Table 2.1, Table 2.2. For example,
we have:

Zn vs. Aﬁj).
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Proposition 1.2. If ) is the eigenvalue of Coxeter transformations for graphs
I'1 and T's, then X is also the eigenvalue of the Coxeter transformation for the
graph T' obtained by gluing 'y and T's.

For details, see Proposition 4.12.
In Proposition 4.9 we generalize eq. (1.7) to the multiply-laced case. The
formula of splitting along the weighted edge® holds:

X, A) = X1, )X (T2, A) = pAX T\, )X (T2\5, A), (1.8)
where the factor p is as follows:

p = k‘aﬁkﬁaa

and k;; are elements of the Cartan matrix. Corollary 4.10 deals with the case
where I's; contains a single point. In this case, we have

X(T,N) = —(A+ 1D)X(T1,\) — pAX(T1\a, A). (1.9)

A formula similar to (1.8) can be proved not only for the Coxeter trans-
formation, but, for example, for the Cartan matrix, see E. B. Vinberg’s paper
[Vin85, Lemma 5.1]. See also Remark 4.14 concerning the works of J. S. Frame
and S. M. Gussein-Zade.

1.4.2 An explicit calculation of characteristic polynomials

We use recurrence formulas (1.7), (1.8) and (1.9) to calculate the character-
istic polynomials of the Coxeter transformation for the Dynkin diagrams and
extended Dynkin diagrams.

The characteristic polynomials of the Coxeter transformations for the
Dynkin diagrams are presented in Table 1.1. For calculations, see §5.2.

The characteristic polynomials of the Coxeter transformations for the ex-
tended Dynkin diagrams are presented in Table 1.2. The polynomials X, from
Table 1.2 are, up to a sign, equal to the characteristic polynomials of the Cox-
eter transformation for the Dynkin diagram A,,:

X, =(-1)"X(A,),
defined (see §4.3 and Remark 4.13) to be

At

X, = T D LD (L D W

For calculations of characteristic polynomials for the extended Dynkin dia-
grams, see §5.1 and §5.3.2.

! For a definition of the weighted edge, simply-laced and multiply-laced diagrams,
see §2.1.1.
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Table 1.1. The characteristic polynomials, the Dynkin diagrams
Dynkin Characteristic Form with
diagram polynomial denominator

n+l
An AN ATT A+ i
A—1
B,,C, A" +1
D, PARED Nk W | A+ 41)
A +1) (A —1)
E MNEXN A+ a+1 (7 -—
¢ * A 211 (A -1
A+DA +1)
E NS x oAl | AEDA D
7 + + A+ 1)
5 . AP+ 1) (A +1)
o FUNIS S R U I WY G ) (G
s + AT T
F. M =2+l X4l
* X2+
A1
G M —A+1
2 + ATl

11
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Table 1.2. The characteristic polynomials, the extended Dynkin diagrams

Extended Characteristic Form with  |Class
Dynkin polynomial X; g
diagram

Da A—12A+1)° (A—1)2x 0

D, A" 2 DA =D+ DN = 1)%X,—3&7| 0

FEs N =12\ +1) A—1)2*x3x | 0
Er A =D =DM +1) |[(A—1)2X1X1] 0
Es A=A =1D)A+1) |[(A=1)2x0xx] 0

CD., DD, | (" '—1)(A=1) |[(A=1)2X, 24| 1

Fi, Fis A2 —1D(A—1) A= 12X | 1
By, Cy, BC,, (A" —1)(A—1) A=12X, 1 | 2
Ga1, Gas A—1)2(A+1) (A —1)2x, 2
Aq1, A (A—1)? (A—1)? 3

1.4.3 Formulas for the diagrams 753,13 3,12, 4,r

For the three classes of diagrams — 7153 ,,13 3,754, — explicit formulas
of characteristic polynomials of the Coxeter transformations are obtained, see
§2.1.8, Fig. 2.1.

The case of T5 3 ., where r > 2, contains diagrams Ds, Eg, 7, Esg, Eg, FEo,
and so we call these diagrams the E,-series, where n = r 4+ 3. The diagram
T5 3.7 is hyperbolic, (see §2.1.8) and, for all r > 3, we have

X(TQ,B,T) — )\T+3 + )\r+2 o Z}\Z + Y + 17
=3

see (4.15) and Table 4.4.
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The spectral radius of X (75 3,,) converges to the smallest Pisot number?.

P Byl 2B L sun
\/ 10 \/ 10 S2ATIT...

as r — 00, see Proposition 4.16. _

The case of T3 3,, where r > 2, contains diagrams FEg, Fs, and so we
call these diagrams the Eg ,-series, where n = r — 2. The diagram T3 3 4 is
hyperbolic, (see §2.1.8) and, for all » > 3, we have

X(Ts3,) = AT+ X8 20 H - 33 AT =203 4 X 41,

1=4

see (4.19) and Table 4.5. The spectral radius of X(T53,) converges to the

golden ratio®
V541
2

~ 1.618034....

as r — 00, see Proposition 4.17. _

The case of T 4, where r > 2, contains diagrams Dg, Er, E7, and so we
call these diagrams the E7 ,-series, where n = r — 3. The diagram 715 4 5 is
hyperbolic, (see §2.1.8) and, for all r > 4, we have

X(Tya,) =AM 4 AT X 23 "N — N 4 A+ 1,
=4

see (4.22) and Table 4.6. The spectral radius of X (15 4 ,) converges to

1 31 31
3t \/108 \/; \/108 \/%~1.465571..,

as r — 00, see Proposition 4.19.

1.5 Coxeter transformations and the McKay
correspondence

1.5.1 The generalized R. Steinberg theorem

Here we generalize R. Steinberg’s theorem concerning the mysterious con-
nection between lengths of branches of any Dynkin diagram and orders of

! Hereafter we give all such numbers with six decimal points. About Pisot numbers
see §C.2, about the smallest Pisot number 1.324717... see Remark C.4.
2 The golden ratio is a well-known mathematical constant ¢ , expressed as follows:

a—&—big
a b
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eigenvalues of the affine Coxeter transformation. R. Steinberg proved this
theorem for the simply-laced case in [Stb85, p.591,(x)]; it was a key statement
in his explanation of the phenomena of the McKay correspondence. We prove
the R. Steinberg theorem for the simply-laced case in §5.1, Theorem 5.1. The
multiply-laced case (generalized R. Steinberg’s theorem) is proved in §5.3.2,
Theorem 5.5. Essentially, the generalized R. Steinberg theorem immediately
follows from Table 1.2.

We introduce the class number g for the extended Dynkin diagram f‘, see
§5.3. The class number g is defined by the number of weighted edges of the
diagram, see (5.14), and g may take values 0,1,2,3. Let p, g, r be the lengths
of branches of the diagram.

Theorem 1.3 (The generalized R. Steinberg theorem). The affine Coz-
eter transformation with the extended Dynkin diagram T has the same eigen-
values as the product of 3 — g factors, each of which is the Cozeter transfor-
mation of type A;, wherei € {p—1,q — 1,r — 1}. In other words,

For g =0, the product Xp,_1X,;_1X,._1 is taken.
For g =1, the product X,_1X,_1 is taken.

For g =2, the product consists only of X,_1.
For g = 3, the product is trivial (= 1).

For details, see Theorem 5.5.

1.5.2 The Kostant generating functions and W. Ebeling’s theorem

Now we consider B. Kostant’s construction of the vector-valued generating
function Pg(t) [Kos84]. Let G be a binary polyhedral group, and p;, where
i = 0,...,r, irreducible representations of G corresponding (by the McKay
correspondence) to simple roots «; of the extended Dynkin diagram; let m,,,
where n = 0, 1,..., be irreducible representations! of SU(2) in Sym"™(C?). Let
m;(n) be multiplicities in the decomposition

|G = mi(n)pi,
i=0

and so m;(n) = (m,|G, pi), where (-,-) is the inner product of the characters
corresponding to the representations, see §5.4.2; set

r mo(n)
Uy = Zmi(n)ai =
i=0 my(n).
! Representations {m, | n = 0,1,...} constitute the set of all irreducible represen-

tations of SU(2), [Sp77, Ch. 3.2].
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Then
[Pa(t)lo . 3 o (n)t
Po(t) = = upt" = R (1.10)

F
=
5
3
I
o
Ny

my(n)t"

n=0
is a vector-valued series. In particular, [Pg(t)]o is the Poincaré series of the
algebra of invariants Sym(C?)%, i.e.,

[P (t)]lo = P(Sym(C*)%, 1).

B. Kostant obtained an explicit formulas for the series [Pg(t)]:, ¢ =
0,1,...,r, the multiplicities m;(n), see [Kos84]. B. Kostant’s construction
is generalized in Ch. 5 to the multiply-laced case. For this purpose, we use the
P. Slodowy generalization [S180, App.III] of the McKay correspondence to the
multiply-laced case.

The main idea of P. Slodowy is to consider a pair of binary polyhedral
groups H < G and their restricted representations p lg and induced repre-
sentations T 1% instead of representations p;. In Appendix A, we study in
detail P. Slodowy’s generalization for the pair 7 < O, where O is the binary
octahedral group and 7 is the binary tetrahedral group. We call the general-
ization of the McKay correspondence to the multiply-laced case the Slodowy
correspondence. Finally, in Ch. 5, we generalize W. Ebeling’s theorem [Ebl02]
which relates the Poincaré series [Pg(t)]o and the Coxeter transformations to
the multiply-laced case.

First, we prove the following proposition due to B. Kostant [Kos84]. It
holds for the McKay operator and also for the Slodowy operator.

Proposition 1.4 (B. Kostant [Kos84]). If B is either the McKay operator
A or the Slodowy operator A or AV, then

Bv, = v,1+ Un+1-
For details, see Proposition 5.10 in §5.4.2.

Theorem 1.5 (The generalized W. Ebeling theorem, [Ebl02]). Let G
be a binary polyhedral group and [Pg(t)]lo the Poincaré series (5.29) of the
algebra of invariants Sym(C?)¢. Then

det MO (t)

[PG(t)}O = Ma

where
det M(t) = det [t — C,|,  det My(t) = det [t*T — C],

and where C is the Coxeter transformation and C, is the corresponding affine
Coxeter transformation.
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In Theorem 1.5 the Coxeter transformation C and the affine Coxeter trans-
formation C, are related to the binary polyhedral group G. In the multiply-
laced case, we consider a pair of binary polyhedral groups H <G and again the
operators C and C, are related to the group G. We generalize W. Ebeling’s
theorem for the multiply-laced case, see Theorem 5.12. For a definition of the
Poincaré series for the multiply-laced case, see (5.30) from §5.4.1.

1.6 The affine Coxeter transformation

1.6.1 The R. Steinberg trick

We consider the original proof of R. Steinberg’s theorem based on the careful
study of the affine Coxeter transformation!. Let C be a Coxeter transforma-
tion represented in the form

C = wowy,

corresponding to a bicolored partition? of a given Dynkin diagram, see §3.1.2.
Let «p be the additional (“affine”) vertex, the one that extends the Dynkin
diagram to the extended Dynkin diagram, see §6.1.3. Then

Cq = sq,wown
is the affine Coxeter transformation. Let 8 be a root such that
6 = w — Qp,

where w is the nil-root?, i.e., the vector from the one-dimensional kernel of
the Tits form B, see (2.26). The root [ is the highest root in the root system
A corresponding to the given Dynkin diagram. For any vector z € V', let ¢y
be the translation connected to A € V:

see (6.7). We have
tg = SagS8, Sao =188, t—g =tla,

where s,, and sg are reflections corresponding to the roots ap and 3, see
Proposition 6.8. The R. Steinberg trick is to take, instead of the affine Coxeter
transformation, the so-called linear part of the affine Coxeter transformation

C' = sgwaw;

! For a definition of the affine Coxeter transformations, see §6.1.4.

2 For a definition of the bicolored partitions, see §3.1.1.

3 The nil-root w coincides (up to a factor) with fixed point 2' of the Coxeter
transformation, see §2.2.1.
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having the same spectrum:

Proposition (see Proposition 6.11) 1) The affine Cozeter transforma-
tion C, and the linear part of the affine Coxeter transformation C' are related
by a translation t., as follows:

C' =t,,C,.

2) Let W, be the affine Weyl group that acts on the linear space V', and let
V' C V be the hyperplane of vectors orthogonal to w. The spectrum of C, with
deleted eigenvalue 1 coincides with the spectrum of the operator C' restricted
onto V.

Let 7(") be alternating products given as follows:

T = wy,
7% = wywy,

73 = wiwowy,

7'(2") = (wal)nv

(2n+1)

T = w1 (wawq)",

see (5.60). The highest root  and the branch root b (corresponding to the
branch point) are conjugate by means of the alternating product 7(9=1:

b= 7-(9—1)5’

where h = 2¢ is the Coxeter number, see Remark 6.13 and Proposition 6.21.
Then corresponding reflections sg and s, are conjugate as follows:

Sp = wsmufl, where w = 7971,
see Corollary 6.26.

Proposition (see Proposition 6.27) The linear part C' is conjugate to
wow (and also wiws) with canceled reflection sy, corresponding to the branch
point b.

From this proposition R. Steinberg’s theorem (Theorem 5.1) immediately
follows:

The affine Cozeter transformation for the extended Dynkin diagram T has
the same eigenvalues as the product of three Coxeter transformations of types
Ay, wheren=p—1, q— 1, and r — 1, corresponding to the branches of the
Dynkin diagram T.

The generalized R. Steinberg theorem (Theorem 1.3) is also proved in this
way, see §6.2.5.
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1.6.2 The defect and the Dlab-Ringel formula

There is the important characteristic connected with the affine Coxeter trans-
formation. It is a linear form called defect. For the extended Dynkin diagram,
it defines the hyperplane of regular representations.

In [DR76], V. Dlab and C. M. Ringel introduced the defect o obtained as
the solution to the following equation, see (6.36):

C?z(;Q = 59;

where Cg, means the dual operator to the Coxeter transformation Cgq, see
(6.37). Dlab and Ringel in [DR76] used the defect for the classification of
tame type quivers in the representation theory of quivers. For the case of
the extended Dynkin diagram D*, the defect § was applied by Gelfand and
Ponomarev in [GP72] in the study of quadruples of subspaces.

In [St75], [SuSt75], [SuSt78], the linear form pqo(z) was considered, see
Definition 6.29. For the simply-laced case, it is defined as

pa(z) = (Tz, Y,
and, for the multiply-laced case, as
pa(z) = (T2, 5").

Here z! is the eigenvector of the Coxeter transformation corresponding to
eigenvalue 1, and 2!V is the eigenvector corresponding to eigenvalue 1 of the
Coxeter transformation for the dual diagram T'V;

¥ denotes the dual vector to v obtained from v by changing the sign of the
Y-component (for a definition of X- and Y-components, see Remark 3.1, see
also Definition 6.31);

T is one of the elements interrelating Coxeter transformations for different

orientations:
Co =T 'CAT,

where A is the bicolored orientation, see §3.1.1 and (6.38).

The linear form pq(z) is said to be the Q-defect of the vector z, or the
defect of the vector z in the orientation €.

In Proposition 6.35, [St85], we show that the Dlab-Ringel defect ¢ coin-
cides with the Q-defect pq.

The following formula is due to V. Dlab and C. M. Ringel, see [DR76]:

Chz = 2 + hig(2)2',

where h is the Coxeter number, see (6.40). This formula is proved in Propo-
sition 6.34.

For some applications of the defect not directly connected to representation
theory of quivers, see [Rin80], [St84], [SW00].
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1.7 The regular representations of quivers

In the category of all representation of a given quiver, the regular representa-
tions are the most complicated ones, see §6.3.2. Essentially, the regularity of
quiver representations is defined by means of the Coxeter transformation and
depends on the orientation of the quiver, see §6.3.2, Definition 6.30. For every
Dynkin diagram, there are only finite number representations, and they all
are non-regular (P. Gabriel’s theorem, Th. 2.14). The regular representations
are completely described only for the extended Dynkin diagrams, ([Naz73],
[DR76]), see §2.2.3.

1.7.1 The regular and non-regular representations of quivers

A given representation V is said to be regular if
(®H)EV £ 0 and ($7)FV #£ 0 for every k € Z,

where &, &~ are Coxeter functors’.
Thanks to Lemma B.2, we can use another regularity condition. Namely,
the representation V' is regular if and only if

CF(dimV) >0 for all k € Z, (1.11)

where C is the Coxeter transformation (2.27) associated with a given orienta-
tion, see [DRT76], [St75], [SuSt75], [SuSt78]. The representations, which does
not satisfy (1.11), are non-regular representation, i.e.,

C*(dim V) # 0 for some k € Z,

see §6.3.1. Of course, the definition of regular and non-regular representation
must include dependence on the orientation, see (6.41), (6.42).

Essentially, the non-regular representations constitute the simple part of
representations of quivers of any representation type — finite-type, tame or
wild. The non-regular representations can be constructed by means of repeated
applications of the Coxeter functor to simple representations corresponding
to simple roots in the root system.

Though, according to Kac’s theorem, §2.2.4, the set of dimensions of in-
decomposable representations is independent of the orientation and coincides
with the set of positive roots of the corresponding quiver, the partition “regu-
lar — non-regular” depends on the orientation. The vector-dimension of a reg-
ular representation in one orientation can be the dimension of a non-regular
representation in another orientation and vice versa. _

Consider, for example, regular representations of Dy in the bicolored ori-
entation? A and in the orientation A” depicted in Fig. B.1. The regular rep-
resentations in these orientations satisfy the following relations:

! For a definition of Coxeter functors, see §B.1.
2 For a definition of the bicolored partition and the bicolored orientation, see §3.1.1.
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y1 +y2 +ys +ya — 220 for the orientation A,

y1+Y2 =ys+ya for the orientation A”,

see (B.45) and (B.46).
The vector-dimension vy (resp. vg) from (1.12) is regular in A (resp. in A )
and is non-regular in A~ (resp. in A).

2n+ 3\ xo 2n+ 3\ xg
n+2 | n n+l | un
v = n—+2 Yo, Vo = n+1 Y2 . (112)
n+1 [ ys n+1 | ys
n+1 /) y n+1 /) ya

1.7.2 The necessary and sufficient regularity conditions

In Theorem 6.33 proved by Dlab-Ringel [DR76] and by Subbotin-Stekolshchik
[SuSt75], [SuSt78], we show the necessary condition of the regularity of the
representation V:

If dim V' is a regular vector for an extended Dynkin diagram I’
in an orientation S, then

pa(dimV) = 0. (1.13)

In Proposition B.4 (for the bicolored orientation) and in Proposition B.9
(for an arbitrary orientation ) we show that (see [St82])

the condition (1.13) is also sufficient if dim V' is a positive root in the root
system associated with the extended Dynkin diagram T.

To prove the sufficient regularity condition, we study the transforming
elements interrelating Coxeter transformations for different orientations. Here,
Theorem B.7, [St82], plays a key role. Proposition B.5 and Theorem B.7 yield
the following:

1) Let ©',Q" be two arbitrary orientations of the graph I" that differ by
the direction of k edges. Consider a chain of orientations, in which every two
adjacent orientations differ by the direction of one edge:

Q' = Ao, Av,Ag, o A, A = Q7

Then, in the Weyl group, there exist elements P; and .S;, where i = 1,2, ..., k,
such that

CAO = P1517
CA1 =51P = P2827

Crroy = Sk—1Pi—1 = PSSk,
Ca, = SiP:.
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2) T~ 1CqT = Cq for the following k + 1 transforming elements T := Tj:

Ty = PPy P3..Py_ 2P, 1Py,
Ty = PyPyPs...Py_2 P15} ',
T3 = PPy Ps...Py_2S; " S,

Ti—1=PiP,S;"..8 1,8 S
Ty = P1Sy* S8 1,8 St
Tis1 =Syt S 1S58 1,8 1 St

In addition, for each reflection o, there exists a T; whose decomposition does
not contain this reflection.
3) The following relation holds:

T,T; ' = Cg,”.

For each graph I' with indefinite Tits form B, we prove the following nec-
essary regularity condition, see Theorem B.3 [SuSt75], [SuSt78]:
If z is the regular vector in the orientation €2, then

(Tzz") < 0, (Tzz") = 0,

where Z" and ZJ* are the dual vectors (Definition 6.31) to the vectors zi"
and 23" correspond to the maximal eigenvalue ¢™ = ™ of DD' and D'D,
respectively, see §B.2.

Similar results were obtained by Y. Zhang in [Zh89, Prop.1.5], and by
J.A. de la Pefia and M. Takane in [PT90, Th.2.3].

For an application of this necessary condition to the star graph, see §B.4.4.
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...Having computed the m’s several years
earlier ..., I recognized them! in the Poincaré
polynomials while listening to Chevalley’s
address at the International Congress in 1950.
I am grateful to A. J. Coleman for drawing my
attention to the relevant work of Racah, which
helps to explain the “coincidence”; also, to

J. S. Frame for many helpful suggestions...

H. S. M. Coxeter, [Cox51, p.765], 1951

2.1 The Cartan matrix and the Tits form

2.1.1 The generalized and symmetrizable Cartan matrix
Let K be an n x n matrix with the following properties: [Mo68], [Kac80]

(Cl) k’” =2fori= 1, s n,
(02) — ]fij €l = {0, 1,2, } for i # 7, (21)
(C3) kij =0 implies kj; =0 fori,j=1,...,n.

Such a matrix is called a generalized Cartan matriz. A generalized Cartan
matrix M is said to be symmetrizable if there exists an invertible diagonal
matrix U with positive integer coefficients and a symmetric matrix B such
that M = UB.

! The numbers m; mentioned by H. S. M. Coxeter in the epigraph are the exponents
of the eigenvalues of the Coxeter transformation, they are called the exponents of
the Weyl group, see §2.3.2.
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Remark 2.1. According to the classical Bourbaki definition a Cartan matriz is
the matrix satisfying the condition (2.1), such that the non-diagonal entries
constitute a certain subset of the set {—1,—2, —3, —4}, see ([Bo, Ch.6.1.5, Def.
3]). The following inclusions hold between three classes of Cartan matrices:

{M | M is a Cartan matrix by Bourbaki} C
{M | M is a symmetrizable matrix satisfying (2.1)} C (2.2)
{M | M is a generalized Cartan matrix}.

According to V. Kac [Kac80], [Kac82], a matrix (2.1) is referred to a Cartan
matriz, but in the first edition of Kac’s book [Kac93] the matrix satisfying
(2.1) is already called a generalized Cartan matriz. We are interested in the
case of symmetrizable generalized Cartan matrices, so when no confusion is
possible, “the Cartan matrix” means “the symmetrizable generalized Cartan
matrix”. O

Let 'y (resp. I'1) be the set of vertices (resp. edges) of a given graph I". A
valued graph or diagram (I',d) ([DR76], [AuRS95, p. 241]) is a finite set I'; (of
edges) rigged with numbers d;; for all pairs 4,5 € Iy C I'g of the endpoints
of the edges in such a way that

(D1) dyy=2fori=1,.,n,

(D2) dij € Zy ={0,1,2,...} for i # j,

(D3) d;j =0 implies dj; =0fori,j=1,...n.
The rigging of the edges of I'; is depicted by symbols

i (dij,dji) j

If d;; = d;j; = 1, we simply write
[

There is, clearly, a one-to-one correspondence between valued graphs and
generalized Cartan matrices, see [AuRS95]. The following relation holds:

dij = |kl.7| for 4 7&],
where k;; are elements of the Cartan matrix (2.1), see [AuRS95, p. 241]. The

integers d;; of the valued graph are called weights, and the corresponding
edges are called weighted edges. If

dij =dj; =1, (2.3)

we say that the corresponding edge is not weighted. A diagram is called simply-
laced (resp. multiply-laced) if it does not contain (resp. contains) weighted
edges.
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Remark 2.2. Any generalized Cartan matrix K whose diagram contains no
cycles is symmetrizable ([Mo68, §3]). Any generalized Cartan matrix whose
diagram is a simply-laced diagram (even with cycles) is symmetrizable because
it is symmetric. In particular, gn has a symmetrizable Cartan matrix. In this
work we consider only diagrams without cycles, so the diagrams we consider
correspond to symmetrizable Cartan matrices.

For notation of diagrams with the non-negative Tits form, i.e., extended
Dynkin diagrams, see §2.1.6. The notation of A,, in the context of affine Lie
algebras is AS), see Table 2.1, Table 2.2. 0O

Let B be the quadratic form associated with matrix B, and let (-, -) be the
corresponding symmetric bilinear form. The quadratic form B is called the
quadratic Tits form. We have

B(a) = (a, a).

In the simply-laced case,
K =2B

with the symmetric Cartan matrix K. So, in the simply-laced case, the Tits
form is the Cartan-Tits form. In the multiply-laced case, the symmetrizable
matrix K factorizes

K =UB, (2.4)

where U is a diagonal matrix with positive integers on the diagonal, and B
is a symmetric matrix. It is easy to see that the matrix U is unique up to a
factor.

2.1.2 The Tits form and diagrams T, 4 »

Consider the diagram 7}, 4 » depicted in Fig. 2.1. The diagram T}, 4 » is defined
as the tree graph with three arms of lengths p, ¢, r having one common vertex.
On Fig. 2.1 this common vertex is

Tp = Yq = Zr.

Proposition 2.3. Let B be the quadratic Tits form connected to the diagram
Tp,q,r- Then
2B=U + (u — 1)ud, (2.5)
where U is a non-negative quadratic form, and
1 1 1
p==+=+=. (2.6)
p q T

Proof. By eq.(3.3) the quadratic Tits form B can be expressed in the
following form
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Fig. 2.1.  The diagram T} q,-
B(z) =2+ a3+ -+ mf,,l —T1Ty — = Tp—_2Tp—1 — Tp—1Uo+
2 2 2
Yi Tyttt Y1 Y2 — o — Yg—2Yq—1 — Yg-1Uot
zf + zg +---+ zf,l — 2122 — = Zp_2Zp_1 — Zp—1Up + ug,

q

X, X3 Xpy o ~,

O— ass O—0 —0 sss O—0

™y, v, ¥
T 4 Y2
’ Ze1 2]

[+

Lo A

23

o

=1

(2.7)

where ug is the coordinate of the vector z corresponding to the branch point
of the diagram. Let

V(CCl,...

Vg, ..

Then

B(z) = V(x1, ey 2p_1) + V(y1, o tgo1) + V (21, o2p—1) + 13-

It is easy to check that

2V(£L’1, ey Tp—1, Uo) =
2V(y1, ~-~7yq—17 UO) =

2V(Zl, ceey Bp—1, Uo) =

1

i+l

1

ST

i

1+ 1

$i+1)2 -

yi+1)2 -

Zi+1)2 -

7»’Up—1,u0) =
2 2 2
ittt T, — 2122 — - — Tp—2Tp—1 — Tp—1Uo;
ayq—lauo) =
2 2 2
Y1 Ty oY — Y2 — o = Yg—2Yg—1 — Yg—1%0,
"'7Zr—17u0) =
2 2 2
2]+ 2+ + 2 — 222 — = Zr—22r—1 — Zr—1Up.

-1
P_ug,

-1
q ug’

r—1
3

Denote by U(z), U(y), U(z) the corresponding sums in (2.8):
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-1

2V (21, Tp—1,u0) = Ulz) — I’Tu(z”
q—1

2V(y1, -y Yg—1,u0) = U(y) — T“?p
-1

2V (21, ey 2r—1,u0) = U(2) — ! ul.

- - 1
2B(z) =U(z)+ U(y) + U(z) — ’ ug — . uo—rr ug—l—Zu%,

2B(z) =U(x) +U(y) + U(z) + (— +1+1—1> u?
Set
1 1
w=—-+-+-;
P q r
then we have
2B(z) = U(x) + U(y) + U(z) + (1 — Vug. 0 (2.9)

2.1.3 The simply-laced Dynkin diagrams

The diagram with the positive definite Tits form is said to be the Dynkin
diagram. In §2.1.3, §2.1.4, §2.1.5 we find full list of Dynkin diagrams. In the
other words, we prove the following theorem:

Theorem 2.4. The Tits form B of the diagram T is positive definite if and
only if T is one of diagrams in Fig. 2.3.

Remark 2.5. 1) Let K be the Cartan matrix associated with the tree I'. If d;
and d;; are distinct non-zero elements of K, let us multiply the ith row by
d;
dj ' s0 the new element d; ; Is equal to dj;.
ij
Let k be a certain index, k # ,j. If dj # 0, i.e., there exists an edge

{1, k}, then d;, = 0, otherwise {7, k, j} is a loop. In the next step, if d;; and
dik
di; are distinct, then we multiply the kth row by d_ Then dj,; is equal to

d;k, whereas the ith and jth rows did not change. We continue the process
in this way until the Cartan matrix K becomes symmetric. Since I' is a tree,
this process terminates.

2) Let the Tits form be positive definite. Since this property is true for
all values of vectors z € &, we can select some coordinates of z to be zero.
In this case, it suffices to consider only the submatrix of the Cartan matrix
corresponding to non-zero coordinates.
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IO 2 c..r Io 2 2 2 2 O'jl
‘H""*d"f# HO—O PRy O—G-Ff
1077 o 1o e g

[ S S Y
i i o#__,_. — s e e ~d
> g e g
I i I

Fig. 2.2. The Tits form is not positive definite. The simply-laced case

Proposition 2.6. If diagram I' contains one of subdiagrams of Fig. 2.2 then
the corresponding Tits form is not positive definite.

Proof. Let I's be one of subdiagrams of Fig. 2.2, and let I'\I's be the
part complementary to I's. The numbers depicted in Fig. 2.2 are the coordi-
nates of the vector corresponding to I's. Complete the coordinates of z € &p
corresponding to the vertices of I'\I's by zeros. Then B(z) < 0. O

Proposition 2.7. The simply-laced Dynkin diagrams are diagrams A,, Dy,
and E,, where n = 6,7,8, see Fig. 2.3.

Proof. From Proposition 2.6 we see that the simply-laced Dynkin diagrams
are only the diagrams T}, ;.. The chains constitute a particular case of T}, 4.»
with p = 1.

From Proposition 2.3, (2.6), we see that B is positive definite for

1 1 1
p=—-+—-+-=->1,
p q T

i.e., the triples p, ¢, can only be as follows:

1) (1,q,7) for any ¢,r € N, i.e., the diagrams A,

2) (2,2,r), i.e., the diagrams D,,,

3) (2,3,r), where r = 3,4, 5, i.e., the diagrams Eg, E7, Eg.

In all cases p+ g +r = n + 2, where n is the number or vertices of the
diagram. 0O

2.1.4 The multiply-laced Dynkin diagrams. Possible weighted
edges

In order to prove Proposition 2.8, Proposition 2.10 and Proposition 2.11 we
use the common arguments of Remark 2.5.
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Proposition 2.8. Let T" be a tree.
1) Consider a weighted edge (di;,dj;), i.e., one of dij,dj;; differs from 1.
If B is positive definite, then
dijdji <4, (210)
i.e., only the following pairs (d;;,d;;) are possible:

(1,2),(2,1),(1,3),(3,1). (2.11)

2) If the weighted edge is (2,2), then the form B is not positive definite.
3) If the weighted edge is (1, 3), then the diagram consists of only one edge,
and we have the diagram Gz, see Fig. 2.3.

Proof. 1) According to Remark 2.5 factorize the Cartan matrix as follows:

2
Sl |
K_<—dji 2 >_(0 dji) 42 (2.12)
and, for all k # 14, j, set x, = 0. Then
2 2
B(z) = —a? — 2z + —a?,
dij dy?
or, up to a non-zero factor
B(Z) = jZ{,EZQ - djidijl'il'j + dij{L‘?, (213)

The discriminant (djidij)Q — 4djidij should be negative, i.e., dijdji < 4.
2) Let d;; =dj; = 2. For all k # 4, j, in (2.13) set ; = 0. Then

B(z) = 295? + 2x? —dux; = (v, — xj)2 (2.14)

For z; = z;, we have B(z) = 0.
3) Let the diagram T" have two edges {l,k} and {k,j}, and

dydyy = 3. (2.15)
a) Let {l,k} be the weighted edge (3,1) and {k,j} be the weight edge

(dkj,dj). Let us factorize the component of the Cartan matrix corresponding
to the two edges {l,k} and {k,j} as follows:

2 —diy -3 S 3 3
K=|-dx 2 0 |=[0==0 dij 2dy; o |J
-1 0 2 0 ’6J ) 3 3djk I

-1 0 2
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and, for all i # [, k, j, set ; = 0. Then

B(z) = djkl“i + dk]ﬂf? + 3djkxl2 —drjdjpz;xr — 3dkTRT).
Set ; =1, xp =2, x; = 1. Then

B(z) =4d;i, + di; + 3d;, — 2di;d;i — 6dj, =
dkj + d]'k — Qdkjdjk < 0.
b) Let {l,k} be the weighted edge (1,3) and let {k,j} be the weighted

edge (di;,d;jr). As above, we factorize the component of the Cartan matrix
corresponding to the two edges {l, k} and {k, j} as follows:

2 —dy; —1
2 —dy; —1 100 %y, k
! djk —d; =0
K=|-dy 2 0 ]=]0-=0 ki~ J
J dr: jk
-3 0 2 kj 2 |1
00 3 -1 0 g

and, for all i # [, k, j, set z; = 0. Then
B(Z) = Sd]k(t% + 3dkj$? + djk$12 — 3dkjdjkxj1'k — 3djkxkxl.
Set r; =3, x, =2, ; = 1. Then

B(Z) :12djk + 3dkj + 9dj]c - 6dkjdjk - 18djk =
3dkj + 3djk - Gdkjdjk < 0.

¢) The diagram consisting of only on weighted edge (1, 3) has the positive

definite Tits form
B(z) =z} — 3xj2), + 32}
This is the diagram Go. O
Corollary 2.9. If B is the positive definite Tits form associated with the dia-
gram I' having more than one edge, then the only possible weighted edges are
(1,2) and (2,1).
(]
In what follows, the only weighted edges we consider are (1,2) and (2, 1).

2.1.5 The multiply-laced Dynkin diagrams. A branch point

Proposition 2.10. If the diagram I' has two adjacent weighted edges, then
the corresponding Tits form is not positive definite.

Proof. Let {l,k} be the weighted edge (1,2) and {k,j} be the weighted edge
(djk, dij). As in Proposition 2.8, b) above, we have
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A D &
n QOO v e O—0 —_— 0 e e s
noo e
(1,2) (2,1
Bn G O 2 e OO Cn GO e e O—O
Eﬁ O—O—T—o—o Ea:,r O—O—T—o—o—o
o I
(1.2)
EB o—o—T—o—o—o—o F4 O— o
o

(1.3
5 O—O

Fig. 2.3.  The Dynkin diagrams

B(Z) = djk.’bi + dkjiL? + Zdka% — dkjdjkl'j.’bk — dekxkfﬂl.
For (djx,drj) = (2,1), we have
B(z) = 223 + x? +4a}? — 2zj7p, — Ay = (2 — 25)% + (25 — 227)°,

and B(z) is not positive definite. For (d;x, dr;) = (1,2), we have
2 2 2 L 2 1 2
B(z) = zj, + 25 + 2z — 2zj28 — 22871 = i(xk —2x;)° + §(xk —2x;)*,

and B(z) is also not positive definite.
Now, let {l, k} be the weighted edge (2,1) and {k, j} be the weighted edge
(djk,dk;). Here,

B(z) = 2djkmi + 2dkja:? + djkle — 2dyjdjkx ) — 2dpTET) .
For (djk, dk;) = (2,1), we have
B(z) = 423 + 23:? + 2x7 — dwjzy — dvpry = 2(wp — x5)° + 2(28 — 237)°,
and B(z) is not positive definite. For (djx, dk;) = (1,2), we have
B(z) = 223 + 456‘? + a7 — Az — 2zpm = (28 — 235)° + (2 — 1),

and B(z) is also not positive definite. 0O
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Proposition 2.11. Let the diagram I' have only one branch point.

1) If one of edges ending in the branch point is a weighted edge, then the
corresponding Tits form is not positive definite, see Fig. 2.4, a), b).

2) If the diagram T has a weighted edge, then the corresponding Tits form
is not positive definite, see Fig. 2.4, c), d).

Ei:l cj
(1,2) (1,2)
T E Y T E A AR R Tn
3?2 3?2
b} d)
(2,1) 21
Fl T XD 3?3 jr1 XIZI Y3 F.-.t T Fn—E BFn—l yn
3"2 3;2

Fig. 2.4.  The Tits form is not positive definite. Cases with a branch point

Proof. 1) Case a) in Fig. 2.4. The Tits form is
B(z) = x5+ y7 + y5 + 2y3 — Toy1 — Toy2 — 2ToY3.
Set g =2,y1 = 1,y2 = 1,y3 = 1. We have
B(z)=4+14+14+2-2-2—-4=0.
Case b) in Fig. 2.4. The Tits form is
B(z) = 223 + 2y} + 2y3 + y2 — 2woy1 — 2202 — 220Y3.
Set g =2,y1 = 1,942 = 1,y3 = 2. We have
B(z) =84+2+2+4-4-4-8=0.

Remark 2.12. If the weighted edge (1,2) (resp. (2,1)) in cases a) c), (resp.
b), d)) is not a terminal edge from the right side, see Fig. 2.4, complete all
remaining coordinates corresponding to vertices till the terminal edge by zeros,
see Remark 2.5, 2).
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2) Case c) in Fig. 2.4. The Cartan matrix is
2 —-1-1-1
-1 2
-1 2
-1 2 -1
-1 2 -1
K= 1 9 , (2.16)
2 —1
-1 2 =2
-1 2
the matrix U from the factorization (2.4) and the matrix of the Tits form are
as follows:
1 2 -1-1-1
1 -1 2
1 -1 2
1 -1 2 —1
. 1 -1 2 -1
U = diag e B= 19 (2.17)
1 2 —1
1 -1 2 =2
1
1 —2 4
Up to a factor 2, the Tits form is
n—1 n—2

B(z) =g+ > yi +2un —wo(y1 + v2 +Y3) — D Yithit1 — 2Yn—1Yn.

i=1

=3

Set m0:27y1 = 1»y2:17y3 = =Yn-1 :27yn = 1. Then

B(z)=441+1+4(n—3)+2—-2(14+1+2)—4(n—4)—4=0.

Case d) in Fig. 2.4.

The Cartan matrix is

2 -1-1-1

-1 2

-1 2

-1 2 -1
-1 2 -1

-1 2

2 -1

-1 2 -1
-2 2

, (2.18)
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the matrix U from the factorization (2.4) and the matrix of the Tits form are
as follows:

1 2 —-1-1-1
1 -1 2
1 -1 2
1 -1 2 —1
. 1 -1 2 -1
U = diag 1 , B = 19 . (2.19)
1 2 -1
1 -1 2 -1
2 -1 1
The Tits form is
n—1 n—1
B(z) = 25 + 22%2 + o —2xo(y1 + Y2 +ys) — 2 Zyiyi-H-
i=1 i=3
Set zg =2,y1 =L,yo =1, y3 = =Yn_1 = yn = 2. Then

B(z) =8+2+2+8n—-3)+4—4(1+1+2)—8(n—3)=0. O

Corollary 2.13. If the diagram I’ has a weighted edge, and the corresponding
Tits form is positive definite, then the diagram I is a chain.

To finish the proof of Theorem 2.4 it remains to show that the diagram I'
is a chain with a weighted edge only if I' is B, or C, or Iy, see Fig. 2.3. In
order to prove this fact, it suffices to prove, that diagrams B,,, Cy,, BCy,, Fyi,
F,5 have the non-negative Tits form?.

As above in Proposition 2.11, 2), we write down the corresponding Tits
form B. For every mentioned diagram from Fig. 2.6, we insert the vector z
with coordinates depicted in the figure, into the form B. In all these cases, we
have B(z) = 0. Consider, for example, the diagrams F41 and F427 see Fig. 2.5.

a) Diagram F41 Here, the Cartan matrix is

2 —1-2 Zo
12 -1 v
K=|-1 2 —1|uw (2.20)
-1 2 (I
-1 2 Ya

! For notation of diagrams with the non-negative Tits form, i.e., extended Dynkin
diagrams, see §2.1.6. There we give two different notation: one used in the context
of representations of quivers, and another one used in the context of affine Lie
algebras, see Table 2.1, Table 2.2. For example, two notations:

ﬁ41 VS. F4(1), ﬁ42 VS. Eé2>, E +1 VS. Dn+1
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The Cartan matrix and the Tits form

F
. (1,2)
_— H
YS Yl a YE 3?4
Faz (2,1)
e F
3’3 Yl 0 Yz F4
Fig. 2.5. The diagrams ﬁu and ﬁ;g
the matrix U from (2.4) and the matrix of the Tits form are as follows:
1 2 —1-2
1 -1 2 -1
U=diag| 1/2 |, B=| -2 4 -2
1 -1 2
1/2 -2 4
Up to a factor 2, the Tits form is
B(z) = x§ + yi + 245 + 3 + 245 — Y170 — 2ya0 — 2y2ys — Y3y1.-
Set y3 =1,y1 = 2,29 = 3,92 = 2,y4 = 1. Then
B(z)=94+4+841+2-6—-12—-4-2=0.
a) Diagram ﬁ42. The Cartan matrix is
2 —1-1 Zo
-1 2 -1 Y1
K= -2 2 -1 | y2,
-1 2 Y3
-1 2 Ya
the matrix U from (2.4) and the matrix of the Tits form are as follows:
2 —1 -1
1 12 -1
1 1
U=diag| 2 |, B=| 1 1 5
1 -1 2
1
2 =

(2.23)

35

(2.21)

(2.22)
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The Tits form is
B(z) = 23 + 247 + 5 + 23 + ¥s — 2y1T0 — 2y2T0 — Y2Ua — 2Y3y1.
Set y3 = 1,y1 = 2,29 = 3,y2 = 4,y4 = 2. Then

B(z) =1848+16+2+4—12—-24—-8—-4=0. O

2.1.6 The extended Dynkin diagrams. Two different notation

Any diagram I' with a non-negative definite Tits form B is said to be an
extended Dynkin diagram. All extended Dynkin diagrams are listed in Fig. 2.6,
see [Bo], [DR76], [Kac80], [Kac83].

There are two different notation systems of the extended Dynkin diagrams:
one used in the context of representations of quivers, and another one used
in the context of twisted affine Lie algebras, see Table 2.1, Table 2.2, Remark
4.4, Remark 6.5 and Table 4.2.

Table 2.1. Notation of extended Dyknin diagrams.

In the context In the context In the context In the context
of representations of twisted of representations of twisted
of quivers affine Lie algebras of quivers affine Lie algebras
Bo B Gos e
Er EM Ga DY
Es EM Fus FM
B, DD (n> 1) P g
An AP Cn i (n>2)
Ay AL B, DP) (n>2)
BC, AP (n>2) A, AL (n>2)
CD, B (n>3) DD, AP (n>3)

According to Proposition 2.3, we see that the simply-laced diagrams with
only one branch point and with the non-negative definite Tits form are char-

acterized as follows:
1 1 1
p=-+-+
P 4q r

i.e., the following triples p, ¢, r are possible:
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Table 2.2. Notation of affine Lie algebras. The upper index r in the notation
of twisted affine Lie algebras has an invariant sense: it is the order of the diagram
automorphism g of g. In this table, if g is a complex simple finite dimensional Lie
algebra of type X, then the corresponding affine Lie algebra is of type X,gf)7 see
Remark 4.4.

HRang‘ Affine Lie algebra of type X\ Note H

Aff1 A51)7 A£}>, B,(f), C'T(Ll)7 D511)7N0n—twisted7
al”, FM, EP, EBEY EPN| r=1

Aff2 (AP AL AD) . DP, EP| Twisted,

r=2
Aff3 DY Twisted,
r=3

1) (3,3,3), i.e., the diagram E,

2) (2,4,4), i.e., the diagram En,

3) (2,3,6), i.e., the diagram Es,
see Fig. 2.6. L
_ The multiply-laced extended Dynkin diagrams are: Az, A1, BCy, By,
Cn, CDn, DDn, F’417 }7427 Ggl, GQQ, see Flg 2.6.

2.1.7 Three sets of Tits forms

1) All Tits forms B fall into 3 non-intersecting sets:
a) {B | B is positive definite, i.e., I" is the Dynkin diagram},
b) {B | B is non-negative definite, i.e., I" is the extended Dynkin diagram},
¢) {B| B is indefinite}.
Consider two operations:
A : Add a vertex and connect it with I" by only one edge. We denote the
A
new graph T.
V : Remove a vertex and all incident edges (the new graph may contain

more than one component). We denote the new graph 1\<

2) It is easy to see that

a) The set {B | B is positive definite} is stable under V (Remove) and is
not stable under A (Add) ,

{B | B is non-negative definite} []
{B| B is indefinite},
V: {B| B is positive definite} == {B | B is positive definite}.

A: {B| B is positive definite} = {
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b) The set {B | B is non-negative definite} is not stable under V (Remowve)
and A (Add),

A : {B| B is non-negative definite} == {B| B is indefinite},
V: {B| B is non-negative definite} == {B| B is positive definite}.

c) The set {B | B is indefinite} is stable under A (Add) but not stable
under V (Remove):

A: {B| B is indefinite} = {B| B is indefinite},

{B| B is positive definite} ]
V: {B| B is indefinite} — {B | B is non-negative definite} []
{B | B is indefinite}.

3) If the graph T with indefinite form B is obtained from any Dynkin
diagram by adding an edge, then the same graph I' can be obtained by adding
an edge (or maybe several edges) to an extended Dynkin diagram.

2.1.8 The hyperbolic Dynkin diagrams and hyperbolic Cartan
matrices

A connected graph I' with indefinite Tits form is said to be a hyperbolic Dynkin
diagram (resp. strictly hyperbolic Dynkin diagram) if every subgraph IV C T is
a Dynkin diagram or an extended Dynkin diagram (resp. Dynkin diagram).
The corresponding Cartan matrix K is said to be hyperbolic (resp. strictly
hyperbolic), see [Kac93, exs. of §4.10]. The corresponding Weyl group is said
to be a hyperbolic Weyl group (resp. compact hyperbolic Weyl group), see [Bo,
Ch.5, exs. of §4].

The Tits form B is indefinite for p < 1. Since U(z), U(y), U(z) in (2.9)
are non-negative definite, we see that, in this case, the signature of B is equal
to (n —1,1), see [Kac93, exs.4.2]. It is easy to check that the triples p,q,r
corresponding to hyperbolic graphs 7}, , . are only the following ones:

1) (2,3,7), i.e., the diagram Ejg, and 1 — pu =

) 42’
2) (2,4 dl—p=—
) (2,4,5), an n= 55
1
4),and 1 — p=—.
3) (3,3,4), an =15

2.2 Representations of quivers

2.2.1 The real and imaginary roots

Recall now the definitions of imaginary and real roots in the infinite root sys-
tem associated with infinite dimensional Kac-Moody Lie algebras. We mostly
follow V. Kac’s definitions [Kac80], [Kac82], [Kac93].
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Fig. 2.6. The extended Dynkin diagrams. The numerical labels at the vertices
are the coefficients of the imaginary root which coincides with the fixed point z! of

the Coxeter transformation, see §3.3.1, (3.23).

We consider the vector space Er over Q; set

dim &r = [Ty
Let i
Q; = {0707 07 i7 Oa 07 0} € gF

be the basis vector corresponding to the vertex v; € T'g. The space &r is
spanned by the vectors {«; | i € Tg}; the vectors aq, ..., o, form a basis in Er.

Let
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E={a=) ko€ |k €Ly, y ki >0}

be the set of all non-zero elements in & with non-negative integer coordinates
in the basis {aq, ..., @, }.
Define the linear functions ¢, ..., ¢, on & by means of the elements of
the Cartan matrix (2.4):
Gi(oy) = kij -
The positive root system A associated to the Cartan matrix K is a subset
in &4 defined by the following properties (R1)—(R3):

(R1) a; € Ay and 20y ¢ Ay fori=1,...,n.

(R2) If « € A4 and o # «y, then oo + ka; € AL for k € Z if and only if
—p < k < g for some non-negative integers p and ¢ such that p — ¢ = ¢;(«).

(R3) Any a € Ay has a connected support.

We define endomorphisms o1, ..., g, of & by the formula
oi(x) =z — ¢i(x) . (2.24)
Each endomorphism o; is the reflection in the hyperplane ¢; = 0 such that
oi(a;) = —a;. These reflections satisfy the following relations!:
of =1, (0ioy)™i =1,

where the exponents n;;, corresponding to k;;k;;, are given in the Table 2.3,
taken from [Kac80, p.63].

Table 2.3. The exponents n;;

kijku | O 1] 2] 3| >4

The group W generated by the reflections o1, ..., 0, is called the Weyl
group. The vectors ay, ..., «, are called simple roots; we denote by II the set
of all simple roots. Let W (II) be the orbit of IT under the W-action.

Following V. Kac [Kac80, p.64], set

M={aec&s|¢i(a) <0fori=1,..,n, and a has a connected support }.

The set M is called the fundamental set. Let W (M) be the orbit of M under
the W-action. We set

! 5% =1 means that no power of ¢ is equal to 1, i.e., o is free.
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AT = | (w@mnéy), AT = (w(M)). (2.25)

weWw weWw

The elements of the set A€ are called real Toots and the elements of the set
AY" are called imaginary roots. By [KacSQ], the system of positive roots Ay
is the disjoint union of the sets A¢ and AY™:

Ay = AT AIm.

We denote by A the set of all roots. It consists of the set of positive roots A
and the set of negative root A_ obtained from A, by multiplying by —1:

A=A J[A_.

If the Tits form B (associated with the Cartan matrix K) is positive defi-
nite, then the root system is finite, it corresponds to a simple finite dimensional
Lie algebra. In this case, the root system consists of real roots.

If the Tits form B is non-negative definite, we have an infinite root system
whose imaginary root system is one-dimensional:

AT = {w, 2w, 3w, ...}, where w = Zk‘iai, (2.26)

the coefficients k; being the labels of the vertices from Fig. 2.6.
The elements kw (k € N) are called nil-roots. Every nil-root is a fixed point
for the Weyl group.

2.2.2 A category of representations of quivers and the P. Gabriel
theorem

A quiver (T', Q) is a connected graph I" with an orientation . Let I'y be the
set of all vertices of I'. Any orientation €2 is given by a set of arrows I'; that
constitute I'y. Every arrow o € I'y is given by its source point s(a) € T'g
and its target point t(a) € I'g. In [GabT72], P. Gabriel introduced the notion
of representations of quivers in order to formulate a number of problems of
linear algebra in a general way. P. Gabriel consider graphs without weighted
edges.

Let k be a field. A representation of the quiver (I',2) over k is a set of
spaces and linear maps between them (V;, ¢, ), where to any vertex ¢ € I'y a
finite-dimensional space V; over k is assigned, and to any arrow

. [e3% .
L=

a linear operator @, : V; — V; corresponds. All representations (V;, ¢4) of the
quiver (T, Q) constitute the category £(I', Q). In this category, a morphism

n: (Vi ¢a) = (Vi 60)
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is a collection of linear maps 7; : V; — V/ for i € T’y such that for each arrow
a: s(a) — t(a), we have
nt(a)¢a = ¢;775(a)7

or, equivalently, the following square is commutative

Vi) —2— Vi)

J{ns(a) J{nt(a)

v o

s(a) — V;f/(a)
A morphism 7 : (V;, ¢o) — (V/, ¢.,) is an isomorphism in the category £(I'§2)
if there exists a morphism 7’ : (V/,¢,) — (Vi, o) such that nn’ = v, )
and 7'n = Idy, 4.)-

Objects of the category £(I",Q2) are said to be representations of the quiver
(T, Q) considered up to an isomorphism. The dimension dimV of the repre-
sentation (V;, ¢,) (or, which is the same, the vector-dimension) is an element
of &p, with (dimV'); = dimV; for all ¢ € T'y.

The direct sum of objects (V, f) and (U, g) in the category £(I', ) is the
object

W,h) =(V.f) @ (U,g),

where W; = V; @ U; and hy = fo, @ g, for all i € Iy and « € T'y. The nonzero
object (V, f) is said to be indecomposable, if it can not be represented as a
direct sum of two nonzero objects, see [Gab72], [BGP73]. As usual in the rep-
resentation theory, the main question is the description of all indecomposable
representations in the category £(T, Q).

Theorem 2.14. (P. Gabriel, [Gab72]) 1) A given quiver has only a finite
number of indecomposable representations if and only if it is a simply-laced
Dynkin diagram with arbitrary orientations of the edges.

2) Vector-dimensions of indecomposable representations coincide with pos-
itive roots in the root system of the corresponding Dynkin diagram.

V. Dlab and C. M. Ringel [DR76] and L. A. Nazarova, S. A. Ovsienko and
A. V. Roiter [NaOR77], [NaOR78] extended the P. Gabriel theorem to the
multiply-laced case.

2.2.3 Finite-type, tame and wild quivers

In [BGP73], Bernstein, Gelfand and Ponomarev introduced the Cozeter func-
tors @+, &~ leading to a new proof and new understanding of the P. Gabriel
theorem. They also introduced regular representations of quivers, i.e., repre-
sentations that never vanish under the Coxeter functors.

The Dynkin diagrams do not have regular representations; in the category
of quiver representations', only a finite set of indecomposable representations
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is associated to any Dynkin diagram. Quivers with such property are called
finite-type quivers. According to P. Gabriel’s theorem [Gab72], a quiver is of
finite-type if and only if it is a (simply-laced) Dynkin diagram.

In the category of all representations of a given quiver, the regular repre-
sentations are the most complicated ones; they have been completely described
only for the extended Dynkin diagrams which for this reason, in the repre-
sentation theory of quivers, were called tame quivers. The following theorem
is an extension of the P. Gabriel theorem to extended Dynkin diagrams and
is due to L. A. Nazarova [Naz73], P. Donovan, and M. R. Freislich [DF73],
V. Dlab and C. M. Ringel [DR74], [DR74a], [DR76].

Theorem 2.15. (Nazarova, Donovan-Freislich, Dlab-Ringel) 1) A quiver T is
of tame type if and only if it is a simply-laced extended Dynkin diagram with
arbitrary orientations of the edges.

2) Dimensions of indecomposable representations coincide with positive
roots in the root system of the corresponding diagram. For each positive real
root o of T', there exists a unique indecomposable V' (up to isomorphism) with
dimV = a™. For each positive imaginary root o'™, the isomorphism classes
of indecomposable representations V. with dim'V = o™ are parameterized by
an infinite subset of kP'.

Every quiver with indefinite Tits form B is wild, i.e., the description of
its representations contains the problem of classifying pairs of matrices up to
simultaneous similarity; this classification is hopeless in a certain sense, see

[GP69], [Naz73], [Drz80], [Kac83].

2.2.4 The V. Kac theorem on the possible dimension vectors

According to the P. Gabriel theorem (Th.2.14) and the Nazarova, Donovan-
Freislich, Dlab-Ringel theorem (Th.2.15) all quivers, which are neither Dynkin
diagram nor extended Dynkin diagram are wild. H. Kraft and Ch. Riedtmann
write in [KR86, p.109] : “Since all remaining quivers are wild, there was little
hope to get any further, except maybe in some special case. Therefore Kac’s
spectacular paper [Kac80], where he describes the dimension types of all in-
decomposables of arbitrary quivers, came as a big surprise. In [Kac82] and
[Kac83] Kac improved and completed his first results”. Note, that the work
[KR&6] of H. Kraft and Ch. Riedtmann is a nice guide to the Kac theorem.

Following V. Kac [Kac82, p.146] (see also [Kac83, p.84], [KR86, p.125])
the integers p, an r, are introduced as follows:

Lo 18 the mazimal dimension of an irreducible component in the set of
isomorphism classes of indecomposable representations of dimension « and
ro 18 the number of such components.

The following theorem was first proved in [Kac80]. It is given here in a
more consolidated version [Kac83, §1.10].

L Sometimes, one says about graph representations meaning quiver representations.
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Theorem 2.16 (V. Kac). Let the base field k be algebraically closed. Let
(T, Q) be a quiver. Then

a) There exists an indecomposable representation of dimension o € Er\0
if and only if « € A (T).

b) There exists a unique indecomposable representation of dimension c if
and only if a € AT(I).

c) If a € A ('), then

MQ(F7Q):1—(OZ,O()>O, re =1,
where (-,-) is the quadratic Tits form, see §2.1.1.

The integer p, is called the number of parameters, [KR86]. For example,
let V' be an indecomposable representation of a tame quiver and dimV an
imaginary root, i.e., (dimV,dimV) = 0. Then u, = 1 and the irreducible
component of indecomposable representations is one-parametric as in Theo-
rem 2.15. Let V be an indecomposable representation of a wild quiver and
(dim V,dim V') < 0. Then p, > 1, and the irreducible component containing
V is at least two-parametric.

For a wild quiver with the indefinite Tits form, we have

The following lemma [Kac83, §1.10] is one of the crucial moments in the
proof of Kac’s theorem.

Lemma 2.17 (V. Kac). The number of indecomposable representations of
dimension « (if it is finite) and puo (T, Q) are independent of the orientation

Q.

The proof of this lemma and further details of Kac’s theorem can be also
found in the work [KR&6, §5] of H. Kraft and Ch. Riedtmann and in works
[CrW93, p.32], [CtW99], [CrWO01, p.40] of W. Crawley-Boevey.

The main part in the proof of this lemma is counting points of certain
varieties for the case of algebraic closure F, of the finite field F,, for any
prime p, see [KR86, §5.6], with subsequent transfer of the result to fields of
characteristic zero [KR86, §5.6]. “So this is one of the examples where the only
proof known for a result about fields of characteristic zero passes via fields of
positive characteristic.” [KR86, §5.1]

2.2.5 The quadratic Tits form and vector-dimensions of
representations

In the simply-laced case, by (1.5), (3.3), the quadratic Tits form on the space
of vectors {z, }ver, associated with quiver (T', Q) can be expressed as follows:

B(z) = Z 553 - Z Ty(1)Tu(l)>

vely ey



2.2 Representations of quivers 45

where v(l) and u(l) are the endpoints of the edge [ € T'y, see, e.g., (2.7). B
Kac’s theorem (Theorem 2.16, b)), the representation V' of (I',2) is a unique
indecomposable representation of the given dimension if and only if

B(dimV) =

It is so because such dimensions are real vectors lying by eq. (2.25) on the orbit
of simple positive roots under the action of the Weyl group, which preserves
the quadratic form B, see, e.g., [BGP73].

An analogous proposition takes place for representations of posets. Let
(®,>) be a finite partially ordered set (poset). Let © = {1,2,...,n} (not
necessary with the natural order) and denote:

D =D [J{0}.

A poset is called primitive if it is a disjoint unit of several ordered chains
such that the elements of different chains are non-comparable. We denote
such a poset by (n1,na,...,ns), where n; are the lengths of the chains. A
representation V of ® over a field k£ is an order-preserving map © into the
set of subspaces of a finite dimensional vector space V(0) over k, see [DrK04].
The category of representations of ® and indecomposable representations are
defined in the natural way [NR72]. The dimension dim(u) of an element u € ©
is the vector whose components are

dim(0) = dim V(0), dim(a) = dim(V(a)/ > V(b), a€D.
b<a

The quadratic form By associated to a poset © is the quadratic form

Bo(xo,x1,..., &y Zm + Z Talp — Zxoxa.

a,be® a€®D
@ a<b

In [DrKO04], Yu. A. Drozd and E. Kubichka consider the dimensions of
finite type of representations of a partially ordered set, i.e., such that there are
only finitely many isomorphism classes of representations of this dimension.
In particular, they show that an element v € ® is indecomposable if and
only if By (dim(u)) = 1. For primitive posets, this theorem was deduced by
P. Magyar, J. Weyman, A. Zelevinsky in [MWZ99] from the results of Kac
[Kac80]. This approach cannot be applied in general case, see [DrK04, p.5], so
Yu. A. Drozd and E. Kubichka used the original technique of derivations (or
differentiations), which is due to L. A. Nazarova and A. V. Roiter, [NR72].

2.2.6 Orientations and the associated Coxeter transformations

Here, we follow the definitions of Bernstein-Gelfand-Ponomarev [BGP73]. Let
us consider the graph I' endowed with an orientation (2.
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The vertex v; is called sink-admissible (resp. source-admissible) in the ori-
entation {2 if every arrow containing v; ends in (resp. starts from) this vertex.
The reflection o, is applied to the vector-dimensions by (2.24) and can be
applied only to vertex which is either sink-admissible or source-admissible.
The reflection o; acts on the orientation 2 by reversing all arrows containing
the vertex v;.

Consider now a sequence of vertices and the corresponding reflections. A
sequence of vertices

{vin’ Vip_15 =+ Vigy Vis, 'Uil}

is called sink-admissible, if the vertex v;, is sink-admissible in the orientation
Q, the vertex v;, is sink-admissible in the orientation o;, (2), the vertex v,
is sink-admissible in the orientation o;,0;, (£2), and so on. Source-admissible
sequences are similarly defined.

A sink-admissible (resp. source-admissible) sequence

§= {vin’vin—l7 ey visvvizavh}

is called fully sink-admissible (resp. fully source-admissible) if S contains every
vertex v € I'y exactly once. Evidently, the inverse sequence S~ of a fully sink-
admissible sequence S is fully source-admissible and vice versa.

Every tree has a fully sink-admissible sequence S. To every sink-admissible
sequence S, we assign the Coxeter transformation depending on the order of
vertices in S:

C =04,04,_ 103,04 (227)

For every orientation § of the tree, every fully sink-admissible sequence
gives rise to the same Coxeter transformation Cgq, and every fully source-
admissible sequence gives rise to Cgl. Thus, to every orientation 2 of the
tree, we assign two Cozxeter transformations: Cq and Cgl.

Obviously, Cq acts trivially on the orientation {2 because every edge of
the tree is twice reversed. However, the Coxeter transformation does not act
trivially on the space of vector-dimensions, see (2.24).

2.3 The Poincaré series

2.3.1 The graded algebras, symmetric algebras, algebras of
invariants

Let k be a field. We define a graded k-algebra to be a finitely generated k-
algebra A (associative, commutative, and with unit), together with a direct
sum decomposition (as vector space)

A=A@ A A, ..,
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such that Ay = k and A;A4; C A;4;. The component A, is called the nth
homogeneous part of A and any element x € A,, is said to be homogeneous of
degree n, notation: degx = n.

We define a graded A-module to be a finitely generated A-module, together
with a direct sum decomposition

M=My®dM, &My ...,

such that AZM] - Mi+j'

The Poincaré series of a graded algebra A = EDS A; is the formal series
n=0

o0

P(A,t) =) (dim A, )t".

n=0
The Poincaré series of a graded A-module M = % M; is the formal series
n=0

P(M,t) = i(dim M),

n=0
see [Sp77], [PV94].

Theorem 2.18. (Hilbert, Serre, see [AtMa69, p.117, Th.11.1]) The Poincaré
series P(M,t) of a finitely generated graded A-module is a rational function
it of the form

P(M,t) = #7 where f(t) € Z[t].
(- th)
i=1

In what follows in this section, any algebraically closed field k can be
considered instead of C. Set

R=Clzy,... ). (2.28)

The set R4 of homogeneous polynomials of degree d is a finite dimensional
subspace of R, and Ry = C. Moreover, RgR. C Rgie, and R is a graded
C-algebra with a direct sum decomposition (as a vector space)

R=Ry®Ri1 @R ... (2.29)

Let V = Span(zi,...,2z,). Let fi,...,fn € V* = Homc(V,C) be the
linear forms defined by f;(x;) = d;;, i.e.,

fi(>\1x1 + ... )\nxn) = \;, where )\; € C.
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Then the f;, where i = 1,...,n, generate a symmetric algebra® Sym(V*)
isomorphic to R.
Define an isomorphism @ : Sym(V*) — R by setting

@ f; = x; for all 7.

Let Sym™ (V*) denote the mth symmetric power of V*, which consists of the
homogeneous polynomials of degree m in z1, ..., z,. Thus,

SymO(V*) =C,
Sym!(V*) = V*,

Sym?(V*) = {zz; | 1<i<j<n}, dimSym?(V*)= (n—;l)

2
Sym*(V*) = {zxjmp |1 <i<j<k<n}, dimSym?(V*)= <n;r >’

Symm(V*):{xil...xim ‘ 1 Sil <. Slm Sn},

dim Sym™ (V) — (” e 1>,

see [Sp77], [Ben93].
For n =2, m > 1, we have

Symm(v*) = {xm,xmily’ M xymilﬂ ym}

is the space of homogeneous polynomials of degree m in two variables x, y,

and )
dim Sym™(V*) = (m i ) =m
m

For any a € GL(V) and f € R, define af € R by the rule
(af)(v) = f(a"'v) for any v € V.
Then, for any a,b € G and f € R, we have
a(bf) = bf(a”'v) = f(b~"a " v) = f((ab)"'v) = ((ab) f)(v),

and aRd = Rd.

Let G be a subgroup in GL(V'). We say that f € R is G-invariantif af = f
for all @ € G. The G-invariant polynomial functions form a subalgebra R of
R, which is a graded, or, better say, homogeneous, subalgebra, i.e.,

RC :@RGORZ-.

! The symmetric algebra Sym(V) is the quotient ring of the tensor algebra T(V)
by the ideal generated by elements vw —wv for v and w in V, where vw := v @w.
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The algebra R® is said to be the algebra of invariants of the group G. If G is

finite, then
1 1
P(RCt) = — ————. 2.30
N SR ) (230
geG
Eq. (2.30) is a classical theorem of Molien (1897), see [PV94, §3.11], or [Bo,

Ch.5, §5.3].

2.3.2 The invariants of finite groups generated by reflections

Let G be a finite subgroup of GL(V) and g € G. Then g is called a pseudo-
reflection if precisely one eigenvalue of g is not equal to 1. Any pseudo-
reflection with determinant —1 is called a refiection. For example, the element

-100
g=| 011
001

has infinite order and does not belong to any finite group G, i.e., g is not
reflection.

Theorem 2.19 (Shephard-Todd, Chevalley, Serre). Let G be a finite
subgroup of GL(V). There exist n = dimV algebraically independent homo-
geneous invariants 01, ...,0, such that

RE =C[61,...,0,]

if and only if G is generated by pseudo-reflections.

For references, see [Stn79, Th.4.1], [Ch55, Th.A, p.778].

Shephard and Todd [ShT54] explicitly determined all finite subgroups of
GL(V) generated by pseudo-reflections and verified the sufficient condition
of Theorem 2.19. Chevalley [Ch55] found the classification-free proof of this
sufficient condition for a particular case where G is generated by reflections.
Serre observed that Chevalley’s proof is also valid for groups generated by
pseudo-reflections. Shephard and Todd ([ShT54]) proved the necessary condi-
tion of the theorem by a strong combinatorial method; see also Stanley [Stn79,
p.487].

The coefficients of the Poincaré series are called the Betti numbers, see
[Ch50], [Col58]. The Poincaré polynomial of the algebra R is

(1 4+ 2P0y (1 4 ¢2P2Fh) (1 4 2P L)) (2.31)

where p;+1 are the degrees of homogeneous basis elements of R%, see [Cox51],
and [Ch50]. See Table 2.4 taken from [Cox51, p.781,Tab.4].

Let A1, ..., A\, be the eigenvalues of a Coxeter transformation in a finite
Weyl group. These eigenvalues can be given in the form
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Table 2.4. The Poincaré polynomials for the simple compact Lie groups

Dynkin Poincaré polynomial
diagram
An A+ +42) ... (12T
B, or Cy A+A+t7) ... (1t
Dy A+)A+t) ... A+t )@+
Es A+ HA+ A+ DA+ 5+ 7)1 +%3)
Er A+ A+t")A+ ) A+ + 231 + 27 (1 + %)
Es |1+ +t)A+3)0+2)A +5)(1 + 5321 +27)(1 + %)
Fy 1+ )1+ 4+ + t23)
G2 (14 £3)(1 + ')

where w = exp

chapter).

27i/h

Theorem 2.20 (Coxeter, Chevalley, Coleman, Steinberg). Let

be homogeneous elements generating the algebra of invariants RS, where G is
the Weyl group corresponding to a simple compact Lie group. Let m; + 1 =

ULy ooy Un

degu;, where i =1,2,..n. Then the exponents of the group G are

For more details, see [Bo, Ch.5, §6.2, Prop.3] and historical notes in [Bo],
and [Ch50],

mi,...,My.

[Cox51], [Col58], [Sth85].

is a primitive root of unity. The numbers m;, ..., m,, are
called the exponents of the Weyl group. H. S. M. Coxeter observed that the
exponents m; and numbers p; in (2.31) coincide (see the epigraph to this
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The Jordan normal form of the Coxeter
transformation

It turned out that most of the classical concepts of
the Killing-Cartan-Weyl theory can be carried over
to the entire class of Kac-Moody algebras, such as
the Cartan subalgebra, the root system, the Weyl
group, etc. ... I shall only point out that g’ (k) *
does not always possess a nonzero invariant bilinear
form. This is the case if and only if the matrix K is
symmeltrizable ...

V. Kac, [Kac93, p.XI], 1993

3.1 The Cartan matrix and the Coxeter transformation

In this subsection a graph I'" and a partition S = S7 [[ Sz of its vertices are
fixed.

3.1.1 A bicolored partition and a bipartite graph

A partition S = 57 [[ Sz of the vertices of the graph T is said to be bicolored if
all edges of T" lead from S7 to Sy. A bicolored partition exists if and only if all
cycles in I' are of even length. The graph I' admitting a bicolored partition is
said to be bipartite [McMO02]. An orientation A is said to be bicolored, if there
is the corresponding sink-admissible sequence

! Here, g’ (K) is the subalgebra [g(K), g(K)] of the Kac-Moody algebra g(K) asso-
ciated with the generalized Cartan matrix K. One has

9(K) = ¢'(K) + b,

where b is the Cartan subalgebra, g(K) = g'(K) if and only if det K # 0, [Kac93,
§1.3 and Th.2.2].
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{IUlaUQ? cory Umy U415 Um+42, -+ vm-‘rk}

of vertices in this orientation A, such that subsequences

S1 = {v1,v2, ..., Un} and So = {Vymt1, Vmt2, vy Umtkt

form a bicolored partition, the set Sy (resp. S3) contains all sources (resp.
sinks) of S. In other words, all arrows go from S to Ss.

Let W(S) (resp. W(S1), resp. W(S2)) be the Coxeter group generated
by all reflections corresponding to vertices of S (resp. Si, resp. Sz). Any
two generators g’ and ¢’ of the Coxeter group W (S) (contained in the same
subpartition) commute and the subgroups W (S7) and W (Ss) are abelian. So,
the products w; € W(S;) for i = 1,2 of generators of W(S;) are involutions,
ie.,

w?=1, wi=1.

For the first time (as far as I know), the technique of bipartite graphs was
used by R. Steinberg in [Stb59], where he gave classification-free proofs for
some results of H. S. M. Coxeter [Cox34] concerning properties of the order
of the Coxeter transformation; see also R. Carter’s paper [Car70].

3.1.2 Conjugacy of Coxeter transformations

All Coxeter transformations are conjugate for any tree or forest I' [Bo, Ch.5,
§6]; see also Proposition B.5 and Remark B.6. The Coxeter transformations
for the graphs with cycles are studied in [Col89], [Rin94], [Shi00], [BT97],
and in the works by Menshikh and Subbotin of 1982-1985, see §4.2. Here, we
consider only trees.

As it is mentioned in §2.2.6, there are two Coxeter transformations corre-
sponding to every orientation of the tree. Two Coxeter transformations corre-
sponding to the bicolored orientation are called bicolored Cozxeter transforma-
tions. We choose one of two bicolored Coxeter transformations as very simple
to study. Here,

C=wwy or C™!'=uwyw. (3.1)

From now on we assume that S; contains m elements and Sy contains & ele-
ments, we denote by ai, ..., a,, (resp. b1, ..., by) basis vectors corresponding
to vertices vy, ..., Uy, of S1 (resp. vertices Up41..., Umtk Of S3). We denote by
Er, (resp. &r,) the vector space generated by the a;, where i = 1,...,m (resp.
by the b;, where i =1,..., k). So,

dimér, =m, dimér, =k.

3.1.3 The Cartan matrix and the bicolored Coxeter transformation

The Cartan matrix and the bicolored Coxeter transformation are constructed
from the same blocks. More exactly, the matrix B and involutions w;, where
1 = 1,2, are constructed from the same blocks.
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In the simply-laced case (i.e., for the symmetric Cartan matrix), we have

Dt I,

(I, —2D (I, 0
’LU1—< 0 Ik )a w2_(2DtIk)a

where the elements d;; that constitute matrix D are given by the formula

K =2B, where B= <Im D) ,
(3.2)

1 ~
dy= oy =4 2 e @l 33

0 if [u(a;) —v(b;)] > 1,
where v(a;) and v(b;) are vertices lying in the different sets of the bicolored
partition, see §3.1.2.

In the multiply-laced case (i.e., for the symmetrizable and non-symmetric
Cartan matrix K), we have

K =UB, where K= <21m 2D),

oF 2I,
(3.4)
(I, 2D (L. 0
Lo o )0 P\ 2Ry
with (ai.b) b )
_ a;, 05 _ ps Qg
dz] - (az, ai)’ qu - (bp, bp) ’

where the a; and b; are simple roots in the root systems of the corresponding
to S1 and Sy Kac-Moody Lie algebras [Kac80]. Let U = (u;;) be the diagonal
matrix (2.4). Then

e — 2 _ 2
e (ai,ai) B B(a;)
We have
(ai7ai) . (a'iab])
B = . ,
(aZ>bJ) . (ijbj)
and
9 2(ai7bj)
(aiaai)
K=UB=
Aaib;)
(b, b;)

Dividing U and B into blocks of size m x m and k x k, we see that

(20, 0 (Ut A B .
U—<O2%>,B_<At%4» UA=D, U,A'=F. (3.5)
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Remark 3.1. According to bicolored partition S = S]] Sz of the graph I’
§3.1.1, and the corresponding partition of matrices (3.2), (3.4) into four blocks,
we have also partition of any vector v into two blocks:

v= (v“) .
Uy
The component v, (resp. v,) of the vector v is said to be X-component (resp.

Y-component), see §3.3.1.

3.1.4 The dual graphs and dual forms

Every valued graph I' has a dual graph denoted by I'V. The dual graph is
obtained by means of transposition d;; < dj;;. In other words, if K is the
Cartan matrix for I, then the Cartan matrix for T'V is

KY =K'
ie.,
FY=D!' DY=rF". (3.6)
Therefore,
FYDY = (FD), DYFY=(DF)". (3.7)

For any simply-laced graph, the Cartan matrix is symmetric and F' = D! =
FV. In this case the graph T is dual to itself. Among extended Dynkin dia-
grams the following pairs of diagram are dual:

(E'ruén)u (C/T-Bna-/D\-/Dn)a (6217622)7 (ﬁ417ﬁ42)'

Let dual Cartan matrices be factorized by means of the diagonal matrices
U and UY:
K=UB, K'=U'B'.

Then according to [Kac93, Ch.3, exs.3.1], we have
U\/ _ U*l

see, e.g., matrices U for dual diagrams Fy1, Fia, eqs. (2.21), (2.23). Since
KV = K' =BU = U~!'BY, we see that dual Tits forms are related as follows:

BY = UBU.

3.1.5 The eigenvalues of the Cartan matrix and the Coxeter
transformation

There is a simple relation between eigenvalues of the Cartan matrix and the
Coxeter transformation. Let vector z € & be given in two-component form
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z= (;) (3.8)

where dimér = k+m =n, z € &, and y € &, . Consider the relation
Cz= Mz or WaZ = A\W1Z.

In the simply-laced case we deduce from (3.2) that

1
Al by 1
2\ A-1 "
Cz=X\z — <~ Bz=— (3.9)
A+1 . 2
——y=—-D'z -y
2
In the multiply-laced case we deduce that
A+1
Al by 1
2\ A-1[3*
Cz=X 2 <= N <~ Bz= —5 . (3.10)
%y =—Fx —y

From (3.9) and (3.10) we have in the simply-laced and multiply-laced cases,
respectively:

2 2
DDz = (A I}\l) x DFx = (A 1_)\1) x
( 2 ( 2 (3.11)
A+1 A+1
D'Dy = FDy =
Y I\ Y Y I\ Y
Similarly,
(v =Dz =Dy (v =Dz =Dy
Bz=7vz <= resp. (3.12)
(v =1y =D (v =y = Fa;

and from (3.12) we have
DD'z = (y—1)%x
D'Dy = (y—1)%y
By (2.4) we have

Proposition 3.2 (On fixed and anti-fixed points). 1) The eigenvalues A
of the Cozxeter transformation and the eigenvalues vy of the matriz B of the
Tits form are related as follows

()\+1)2_ 2
QP (g
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2) The kernel of the matrix B coincides with the kernel of the Cartan
matriz K and coincides with the space of fixed points of the Cozeter transfor-
mation

ker K =kerB = {z | Cz = z}.

3) The space of fized points of the matrix B coincides with the space of
anti-fixed points of the Cozeter transformation

{z|Bz=2z}={z|Cz=—z}.

For more information about fixed and anti-fixed points of the powers of
the Coxeter transformation, see Appendix C.7.1.

3.2 An application of the Perron-Frobenius theorem

3.2.1 The pair of matrices DD! and D!D (resp. DF and FD)

Remark 3.3. The matrices DD? and DD have certain nice properties.

1) They give us complete information about the eigenvalues of Coxeter
transformations and Cartan matrices. Our results hold for an arbitrary tree
I.

2) The eigenvectors of Coxeter transformations are combinations of eigen-
vectors of the matrix DD! and eigenvectors of the matrix D'D, see §3.3.1,
relations (3.22), (3.23), (3.24).

3) They satisfy the Perron-Frobenius theorem.

More exactly, properties 1)-3) will be considered below in Proposition 3.4,
Proposition 3.6, and in §3.2.2, §3.3.1.

Proposition 3.4. 1) The matrices DD and D'D (resp. DF and FD) have
the same non-zero eigenvalues with equal multiplicities.
2) The eigenvalues ; of the matrices DD and D'D (resp. DF and FD)
are non-negative:
i 2 0.

3) The corresponding eigenvalues Xffé of the Cozeter transformations are
Ao =20 — 1+ 2y/pi(pi — 1). (3.13)

The eigenvalues Ay either lie on the unit circle or are real positive numbers.
It the latter case \Y' and N} are mutually inverse:

APAS =1,
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Proof. 1) If DD'2 = puz, where u # 0, then D'z # 0 and D!D(D!z) =
pu(Dtz). We argue similarly for D*D, DF, F'D. The multiplicities of non-zero
eigenvalues coincide since

r#0, DD'z =pz = D'D(D'z)= pu(D'z), and D'z # 0,
and
y#0, D'Dy=py = DD'(Dy)=p(Dy), and Dy # 0.

Remark 3.5. The multiplicities of the zero eigenvalue are not equal. If DDz =
0 and =z is the eigenvector, x # 0, then it is possible that D'z = 0 and D'z is
not an eigenvector of D!D, see Remark 3.7, 4) below.

2) The matrices DD' and D!*D are symmetric and non-negative definite.
For example,
(DD'z,x) = (D'z,D'z) > 0.

So, if DDz = p;x, then
<DDtx,m> = pi{z,x)

and
(D'x, D'z)
(z,2)

In the multiply-laced case, we deduce from (3.5) that the matrix DF is

> 0.

i =

DF = U AU, A", (3.14)
Let ¢ be a non-zero eigenvalue for DF = Uy AUy A* with eigenvector x:

U AU Az = .
Since U is a positive diagonal matrix, see §2.1.1, we have

(VULAU AU ) (VU1) " 2) = o(\/Ur) e, (3.15)

and ¢ is also a non-zero eigenvalue with eigenvector (v/U;)!a for the matrix
VUL AU> At\/U; which already is symmetric, so ¢ > 0.
3) From (3.13) if 0 < ¢ <1 we deduce that

;2
XS = (20 — 1) +4pi(1— ) =1.

If ¢; > 1, then
2(,0,; —1> 2\/(,07;(Q07; — 1) ot )\fo > 0.

Thus,

AV =20, — 14+ 2v/pi(p; — 1) > 1,

| (3.16)
)\§1:2Q017172 (pl((pzfl)<l O
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The pair of matrices (A, B) is said to be a PF-pair if both matrices A and

B satisfy conditions of the Perron-Frobenius theorem®.

Proposition 3.6. The matriz pair (DD, D'D) (resp. (DF,FD)) is a PF-
pair, i.e.,

1) DD' and D'D (resp. DF and FD) are non-negative;

2) DD and D'D (resp. DF and FD) are indecomposable.

Proof. 1) Indeed, in the simply-laced case, the following relation holds

k
42 a;, byp)(bp,a;) =
p=1

s; the number of edges with a vertex v; if i = j, (3.17)
1 if|’l)7;7’l)j‘:2,
0 if|’l}i—’l)j‘>2.

In the multiply-laced case, we have

X e -

p=

zk: (a“b) —4Zcos{a }oifi=j
=1 (aw%)(bpvb) v 7 (3.18)

4 @i bp) (bp, a)
(a‘“ ai)(bZN b;D)

—

if |Ui —’Uj‘ = 27

0 if|’l)i—’l)j‘>2.

2) Define the distance between two sets of vertices A = {a;}ic; and B =
{bj }je] to be
min |a; — bj|.
%]
If the matrix DD? is decomposable, then the set of vertices {v1, ..., v,} can
be partitioned into two subsets such that distance between these two subsets
is > 2. This contradicts the assumption that I' is connected. 0O

Remark 3.7.1) Eq. (3.17) is a particular case of eq. (3.18), since the angle

T
between the adjacent simple roots a; and b; is —, so cos{a;,b;} = —=. Of

course, the angles and the lengths of vectors are considered in the sense of the
bilinear form (-, ) from §2.1.1.

2) The case |v; —v;| = 2 from eq. (3.18) can be expressed in the following
form:

! The Perron-Frobenius theorem is well known in the matrix theory, see §C.3 and
[MM64], [Ga90].
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_ 4((11‘, bp)(bp7aj) _
(ai, a;)(bp, by) |ai|?|by |

4(ai,bp) (bp7a’j) |aﬂ| — 4|a’]‘

. b - b, L.
aalTopl Tay by Jas] — *Jag] o510 bod costas by}

Fig. 3.1. The star *;+1 with k rays

3) One can easily calculate the matrices DD!, DD, DF, FD by means of
eq. (3.17) and eq. (3.18).

4) Consider a simple star *;1, Fig. 3.1. It is bipartite with respect to the
following bicolored partition. One part of the graph consists of only one vertex
a1, i.e., m = 1, the other one consists of k vertices {by,...,bx}, n = k + 1.
According to (3.17) the 1 x 1 matrix DD? is

DD'=k=n—1,
and the k x k matrix D!*D is

111...1
111...1
D'D=|111...1
111...1

By Proposition 3.4, heading 2) the matrices DD? and D'D have only one
non-zero eigenvalue @1 = n — 1. All the other eigenvalues of D'D are zeros
and the characteristic polynomial of the DD is

" e~ (n—1)).
3.2.2 The Perron-Frobenius theorem applied to DD? and D*D
(resp. DF and FD)

By Proposition 3.6 the pairs (DD?, D'D) (resp. (DF, FD)) are PF-pairs, so
we can apply the Perron-Frobenius theorem, see §C.3.
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Corollary 3.8. The matrices DD and D'D (resp. DF and FD) have a com-
mon simple (i.e., with multiplicity one) positive eigenvalue p1. This eigenvalue
is the largest (called dominant eigenvalue):

0 < wi <e1,
DDtx);
max min ﬂ in the simply-laced case,
x>0 1<i<m X;
$1 = DFz):
max min w in the multiply-laced case.

z>0 1<i<m ZT;

There are positive eigenvectors X1, Y¥* (i.e., non-zero vectors with non-
negative coordinates) corresponding to the eigenvalue i :

DDtX¥t = ¢1X‘/’1, DtDY¥1 = (plywl ,

DFX# =g X#1,  FDY# = Y% . (3:.19)

The matrices DD? (resp. D'D) are symmetric and can be diagonalized in
the some orthonormal basis of the eigenvectors from &r, = R" (resp. &r, =
R¥). The Jordan normal forms of these matrices are shown in Fig. 3.2. The

q)l q)l
®, @,
ng lez
%, P,
®, ®,
0 0
0 0
. v RN K . v A Hrl,_r'
P m-p ? k-p
F 4
DDF DD

Fig. 3.2.  The Jordan normal forms of DD* and D'D

normal forms of DF and F'D are the same, since by (3.14), (3.15) the non-zero
eigenvalues of the matrix DF and symmetric matrix /U, AU> A*+/U; coincide.
However, the normal bases (i.e., bases which consist of eigenvectors) for DF
and F'D are not necessarily orthonormal, since the eigenvectors of DF' are
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obtained from eigenvectors of /Uy AUy A%\/U; by means of the matrix /U
which does not preserve orthogonality.

3.3 The basis of eigenvectors and a theorem on the
Jordan form

3.3.1 An explicit construction of the eigenvectors
Proposition 3.9. Let

X XPr, L X L XY, L X XD, L XD, (3.20)
be all the orthonormal eigenvectors for DD and

0 0
Y9, . YO,

be all the orthonormal eigenvectors for D'D corresponding to the zero eigen-
value. Then

D'X{*, D'X{?, .., D'X{?, . DIXEe, L DX YY), LY, (3.21)

is the set of all orthonormal eigenvectors for DDY.
Bases for DF,FD (not orthonormal) are similarly constructed.

Proof. Indeed, if X% and X%/ are the eigenvectors corresponding to the
¢; and ¢;, then the vectors Y#i = D'X¥" and Y¥/ = D'X¥J are eigenvectors
of D!'D and

(Y9, Y1) = (X%, DD'X#7) = (X%, X#1) = 0.0

Let us construct the eigenvectors for the Coxeter transformation. We set:
Case p; #0,1:

X
Zf’y: 2 5 1S2S57 1§r§t7,7 V:1’2' (322)
’ ————D'X#
YA
Here A% is obtained by eq. (3.13).
Case p; = 1:
X! L/ X
;= , A= , 1<r<t. (3.23)
~D'X! 4\ prx!
Case p; = 0:
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Proposition 3.10 ([SuSt75, SuSt78]).

1) The vectors (3.22), (3.23), (3.24) constitute a basis in Ep over C.

2) The vectors (3.22) are eigenvectors of the Cozeter transformation cor-
responding to the eigenvalue A, :

Czfl, = \2fh,. (3.25)
The wvectors (3.23) are eigenvectors and adjoint vectors of the Coxeter
transformation corresponding to the eigenvalue 1:

Czl==z, cCzl=z+z. (3.26)

T T
The vectors (3.24) are eigenvectors of the Cozeter transformation corre-
sponding to the eigenvalue —1:

C0 =20 C2l =20 (3.27)

Tn Tn? Ye Ye©

In other words, vectors (3.22), (3.23), (3.24) constitute an orthogonal basis
which consists of eigenvectors and adjoint vectors of the Coxeter transfor-
mation. The number of the adjoint vectors Z} is equal to the multiplicity of
etgenvalue p = 1.

Proof. 1) The number of vectors (3.22), (3.23), (3.24) is 2p+(m—p)+ (k—p) =
n and it suffices to prove that these vectors are linearly independent. Let us
write down the condition of linear dependence. It splits into two conditions:
for the X-component and for the Y-component. The linear independence of
vectors (3.22), (3.23), (3.24) follows from the linear independence of vectors
(3.20), (3.21). O

2) To prove relation (3.25), the first relation from (3.26) and relation (3.27),
it suffices to check (3.9). Let us check that

51,1, 51
Cz. =z.+2,.

We consider the multiply-laced case. Making use of (3.4) we see that

C_<4DF—Im 2D>'

—2F —I
Then
1 (4DFX! — X! + 2DFX! 1 5X1
P~ S T T T P T _ 1 =1
C4 =1 ( —2FX! — FX] =7\ spxy ) T A

See Corollary 3.8, eq. (3.19). O
By heading 2) of Proposition 3.2 and eq. (3.23) from Proposition 3.9 we
have

Corollary 3.11. The Jordan normal form of the Coxeter transformation is
diagonal if and only if the Tits form is nondegenerate’. O

! For the Jordan canonical (normal) form, see, for example, [Ga90, Ch.VT] or [Pr94,
Ch.I11].



3.3 The basis of eigenvectors and a theorem on the Jordan form 63
3.3.2 Monotonicity of the dominant eigenvalue

The following proposition is important for calculation of the number of 2 x 2
Jordan blocks in the Jordan normal form of the Coxeter transformation.

Proposition 3.12 ([SuSt75, SuSt78]). Let us add an edge to some tree T’

A
and let T' be the new graph (§2.1.7). Then:
1) The dominant eigenvalue ¢1 may only grow:

A
e1(T) = 1 () .
2) Let T be an extended Dynkin diagram, i.e., B is non-negative definite.
A A A A
Then the spectra of DD'(T') and D'D(T) (resp. DF(T') and FD(T')) do not
contain 1, i.e.,

o) £ 1

A
for all p; are eigenvalues of DD!(T).
3) Let B be indefinite. Then

A
<,01(F) > 1.

Proof. 1) Adding an edge to the vertex a; we see, according to (3.17), that

i i+ 1
only one element of DD? changes: namely, (D D?);; changes from SZ to 2 Z

In the multiply-laced case, (DF);; changes by cos?(a;, bs), where by is the new
vertex incident with the vertex a;. By Corollary 3.8 we have

A
" . (DF(I)2);
= >
Al =nexme, s 2
A
(DF(IT)X?)s . (DFX?),
) > ? —
1gi§nm Xgr = 1glgnm Xgt L
2) The characteristic polynomial of DF (f‘) is

det \DF(f‘) — pul| = det |[DF — pl| + cos*{a;, by} det [A;(1)| , (3.28)

th th

where A;(u) is obtained by deleting the i*" row and i** column from the
matrix DF — pl. It corresponds to the operation “Remove” from the graph

v
I' (§2.1.7), the graph obtained by removing vertex is T, i.e.,
A v
det |DF(T) — pI| = det |DF — pulI| + cos*{a;, bs} det |DF(T) — plI| . (3.29)

v v
According to §2.1.7 the quadratic form B(T") is positive, T is the Dynkin

v
diagram, i.e., ker B = 0. By Proposition 3.2 the Coxeter transformation for T
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v
does not have eigenvalue 1. Then by (3.13) the corresponding matrix DF(T)
does not have eigenvalue 1. Thus, in (3.29), u = 1 is a root of det |DF — pl|

V
and is not a root of det|DF(T") — pl|, and therefore p = 1 is not a root

A
of det |DF(f‘) — pI|. The case cos?*{a;,bs} = 0 is not possible since I is
connected.

3) By 1) adding only one edge to an extended Dynkin diagram we get
A A
©1(T) > 1. By 2) ¢1(T") > ¢1. The form B becomes indefinite after we add

some edges to the extended Dynkin diagram see §2.1.7, 3). So, ¢1 grows, and
p1>1. 0O

Proposition 3.13. The common dominant eigenvalue of DD' and D'D
(resp. DF and FD) is equal to 1 if and only if T is an extended Dynkin
diagram.

Proof. 1) Let T" be an extended Dynkin diagram, then B is non-negative defi-
nite. Since ker B # 0, we see by Proposition 3.2 that the eigenvalue ¢ is the
eigenvalue of the matrices DF and FD. By (3.16) we have A\{* > 1. Further,
since the Weyl group preserves the quadratic form B, we have

B(z#') = B(Cz?") = (A\{1)2B(Cz#).

Therefore, either AY' = 1, i.e., p1 = 1, or B(2¥*) = 0. We will show that in
the latter case 1 = 1, too. By Proposition 3.9 the vectors X¥* and FX¥! have
real coordinates. By (3.16) the eigenvalue A" is also real because ¢1 > 1. So,
the vector z#* from (3.23) is real. Then from B(z¥') = 0 we have z#* € ker B
and again, A" = 1.

2) Conversely, let AY* = 1. Then, by Proposition 3.2, kerB # 0, i.e.,
the form B is degenerate. Let us find whether B is non-negative definite or
indefinite. By heading 3) of Proposition 3.12 if B is indefinite, then A{' > 1.
Thus, B is non-negative definite and I' is an extended Dynkin diagram. O

Corollary 3.14. Let B be non-negative definite, i.e., let I' be an extended
Dynkin diagram. Then

1) The kernel of the quadratic form B is one-dimensional.

2) The vector z¥* € ker B can be chosen so that all its coordinates are
positive.

Proof. 1) ¢y is a simple eigenvalue of DD and D!*D (see Corollary 3.8).

2) X¥1 is a positive vector (Corollary 3.8), D!X¥#! is a negative vector since
D! is a nonpositive matrix (3.3). So, the vector 2! from (3.23) is positive.
O

The monotonicity of the dominant value ¢; and the corresponding maxi-
mal eigenvalue A\?' of the Coxeter transformation is clearly demonstrated for
the diagrams T3 3., 13.3,r, 12,4,r, see Propositions 4.16, 4.17, 4.19 and Tables
4.4, 4.5, 4.6 in §4.4.
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3.3.3 A theorem on the Jordan form

Now we can summarize.

Theorem 3.15 ([SuSt75, SuSt78, St85]). 1) The Jordan form of the Coz-
eter transformation is diagonal if and only if the Tits form is non-degenerate.

2) If B is non-negative definite (I is an extended Dynkin diagram), then
the Jordan form of the Coxeter transformation contains one 2 x 2 Jordan
block. The remaining Jordan blocks are 1 x 1. All eigenvalues X\; lie on the
unit circle.

3) If B is indefinite and degenerate, then the number of 2 x 2 Jordan blocks
coincides with dimker B. The remaining Jordan blocks are 1 x 1. There is a
simple mazimal eigenvalue \Y' and a simple minimal eigenvalue \y*, and

AP >1, A< L

11 P,
1 A
1
A Ay
3'4‘ 11
. 1
?" 2p-1
A 11
2p 1
_] ﬁ’_) _l
-1 2dim EetB -
1
.\ v rl I} .\ v ) . r
2p n-2p Zp n - 2p
B z0 E is indefinite and degenerate
Fig. 3.3.  The Jordan normal form of the Coxeter transformation

Ezample 3.16 (V. Kolmykov). The example shows that there is a graph I" with
indefinite and degenerate quadratic form B such that dim ker B is an arbitrar-
ily number (see Fig. 3.4) and the Coxeter transformation has an arbitrarily
number of 2 x 2 Jordan blocks. Consider n copies of the extended Dynkin
diagram D, with centers by, ..., b, and marked vertices ay, ..., a,,. We add new
vertex b,41 and connect it with marked vertices a; for i = 1,2...,n. The new
graph is bipartite: one part consists of the vertices by, ..., b,, b, +1; the matrix
D'D is of size (n + 1) x (n+ 1) and has the form
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N\
e

a

—

\0/
/ {2 b+

o
=]

Fig. 3.4. A graph T such that dimker B is an arbitrarily number

nlll...11
1400...00
1040...00

4D'D=11004...00
1000...40
1000...04
It is easy to show that

[4D'D — pl| = (n — p)(4 — )" —n(d—p)"~".

Thus, ¢; = % =1 is of multiplicity n — 1.

In Proposition 4.11 of §4.3 we will see more examples of graphs I'(n) ob-
tained by gluing n copies of some graph I'. By this proposition every eigenvalue
A of T' is also an eigenvalue of I'(n) and the multiplicity of this eigenvalue for
the graph I'(n) is (n — 1) X m, where m is the multiplicity of this eigenvalue
in T
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Eigenvalues, splitting formulas and diagrams
Tp,q,r

... most of the fundamental results about simple
Lie algebras, which were discovered by Killing are
usually attributed to E. Cartan. This, despite the
meticulousness with which Cartan noted his
indebtedness to Killing. In Cartan’s thesis there
are 28 references to Lie and 60 to Killing!

A. J. Coleman, [Col89, p.447], 1989.

4.1 The eigenvalues of the affine Coxeter transformation
are roots of unity

The Coxeter transformation corresponding to the extended Dynkin di-
agram, i.e., corresponding to affine Kac-Moody algebra is called the affine
Coxeter transformation'.

Theorem 4.1 ([SuSt79], [St82a], [St85]). The eigenvalues of the affine
Cozxeter transformation are roots of unity. The proper eigenvalues are collected
in Table 4.1.

Proof. The eigenvalues for all cases of extended Dynkin diagrams are easily
calculated by means of the generalized R. Steinberg theorem (Theorem 5.5)
and Table 1.2. See Remark 4.2. O

Remark 4.2. According to generalized R. Steinberg’s theorem (Theorem 5.5)
orders (not always different) of eigenvalues (Table 4.1, col. 3) coincide with
lengths of branches of the corresponding Dynkin diagram. If g is the class

! For more details on the affine Weyl group and the affine Coxeter transformation,
see Ch.6.
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number (5.14) of the extended Dynkin diagram, the number of branches of
the corresponding Dynkin diagram is 3 — g. For ¢ = 0, we have a simply-
laced case of the extended Dynkin diagrams, i.e., Eg, Fr, Eg, D (n>4). In
this case the number of branches is 3 . For g = 1, we have extended Dynkin
diagrams Fy1, Fy2, CDyp, CDy, there exists two groups of eigenvalues, see
(5.15). For g = 2, we have extended Dynkin diagrams Ga1, Goz, B, Cy,, BC),
and there exists only one group of eigenvalues. For g = 3, we have extended
Dynkin diagrams Aq1, A2, in this case there is only one trivial eigenvalues 1.

Remark 4.3. Let H be the hyperplane orthogonal to the adjoint vector z! from
Proposition 3.10. The vector Z! is responsible for a 2 x 2 block in the Jordan
form of the affine Coxeter transformation. Due to the presence of a 2 x 2 block,
the affine Coxeter transformation is of infinite order in the Weyl group. The
restriction of the Coxeter transformation to the hyperplane H is, however, of
a finite order h,. We call this number the affine Cozeter number. The affine
Coxeter number h,, is the least common multiple of orders of eigenvalues (# 1)
of the affine Coxeter transformation (Table 4.1). We denote by h the Cozeter
number of a given Dynkin diagram. The value A—1 is the sum of coordinates of
the highest root [ of the corresponding root system, see (1.2). The imaginary
vector z! depicted in Fig. 2.6 coincides with the highest root 3 extended to
the vector with 1 at the additional vertex, the one that extends the Dynkin
diagram to the extended Dynkin diagram. Thus,

h=mny+---+n (4.1)

where n; are coordinates of the imaginary vector from Fig. 2.6. Similarly to
(4.1), the dual Coxeter number is defined as

Y =n{ +---+n), (4.2)

where {ny,...,n)} are coordinates of the imaginary vector h¥ of the dual
Dynkin diagram, see Fig. 2.6. For values of the dual Coxeter numbers, see
Table 4.2.
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)\n+1 =-1

Table 4.1. The eigenvalues of affine Coxeter transformations
Diagram Eigenvalues A Orders of Affine Coxeter
eigenvalues’ number h, ?
)\},2 = 17
EG )\%72 = )\?’2 = €i2ﬂi/3, 3, 3 6
Ar=—1 2
)‘%,2 = 17
_ A2, = 2mi/3, 3
Er b2 , 12
)‘?,2 — eiﬂ'l/2’ 4
Arg=—1 2
)\%,2 = 17
E A%,2 — eiZ‘/r'L/Zi7 3 30
8 A, = eF2mi/5, A, = eFAmi/5 5
A =—1 2
)‘},2 = 17 f k
~ ) n — 2 for n = 2k;
Dyn X2 =ge2m/(n=2) g =12 .. .n—3, n—2
2(n—2) forn =2k +1
An = Apg1 = — 2,2
~ o~ Ao,=1,
G, G v 2
Az =—1 2
)‘%,2 = 17
Fu1, Fao A, =23, 3 6
Az =—1 2
211,212 /\%,2 =1 1 1
§n7 an )\},2 =1,
N ) n
BC,, A= =12 . n—1 n
—_— )‘%,2 = 17
CD., _ n—1 for n =2k —1;
S /) g 19 p—2| n-1
DD, 2(n —1) for n =2k
2

! See Remark 4.2.
2 See Remark 4.3.
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Table 4.2. The Coxeter numbers and affine Coxeter numbers

Extended Notation in Affine Dual 2
Dynkin context of twisted Coxeter Coxeter | Coxeter
Diagram |affine Lie algebra ! number h, number h|number b
Es EV 6 12 12
E; EY 12 18 18
Eg EY 30 30 30
D DY nozlorn =2k oy | a1
2(n—2) forn =2k +1
An AR 1 3 3
A AL 1 2 2
BC, A(Qi) n 2n+1 2n+1
Gao = GY, a 2 6
Gor = GY, DY 2 6
Fu = FY, FY 6 12 [9]
Fu = FY E®? 6 [9] 12
En = ETVL C’,(Ll) n 2n ’n—Jrl‘
B, = CY fo}l n ’n——l—l‘ 2n

—— — n—1 for n =2k —1;
CD, = DD, BY o
2(n—1) for n = 2k

n —1for n =2k —1;

Db, = DL A%, o

2(n—1) for n =2k

Remark 4.4. For the first time, the notation of twisted affine Lie algebras from
Table 4.2, col. 2 appeared in [Kac69] in the description of finite order automor-
phisms; see also [Kac80], [GorOnVi94, p.123], [OnVi90], [Kac93]. The upper
index 7 in the notation of twisted affine Lie algebras has an invariant sense: it
is the order of the diagram automorphism p of g, where g is a complex simple
finite dimensional Lie algebra of type Xy = Ao, Aoj—1, Diy1, Ee, D4, [Kac93,
Th.8.3].

! See Remark 4.4.
2 For emphasis and to distinguish h from k", we put the value min(h, k") in a box

if h#hY.
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The affine Lie algebra associated to a generalized Cartan matrix of type
Xl(l) is called a non-twisted affine Lie algebra, [Kac93, Ch.7].

The affine Lie algebras associated to a generalized Cartan matrix of type
Xl(g) and Xl(?’) are called twisted affine Lie algebras. [Kac93, Ch.§].

The corresponding Z/rZ-gradings of g = g(Xy) are (here i € Z/rZ):

g=g5+97 for r = 2,
g=gytortgy forr=3,

see [Kac93, 8.3.1, 8.3.2], [GorOnVi%4, Ch.3, §3]

Proposition 4.5. ([Kac93, exs.6.3]) Let A be a Cartan matriz of type X(T)
from Table 4.2, col. 2, letl = rank of A, and let h be the Coxeter number. Let
A be the finite root system of type X . Then

rlh = |A|.

Proof. For r = 1, we have H. S. M. Coxeter’s proposition (1.1), §1.1. We
consider only the remaining cases:

AP, AP =2), AD 1>3), DP1>2), EP DY

(see Table 4 2, col. 5).

(a) Ay”, r=2;rank I =1; h = 3; Xy = As, |A(A2)| = 6, see [Bo, Tab.I].

(b) Agi), r=2;rankl =n; h=2n+1, Xy = Aop, |A(Aay)| = 2n(2n+1),
see [Bo, Tab.I].

(¢) Aéi) 1, r=2rankl =n; h=2n—1; Xy = Aon_1, |[A(A2n—1)| =
2n(2n — 1), see [Bo, Tab.I].

(d) DY)y, r =2 rank L = m h = n+1, Xy = Dnsr, [A(Dpir)| =

2n(n + 1), see [Bo, Tab.IV].

(e)]Et(f)7 r=2rank ] = 4; h =9, Xy = Fs, |A(Fs)| = 72, see [Bo,
Tab.V].

(f) }Df’), r=3rank | = 2; h = 4, Xy = Dy, |A(Dy)| = 24, see [Bo,
Tab.IV].

Cases (a)-(f) are collected in Table 4.3. 0O

4.2 Bibliographical notes on the spectrum of the
Coxeter transformation

The eigenvalues of affine Coxeter transformations were also calculated by
S. Berman, Y.S. Lee and R. Moody in [BLM89]. Theorem 3.15 was also proved
by N. A’Campo [A’C76] and R. Howlett [How82].

Natural difficulties in the study of Cartan matrices and Coxeter transfor-
mations for the graphs containing cycles are connected with the following two
facts:
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Table 4.3. The Kac relation rlh = |A| for r = 2,3, Proposition 4.5.

Extended|Index|Rank of|Coxeter| Root ||A] = |A(XnN)|
Dynkin | r A |number|System
Diagram h XN
AR 2 1 3 Ay 6
Aéi) 2 n 2n+ 1| Aan 2n(2n +1)
AP 2 | n |2n—1|Asm | 20(2n-1)
DE, | 2 n |2n+1| Dny1 | 2n(2n+1)
E& | 2 9 | Es 72
p® | 3| 2 1 | Dy 24

1) these graphs have non-symmetrizable Cartan matrices,
2) in general, there are several conjugacy classes of the Coxeter transfor-
mation.

We distinguish several works related to the Coxeter transformation for the
graphs with cycles: C. M. Ringel [Rin94], A. J. Coleman [Col89], Shi Jian-yi
[Shi00], Menshikh and Subbotin [MeSu82], [Men85], Boldt and Takane [BT97].

For generalized Cartan matrices (see §2.1.1), i.e., for graphs with cycles,
C. M. Ringel [Rin94] showed that the spectral radius p(C) of the Coxeter
transformation lies outside the unit circle, and is an eigenvalue of multiplicity
one. This result generalizes Theorem 3.15, 3), proved in [SuSt75, SuSt78, St85]
only for trees. The spectral radius p(C) is used by V. Dlab and C. M. Ringel
to determine the Gelfand-Kirillov dimension of the preprojective algebras,
[DR81].

A. J. Coleman [Col89] computed characteristic polynomials for the Cox-
eter transformation for all extended Dynkin diagrams, including the case with
cycles A,,. He baptized these polynomials Killing polynomials, (see the epi-

graph to this chapter). Coleman also shows that A, has g spectral conjugacy

classes.
V. Dlab and P. Lakatos [DL03] gave a number of upper bounds of the
spectral radius p(C). For an arbitrary tree:

p(C) < 4d — 6,

where d is the maximal branching degree. For a wild tree with two branching
vertices which are not neighbors:

p(C) < d.
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P. Lakatos [Lak99a] showed that the Coxeter polynomial of a wild star has
exactly two real roots and one irreducible non-cyclotomic factor.

Definition 4.6. The valued trees I'; and I'y are called quasi-cospectral if they
have the same non-cyclotomic irreducible factor of their Coxeter polynomials.

Ezample 4.7. The wild star #p, . ., (consisting of r arms of length m) and
the wild star #,,_1,1...1 (consisting of r arms of length 1 and one arm of the
length m — 1) are quasi-cospectral. For this and similar results concerning
quasi-cospectral trees, see [Lak99b, Prop 2.5].

V. V. Menshikh and V. F. Subbotin in [MeSu82], and V. V. Menshikh
in [Men85] established a connection between an orientation € of the graph
I' and spectral classes of conjugacy of the Coxeter transformation. For any
orientation 2 of a given graph I' containing several cycles, they consider an
invariant Rg equal to the number of arrows directed in a clockwise direction.
For any graph I' containing disjoint cycles, they show that Rq, = Rgq, if and
only if orientations €2; and €2 can be obtained from each other by applying
a sink-admissible or a source-admissible sequence of reflections o;, see §2.2.6,
ie.,

RQl = RQ2 — Ql = 04, ---0i,04; (Qg)

for any sink-admissible or source-admissible sequence i1, i9, ..., i,. Menshikh
and Subbotin also showed that two Coxeter transformations Cgq, and Cq,
are conjugate if and only if Ro, = Rq,. The number Rq is called the index
of the conjugacy class of the Coxeter transformation. Menshikh and Subbotin
also calculated the characteristic polynomial of the Coxeter transformation
for every class equivalent to €2 for the extended Dynkin diagram A,; this
polynomial is

det |C — M| = AL — \noktl kg (4.3)

where k = Rg is the index of the conjuagacy class of the Coxeter transforma-
tion.

Shi Jian-yi [Shi00] considers conjugacy relation on Coxeter transformations
for the case where I' is just a cycle. Different equivalence relations on Coxeter
transformations are considered in more difficult cases. In [Shi00], Shi also
obtained an explicit formula (4.3).

A graph I is called unicyclic if it contains precisely one cycle of type A,
Boldt and Takane showed in [Bol96], [BT97] how the characteristic polynomial
of the Coxeter transformation for the unicyclic graph I' can be reduced to the
characteristic polynomial of the cycle. They also arrive at the explicit formula
(4.3).
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4.3 Splitting and gluing formulas for the characteristic
polynomial

The purpose of this section is to prove the Subbotin-Sumin splitting along the
edge formula for the characteristic polynomial of the Coxeter transformation
[SuSum82], to prove its generalization for the multiply-laced case and to get
some of its corollaries that will be used in the following sections.

Let us consider a characteristic polynomial of the Coxeter transformation

X(T,\) = det [T — Al

for the graph I with a splitting edge. Recall that an edge [ is said to be splitting
if by deleting it we split the graph I' into two graphs I'y and I's, see Fig. 4.1.

l(—l_'l"m. —:J-:

| 1'1 et T

-
=

Fig. 4.1. A split graph T’

Proposition 4.8 ([SuSum82]). For a given graph T' with a splitting edge ,
we have

X, A) = X(T1, A)X (T2, A) = AX T\, )X (T2\ B, A), (4.4)
where o and B are the endpoints of the deleted edge .
Proof. We select a basis in & such that

gl" - gl_‘l Ugrgﬂ
gFl = {ala ~--;am}7 am = &, dimgrl =m
&, = {brsbr}, b= f, dimér, =k,
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and a Coxeter transformation C such that

C = wr,wWr,, Wr, =0q,,--0aq;y, Wry = O0p;...0p,, .

An ordering of reflections o,, (resp. 0p,) in wr, (resp. wr, ) is selected so that
Oa,, (resp. op,) is the last to be executed. Then the reflections o,, (i # m)
(resp. o, (j # 1)) do not act on the coordinates b; (resp. a;). Only o,,, acts
on the coordinate b; and o3, acts on the coordinate a,,. We have

CFI 6amb1 }m
wr, = 0q,,--0a; = ,
0 I ) Yk

I 0 tm
Wry, = 0py---Op;,, = 5
6b1a7n CFz }k

where Cr, (resp. Cr,) is the Coxeter transformation for the graph I'; (resp.
I'y) and d,,,5, (resp. 0p,q,, ) means the matrix with zeros everywhere except 1
in the (a;,b1)th (resp. (bya,,)th) slot.

Then we have

(4.5)

Cr, +%amam  9amb, Cry
C = Wr,wr, = ’

6b1am CFz

Cr, + 5amam - A 5aanICF2
det |C — M| = 5, Cr — L]
1am 2

Here, dq4,,5, Cr, is the bist line (the first line in Cr, for the selected basis) of
the matrix Cr, and we subtract now this line from the line a,,. Then

Cr, -\ Ada,, by

det|/C-M|=| o oy
or
00...0
00...0
Cr, — A
00...0
AO...0
det|C—A|= |, (4.7)
0...00
Cr, — A
0...00
0...00
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Let us expand the determinant det |C — AI| in eq. (4.7) with respect to the
minors corresponding to the line b; (the line containing A in the column by,
which is the next after a,,). We see that

det |C — M| = det |Cr, — M| det |Cp, — M| + (—1)¢m @t VAR (4.8)

where R is the determinant shown on the Fig. 4.2. Expanding the determinant
R we get the Subbotin-Sumin formula (4.4). O

m-1

C - lI * O
1"1&(:. m-1

k-1

k-1

Fig. 4.2. The asterisks mark the deleted line a., and column b,

Now we will extend the Subbotin-Sumin formula to the multiply-laced case
where the endpoints « and 3 correspond to simple roots of different lengths.
In this case, eq. (4.4) is modified to eq. (4.9).

Proposition 4.9. For a given graph I' with a splitting weighted edge | corre-
sponding to roots with different lengths, we have

X(I,A) = X1, A)&X (T2, A) = pAX T\, A) X (T2\5, A), (4.9)

where « and 3 are the endpoints of the deleted edge I, and p is the following
factor:

p = kaﬁkﬁaa

where k;; is an element of the Cartan matriz (2.4).
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Proof. Eq. (4.5) is modified to the following

CFl kﬂ'm,bl 5a7n,b1 I 0
wry, = ) Wr, =
0 I kb1am 6b1am Cl—‘z

and eq. (4.6) is modified as follows

( CFI + kambl kbl Am 5ama7n ka'mbl 6arnb1 CF2 >
C= .

kbla'm 6b1a7n CF2

7

Multiply the line b; by k., 5, and subtract this product from the line a,,, then

we obtain

CFI + kambl kblamu(sam,arn - )\I kambl 6amb1 CF2

det ‘CiAI| - kbla'm 6b1a1n CFZ - )\I

Cpl — )\I kambl )\(Sambl Cpl — )\I p)\éambl
kbvia, Obia,,  Cry,—M |~ | b, Cr, — M

Further, as in Proposition 4.8, we obtain (4.9). O

(4.10)

Corollary 4.10. Let I's in Proposition 4.9 be a component containing a single

point. Then, the following formula holds
X, A) = =(A+ DX (1, A) — pAX (Ti\a, ),

Proof. Relation (4.5) is modified to the following

0
0
wr, = CFI 0 )
p
0 1 H

1 0 tm
wF2 = K
00...1 -1/ }1

and (4.10) is modified to

(4.11)
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0
0
C — CFl + p(sam,arn .(.). ,
—p
00...1 -1
0 0
0 0
Cr, + Pdapan,, — AL " Cr, -\
det |C — M| = 0 | = 0
—p PA
00...1 —1-\ 00...1 =1—2X\

Further, as in Proposition 4.8, we obtain (4.11). O
The next proposition follows from eq. (4.4) and allows one to calculate the
spectrum of the graph I'(n) obtained by gluing n copies of the graph I'.

Proposition 4.11 ([SuSum82], [KMSS83], [KMSS83a]). Let *, be a
star with n rays coming from a vertex. Let T'(n) be the graph obtained from
xn by gluing n copies of the graph T to the endpoints of its rays . Then

X(D(n),X) = X(L,0)" o1V,

where
on(A) =X(T + B,A) — nAX(T\q, N).

Proof. By splitting along the edge [ (4.4) we get, for n = 2, (Fig. 4.3)

X(T(2),\) =X (T, V)X(T + B,A) — AX(T\av, ) X(T, \) =
X(T, ) (X(T + B,A) — AX(T\a, ) = X (T, \r (N).

Let the proposition be true for n = r and
X(L(r), ) = X([T,N)" o1 (V).
Then, for n = r + 1, we have

XT(r+1),A) =XT,NX(I(r),A) = AX(T\a, \)(X (T, A)" =
X(T, X, A o1 (V) = AX(T\a, N (T, ) =
X(Fa /\)T(Sor—l(A) - AX(F\(L A)) = X(F7 A)TSDT<>‘) o

The following proposition is due to V. Kolmykov. For the case A = 1, it is
formulated in [Kac93, Ch.4, exs.4.12].
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p

')

Fig. 4.3.  Splitting along the edge ! of the graph I'(2).
Here, the graph I'(2) is obtained by gluing two copies of the graph I'.

Proposition 4.12. If the spectrum of the Coxeter transformations for graphs
I'y and I's contains the eigenvalue X, then this eigenvalue is also the eigenvalue
of the Cozeter transformation for the graph I' obtained by gluing as described
in Proposition 4.11.

Proof. By splitting along the edge [ (4.4) we get
X1+ B+T2,A) =
X(Fh A)‘X‘(FQ + 57 )‘) - )\X(F\a7 )‘)X(FQa )‘>7

see Fig. 4.4. Tf X(T1, \)|x=x, = 0 and X (s, A)[a=z, = 0,
then also X (T, A)[x=», = 0. O

=1 +p8+1L
Fig. 4.4.  Splitting along the edge I, I'1 # I’y

Let X(A,,) be the characteristic polynomial of the Coxeter transformation
for the Dynkin diagram A,,. Then, from the recurrence formula (4.11), we
have
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X(A)=—(A+1),
X(A2) =A* + A +1,
_ 3 2
X(Ag)=— (M + A2+ A+1), (412)
X(AD) =M N N2 A+,

X(An) =~ A+ DX (A1) — AX(Aps), n>2.

Remark 4.13. Since the characteristic polynomial can be chosen up to a factor,
we prefer to consider the polynomial

X = (-1)"X(An)

as the characteristic polynomial of the Coxeter transformation of A,,, thus the
leading coefficient is positive. Pay attention that the sign (—1)" for diagrams
with n vertices should be taken into account only in recurrent calculations
using eq. (4.11) (cf. with calculation for D,, and D4 below).

Remark 4.14. 1) J. S. Frame in [Fr51, p.784] obtained that
X(Amgn) = X(Ap)X(An) = AX(Ap—1) X (An—1), (4.13)

which easily follows from eq. (4.4). Another Frame formula will be proved in
Proposition 5.2.
2) S. M. Gussein-Zade in [Gu76] obtained the formula

X(Ap) =—(A+1)X 1 — AX,_o,
for the characteristic polynomial of the classical monodromy, see (4.12).

From (4.12) for n > 0, we see that X, is the cyclotomic polynomial whose
roots are the primitive (n + 1)th roots of unity:

)\”“ 1
X, Zx : (4.14)

4.4 Formulas of the characteristic polynomials for the
diagrams T, .,

We give here explicit formulas of characteristic polynomials of the Coxeter
transformations for the three classes of diagrams: 15 3 ,, 15 35, and 15 4 ., S€€
§2.1.8, Fig. 2.1.
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4.4.1 The diagrams T3 3

The case Ty 3,, where 7 > 2, includes diagrams Ds, Eg, F7, Es, E‘g, FEp.
Since Dy =T 39 = E5 and Eg = T5 36 = Ey, we call these diagrams the E,,-
series, where n = r + 3. In Table 1.1 and Table 1.2 we see that characteristic

polynomials of Fg, FE7, Eg, Eg constitute a series, and this series can be
continued, see (4.15) and Table 4.4.

Remark 4.15. C. McMullen observed in [McMO02] that the spectral radius p(C)
of the Coxeter transformation for all graphs with indefinite Tits form attains
its minimum when the diagram is 75 57 = E19, see Fig. 4.5, [Hir02], [McM02],
and §2.1.8 about hyperbolic Dynkin diagrams. McMullen showed that p(C) is
the so-called Lehmer’s number,

ALehmer == 1.176281... , see Table 4.4.
For details and definitions, see §C.2.
Lehmer’s number is a root of the polynomial
1—1—36—373—x4—x5—x6—x7+x9—|—x10,

see [Hir02], [McMO02].

Ly o 2 o 11 1 T 1

Eyp

Fig. 4.5. The spectral radius attains its minimum on the graph Ei¢

Proposition 4.16. The characteristic polynomials of Cozeter transforma-
tions for the diagrams Ts 3., are as follows:

n—3
X(Tosn-s) =X(En) = A"+ A1 =D N4 A+ 1, (4.15)
=3

n

where X(E,,) is given up to sign (—1)", see Remark 4.13. In other words,

AP A1)+ (AP A2 -1

X(T273,n—3) = X(En) P

. (4.16)

The spectral radius p(Ta,3,,—3) converges to the mazimal 100t ppqy of the
equation
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Mox-1=0, (4.17)

23
Prmaz = \/ ) = 0 \/ - \/ 10 ~ 1.324717... (4.18)

Proof. Use induction and (4.11). We have

and

(C1)" 2R (B 2) = —(A+ D)X (By 1) — A(—1)"X(E,) =
(—1) 2+ DX (Bnr) — MY(E,)]
Thus,
X(Bpy2) = (A4 DX (Bnir) = AX(Ep) = MX(Byr — X(Ep)) + X (Fnp).
By the induction hypothesis, (4.15) yields
MX(Bpg1 — X(Ep)) = "2 =\ =\

and
n—2 )
X(Epy) = A2 =X = AL AL A - N O A1) =
i=3
n—1 )
>\n+2+>\n+liz)\z+>\+17
i=3

and hence (4.15) is proved. Further,

n— ; ; )\nS )\n727)\3
ZA ASZA A3 — =5

and

A2 _ )3
X(E,) =A"+ A1 — — 7 tAfTl=
D e e i et U
A—1 B
A28 = A =1)+ (A + 22 —-1)
A—1 '
This proves (4.16). For A > 1, the characteristic polynomial X (E,,) converges
to

APTZA3 — X —1)
A—1
We will prove! in §4.4.4 that the spectral radius p,,., converges to the max-

imal root of equation (4.17). For the results of calculations related to the
Proposition 4.16, see Table 4.4. O

1 See Proposition 4.22, Corollary 4.24, Table 4.7.
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Table 4.4. The characteristic polynomials for 75 3

To3,r Characteristic Maximal
and its polynomial eigenvalue
well-known outside the

name unit circle

(2,3,2) N4+ +A+1 —
Ds

(2,3,3) NN N+ —
Es

(2,3,4) PUIRED LD S LR N W R | —
Er

(2,3,5) PUEED LD LD D Ly | —
Ex

(2,3,6) PRRED LD N LD Ly L W | -

Eg

(2,3,7) PRLIEED LD YD LD L L) L S W | 1.176281...

(2,3,8) AP0 A8 AT XS NS X A3 A+ [1.230391...

(2,3,9) (AN X% AB AT A8 A% At - N3 4 N+ 1/1.261231...
Eio

(2,3,10) PR R D D L 1.280638...
Ei3 ESNED D L C Ry Wiy |
1.324717...
n—27y3 _y 3 2
(2.3.m) APT2(N3 = A )\11—11—()\ +A2-1) as

E, n — oo
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4.4.2 The diagrams T3 3,

The case T3 3,, where r > 2, includes diagrams Eg and Eg, and so we call
these diagrams the Fs ,,-series, where n = r —2. Thus, Fg = T3 30 = Fg0 and
E¢ = T533 = Fg,1. In Table 1.1 and Table 1.2 we see that the characteristic

polynomials of Eg, E6 constitute a series, and this series can be continued, see
(4.19) and Table 4.5.

Proposition 4.17. The characteristic polynomials of Cozeter transforma-
tions for the diagrams T3 3, with n > 3 are calculated as follows:

X(Ts3n) = X(Bop_2) = X" XT3 2Xm 133 "N —2\3 4 A+1, (4.19)
i=4

n

where X (Eg.,) s given up to sign (—1)", see Remark 4.13. In other words,

X(T33n) =X (Een—2) =
AL = A2 — 20 — 1) + (AT 4203 + 22 - 1)

A—1
AN HXFDATE A2 = A = 1) + (A2 + A= 1)]
A—1 '

The spectral radius p(T33,,) converges to the maximal root Py of the
equation
M —A—1=0, (4.20)

and

1
Pmaz = \/52+ ~ 1.618034... .

Remark 4.18. For n = 3, the sum Z A’ in (4.19) disappears and we have
i=4

X(Ts33) = X(Es1) = X(Ee) =
NN - 2Xt 2N A+ 1= (F 1)+ 1),

Proof. As above in (4.15), we use induction and (4.11). So, by (4.11) we
have

X(Eont2) = (A + )X (Eent1) — AX (Eon) =

MX(Bgni1) — X (Eon)) + X(Eoni1). (4.21)

By the induction hypothesis and (4.19) we have
MX(Bopt1) — X(Epp)) = A" - AmH6 _g)nt5 _ \n+d

and
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Table 4.5. The characteristic polynomials for 73 3

T3,3,r Characteristic Maximal
and its polynomial eigenvalue
well-known outside the
name unit circle
(3,3,2) DD D M D | -
Es
(3,3,3) AN 42520t — 223 A +1 -
Es
(3,3,4) A EAT 20 =3\ —2X3 A+ 1 1.401268...
FEs 2
(3,3,5) A8 20 —3X° -3t —2X3 A+ 1 1.506136...
Fs 3
(3,3,6) MO — 22T =300 —30° —3x* —2X3 A+ 1 1.556030...
FEg.a

(3,3,7) [AM 4N —2X8 — 307 — 305 —3)\5 — 3% — 203 4 X\ +1|1.582347...
FEs 5

(3,3,8) A2 AT 2% — 308 —3)7 1.597005...
Eos —3A0 —3A° =3t —2X% LA 41
1.618034...
2 n+l/y2 _ y 2 _
(3.3.m) A2+ 2+ 1) (A/\_Al D+ W +A-1)] s

E6.n—2 n — 00
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X (Eont2) =
>\n+8 o /\n+6 o 2)\n+5 o )\n+4_|_

n+3

()\n+7+/\n+6_2>\n+4_3z/\i_2)\3+/\+1) -
=4
n+4

ATFE 4 NPT A™ES — 3N N 20T A 4 1
=4

this proves (4.19). Further,

X(Ty ) =A""H 4 A2 2\ 33 "N — 2N 4 A 41 =

i=4
n+1 )
)\n+4+>\n+3+)\n+1_3ZA1+>\3+)\+1:
i=3
ntly3 | 12 AT -1 3
ATTEN AT 4+ 1) — 3A ﬁ—’—)‘ + A+ 1,
ie.,
AT = X2 4 X —1) = 3N P2 4303 4+ (A = A3+ A2 — 1
(T ) =2 ) ( )

A—1

AL = A2 —2X — 1) + (AT + 203 + A2 - 1)
A—1 '
For A > 1, the characteristic polynomial X (753 ,) converges to
AT — A2 —2) — 1) B A2 = A= 1) (A2 + A+ 1)
A—1 B A—1

We will prove! in §4.4.4 that the spectral radius p,,q. converges to the maxi-
mal root of the equation (4.20). For the results of calculations related to the

Proposition 4.17, see Table 4.5. O

4.4.3 The diagrams T3 4,

The case T5 4., where r > 2, includes diagrams Dg, Fr, E7 and we call these
diagrams the F7 ,-series, where n = r — 3. Thus, Dg = To42 = E7 _1,
Er; =T543 = Ery, E7 =1T544 = E7 ;. In Table 1.1 and Table 1.2 we see that
characteristic polynomials of F7, E’7 constitute a series, and this series can be

continued, see (4.22) and Table 4.6.

1 See Proposition 4.22, Corollary 4.24, Table 4.7.
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Proposition 4.19. The characteristic polynomials of Cozeter transforma-
tions for diagrams 15 4.5, where n > 3, are calculated as follows:

X(Toun) = X(Brpog) = A"H 4 X3 A9 3 "N N 4 A+ 1, (4.22)

i=4
where X (Er7.,) is given up to sign (—1)", see Remark 4.13. In other words

AT =2 A — D)+ (M 4+ X8+ -1
X(Toapn) =X(E7p-3) = ( )+ ( )=

A—1
A+ DA = A2 = 1)+ (A + A —1))
-1 ‘

The spectral radius p(Ta,4,n) converges to the mazimal root pmq, of the equa-
tion
NN\ —1=0, (4.23)

1 3/ 58 /31 3/ 58 /31
max — o oy — — — =14 1....
P 3 + \/108 * 108 + \/108 108 6557

Remark 4.20. For n = 3, the sum Z A\ disappears from (4.22) and we have
i=4
X(Tz43) = X(Erp0) = X(E7) =
AN M =B A+ 1= =)W = 1D)(A+1).

and

Proof. Use induction and (4.11). As above in (4.21), we have

X(E7p42) =
(>‘ + 1)X(E7,n+1) - )‘X(E7,n) =
MX(E7n41) = X(E7n)) + X (E7n41).
By the induction hypothesis and (4.22) we have
/\(‘X(E7,n+l) - X(E7,n)) = /\n+9 - )\n+7 — /\n+6 — )\n+5’
and we see that
X(Erny2) =
A9 _ \ntT _ \nt6 _ \n+5

n+4
F A AT A 2NN A A4 ) =
i=4
n+5
APFO 4 NS A 2N A AF A+ 1
1=4
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this proves (4.22). Further,

X(Tpyp) =A"T4 4 A3 \ntl 9 Z NN HaA+1=
=4
n+1 )
()\n+4+>\n+3+)\n+1) _22)\1 + ()\3+>\+1) —
1=3

AB(Am—1 — 1)

AP O3 £ A2+ 1)—2
WX +1) A1

+ (N +A+1) =

AP = A2 A= 1) =222 1 2X3 4+ (M = N3 4 A2 - 1)
A—1

APFEOE X2 - A= D)+ (M X342 -1)
A—1

AT =X D)+ A+ DN+ X —1)
A—1 '

For A > 1, the characteristic polynomial X (75 4.,) converges to

AL+ 1)(A3 — A2 — 1)
A—1 ’

We will prove! in §4.4.4 that the spectral radius p,,q, converges to the maxi-
mal root of the equation (4.23). For the results of calculations related to the
Proposition 4.19, see Table 4.6. O

Remark 4.21 (Bibliographical references). 1) The maximal eigenvalues (Tables
4.4, 4.5, 4.6) lying outside the unit circle are obtained by means of the online
service “Polynomial Roots Solver” of “EngineersToolbox”?2.

2) Some convenient rules for the calculating coefficients of the Coxeter
transformation for trees are obtained in [KMSS03], e.g., the characteristic
polynomial is reciprocal?, the free coefficient and the coefficient of A are equal
to 1, and the coefficient of A\? vanishes if and only if the tree is a trefoil (i.e.,
has exactly one node of branching degree 3). These rules are easily checked
by Tables 4.4, 4.5, 4.6.

3) After the first version of this text was put to arXiv I have discovered the
work [Lak99b, Cor. 2.9] of P. Lakatos who obtained results on the convergence
of the spectral radii p;,q, similar to Propositions 4.19, 4.17, 4.16.

1 See Proposition 4.22, Corollary 4.24, Table 4.7.
2 See http://www.engineerstoolbox.com.
3 The polynomial P of degree n is said to be reciprocal if P(z) = z"P(1/z2).
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Table 4.6. The characteristic polynomials for 75 4

T4, Characteristic Maximal
and its polynomial eigenvalue
well-known outside the
name unit circle
(2,4,2) AN+ A+1 —
Dg
(2,4,3) AN XX A3 +1 —
Er
(2,4,4) NN X —2t - A3+ —
Er
(2,4,5) PANED LR ) 5 ) S U iy | 1.280638...
E7 2
(2,4,6) MO AT —2X — 2N — ot - N A+ 1 1.360000...
Eq73

(2,4,7) AT H A0 =28 —2X7 — 2% —2X\5 — 2% — A% 4+ A + 1] 1.401268...

(2,4,8) A2 AT -2 —2)8 20T 1.425005...
Ers X8 —2X5 2t - A3 a4
1.465571...
nt+loyd 42y 4 3 _
(2.4.) AP — ) )\)\1):—()\ + X +A-1) s

E, n — oo
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4) Thanks are due to C. McMullen who kindly informed me about the
work by J. F. McKee, P. Rowlinson, C. J. Smyth [MRS99]. In this work
authors also obtained certain results on the convergence of the spectral radii.
In [MSO05] McKee and Smyth introduced notions of a Salem graph and a Pisot
graph. For simplicity, let I' be a star-like tree. Denote it by T4, q,....,q,., Where
ai,as,...,a, are the lengths of arms of the star G. This graph is called a
Salem graph if the characteristic polynomial of the corresponding Coxeter
transformation has only one eigenvalue A > 1 and only —A\ lies in (—o0, —1).
It is shown in [MRS99, Cor. 9] that the spectral radius of a Salem graph is a
Salem numbert. A Pisot graph is defined as a member of the family of graphs
obtained by letting the number of the edges of one arm tend to infinity. These
Pisot graphs represent, in fact, a sequence of Salem numbers tending to the
Pisot number, [MS05, Th.1]2.

4.4.4 Convergence of the sequence of eigenvalues

In this section we give a substantiation (Proposition 4.22) of the fact that
the maximal eigenvalues (i.e., spectral radii) of the characteristic polynomials
for T, 4» converge to a real number which is the maximal value of a known
polynomial (see, Propositions 4.16, 4.17, 4.19). We will give this substantia-
tion in a generic form. Similarly, we have a dual fact (Proposition 4.25): the
minimal eigenvalues of the characteristic polynomials for T}, , , converges to
a real number which is the minimal value of a known polynomial.

Proposition 4.22. Let f(\) and g(\) be some polynomials in A, and let
Po(A) = A"f(A) + g(A)

be a sequence of polynomials in A. Let z, € R be a root of P, (\), lying in the
interval (1,2):

P,(z,) =0, z,€(1,2), n=1,2,... (4.24)
Suppose that the sequence {z,},n =1,2,... is non-decreasing:
1<z <2< <z, <0 (4.25)

Then the sequence z, converges to a real number zg which is a root of f(\):

f(20) = 0.

Proof. According to (4.24), the sequence (4.25) is non-decreasing and
bounded from above. Therefore, there exists a real number zy such that

lim 2z = zp. (4.26)

k—o0

! For a definition of Salem numbers, see §C.2
2 For a definition of Pisot numbers, see §C.2.
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Let us estimate |f(20)| as follows:

[f (o)l < [f(zn)| +1f (2n) = f(20)]-
By (4.26) we obtain

[f(z0)] < |f(zn)| +€n, wheree, =|f(zn)— f(20)] =0 asn— oo.
(4.27)
By (4.24), we have
Flan) =~ ),

n
ZTL

9(n)

n
z’I’L

On = foreach n =1,2,...

Since the function g(z) is uniformly bounded on the interval (1,2), it follows
that d,, — 0. By (4.27) we have

|f(z0)| < 0p+en —0 asn— .
Thus, f(z0) =0.0

Corollary 4.23. Proposition 4.22 holds also for the following non-polynomial
functions Py,:
1) For
Pu(N) = X)) 4+ 9(V),

where k € Z is independent of n.
2) For
Pr(A) = DA™ f(A) +9(N)),

where D(A) is a rational function independent of n and without roots on the
interval (1,2).

Corollary 4.24. The maximal values of characteristic polynomials of the
Coxeter transformation for diagrams T, 4, satisfy the conditions of Propo-
sition 4.22, see Table 4.7.

Proof. Let @1, = ¢1(T},q.») be the dominant value of the matrix DD? (see
§3.3.2) for the diagram T}, ,,. According to Proposition 3.12 the dominant
value ¢, may only grow, i.e.,

©1,r S P1,r4+1-

Therefore, the corresponding eigenvalue AT"** also only grows. Indeed, by
(3.13) we get
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Table 4.7. The diagrams Tp 4, and characteristic polynomials A™ f(A) + g(\)

Diagram|  f() | o) | DO Pa(Y)
T(2,3,m)| A —A—1 [N+ 1 ﬁ A2 F(A) + g(\)
73,3, N —A—1| A+ r—1 AQ;_AT Lm0 + 900
T(2,4,7) A% =22 1| X4+ -1 % APFLF(N) 4+ g(N)

T =201 — 14+ 24/e1,(p1, — 1) <
(4.28)

2901,7‘+1 -1+ 2\/@1;T+1((p17'r+1 _ 1) — Airfﬁil

In addition, from Proposition 3.12 we deduce that ¢, > 1, therefore the
corresponding eigenvalue A, of the Coxeter transformation is also > 1.

It remains to show that every A;, < 2. This is clear, because f(A\) > 0
and g(A) > 0 for every A > 2, see Table 4.7. O

Proposition 4.25. Let f(\) and g(\) be some polynomials in A, and let

P,(A) = A"f(N) +g(X), wheren € Z,.

1
Let z, € R be a root of P, (), lying in the interval (2, 1> :

Pu(zn) =0, 2 € (%1) . (4.29)

Suppose that the sequence {zp}nez, is non-increasing:
1>212292> 22, > ...
Then the sequence z, converges to a real number zg which is a Toot of g(\):
g(z0) = 0.

Proof. As in Proposition 4.22, there is a real number 2y such that z, — zg
as n — oo. Since g(z,) — g(z0), we obtain
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l9(z0)| < |g(2n)| +€n, where &, = |g(21) — g(20)|-

By (4.29), we have
9(zn) = =z, f(2n).
Let
On = |2 f(2n)| foreachn=1,2,...

1
Since the function f(z,) is uniformly bounded on the interval (5, 1), it
follows that d,, — 0. Thus, we have
l9(z0)] < 0p +€n — 0 asn— oo.
Thus, g(z0) =0. 0

Corollary 4.26. The minimal values of characteristic polynomials of the
Cozeter transformation for diagrams T, . satisfy the conditions of Propo-
sition 4.22, see Table 4.7.

Proof. The minimal value A\7*" and the maximal value A\7**® are reciprocal:

— ymaz®
)\1

Therefore, by (4.28), we see that the sequence of eigenvalues )\’1”;" is non-
increasing:
min min
1,r = Ml,r+1-
Since the maximal eigenvalue AT'* > 1, then )\{"ﬁ” <1

: 1
It remains to show that AT > 3 for every r € Z. But this is true since

1
f(A) <0 and g(A) <0 for every A < 5 see Table 4.7. O
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R. Steinberg’s theorem, B. Kostant’s
construction

5.1 R. Steinberg’s theorem and a (p, g, r) mystery

R. Steinberg in [Stb85, p.591, (x)] observed a property of affine Coxeter
transformations (i.e., transformations corresponding to extended Dynkin dia-
grams), which plays the main role in his derivation of the McKay correspon-
dence. Let (p, g,7) be the same as in Table A.1, Table A.2 and relations (A.2),
(A.6).

Theorem 5.1 ([Stb85]). The affine Coxeter transformation for the extended
Dynkin diagram T has the same eigenvalues as the product of three Cozeter
transformations of types A,, wheren=p—1, q—1, and r — 1, corresponding
to the branches of the Dynkin diagram T .

Essentially, R. Steinberg observed that the orders of eigenvalues of the
affine Coxeter transformation corresponding to the eztended Dynkin diagram
I and given in Table 4.1 coincide with the lengths of branches of the Dynkin
diagram I

Now, we give the proof of R. Steinberg’s theorem for the simply-laced ex-
tended Dynkin diagram by using the Subbotin-Sumin splitting formula (4.4).

In §5.3.2, we generalize this theorem with some modifications to the
multiply-laced case, see Theorem 5.5, Table 1.2.

Let T}, 4, be a connected graph with three branches of lengths p, g, r. Let
X be the characteristic polynomial of the Coxeter transformation. Split the
graph along the edge {af}, Fig. 5.1. Then, by the Subbotin-Sumin formula
(4.4) we have

X =X (A )X (A1) = AX(Ayo ) X( Ay 1) X (A, o) =

, (5.1)
(_1)p+q+ (Xerqlerfl - AXp71Xq71Xr72).

By (4.13), we have, up to a factor (—1)PT9+"
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SN
— 1 san (— 0 —01 aas [1—I]

[+ 3

=
O o—

Fig. 5.1.  Splitting the graph T} 4, along the edge {a}

R CU RV E U N CURS VP LRSS MO URPY
R G . (5.2)

For p = ¢q (e.g., Eg, Eﬁ, E7, and D,, for n > 4), we have, up to a factor
(_1)2p+r,

(- DO —1) (W12 - N

(A=1)? (A—1)3
(AP —1) ) ) (5.3)
m((ﬂ + DA =DA=1) = (W =1)(A" = A)).
For ¢ = 2p (e.g., By, Es), we have, up to a factor (—1)3+,
O ) (O VR O VU O
(o (Al)_ V (=17 (5.4)

(O X7 £ DV —1)A—1) — A — 1)(\" — \)).

A1)

1) Case p=q =3, r = 3 (Eg). From eq. (5.3) we have

3 _
X—%?$w%ﬂu%w@—n4v—wﬁ—w—
3 _ 2
%:%%KV+UQ—1%%V—AH=
((A/\ff_ 11))3—2 (W =22* 20— 1) =
(¥ —1)2 (A — 1202 — 1)

TEE =(A=1)2x%A;.

The polynomials X; and X3 have, respectively, eigenvalues of orders 2, 3, 3
which are equal to the lengths of branches of Ej.



5.1 R. Steinberg’s theorem and a (p, g, r) mystery 97
2) Case p = q = 4, r = 2 (E7). Here, from eq. (5.3) we have

(A1)

Y =G A D DO -1 = (K =17 - )] =
4 2 _ _
(A 1)((;\_ 1)13)()‘ 1) [(/\4 +1) — /\()\2 + 1)] =

The polynomials X;, X5 and X3 have, respectively, eigenvalues of orders
2,3,4 which are equal to the lengths of branches of E7.
3) Case p =3, ¢=6, r =2 (Fg). From eq. (5.4), we have

X = &3_1;2 (A + X+ (2 = DA = 1) = (A =D\ = V)] =
DO 00 40 1) x4 474 1) =
(N — DA = 1A% — 1)(A — 1)

= (A= 12X XX,
h—1) ( ) Xy X X
The polynomials X;, X and X, have, respectively, eigenvalues of orders
2,3,5 which are equal to the lengths of branches of Eg.
4) Case p=q=2,7=2,3,... (Dy42). From eq. (5.3) we have

(=1)"X(Dyy2) =

8 _1;‘2 (W H+ DA = DA =1) = (W = 1)\ =] =
(AZ—1)(A-1) ) i ) 55)
oo (DO - - (A ) =

A2 —D(A =12\ 1)
(A—1)?

= A+ T,
and, up to a sign,
X=M\+D\T 1),

Pay attention that, as in (5.5), the sign (—1)" should be taken into account
only in recurrent calculations (e.g., for En and 54 below), see Remark 4.13.
5) Case D, (diagram contains r + 3 points).
Here, from eq. (4.4) we have

X(Dyy2) = X(D,)X(As) — AX(Dy_1)X (A1) (5.6)

From eq. (5.6) and eq. (5.5) we have
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r-1=1 r a
u\n—m was ::—::/n - O—1 nun n—n/ D
/u. B \ Dl“+2 \ r+1
& P &

Fig. 5.2. The diagrams ].~?T+2 and D42

(1) 7' X (Do) =
AFDNPEDNEEXNZ A +HD) = AN DA 2+ DA+ 1)% =
A+ D)+ 1) - A+ DOV E )] =
A+ [N X+ D) = (W + AT+ A+ 0] =
(A + 1)2[(X“+1 MN)=A=D]=A+1D2N =1)(A-1) =
(A= 1)?A7X, 4,
and so

X=(0\—1)7222x,_,. (5.7)

The polynomials X2 and &,_; have, respectively, eigenvalues of orders
2,2, r which are equal to the lengths of branches of D, 5.

6) Case Dy. Here, by (5.5) we have
X(Dy) =X (D)X (A1) = AX(A1)? = —(A+ 12N + 1) + AN +1)° =
—AFD2NHF1I =N )=+ D2\ —-1)(A—-1) =
— (A =1+ 1)%
and so
X =(\-1)2a3

Polynomial &} have eigenvalues of orders 2,2,2 which are equal to the
lengths of branches of Dy.

In (4.13), we saw that the simple Frame formula is a particular case of
the Subbotin-Sumin formula (4.4). Now we will show another Frame formula
from [Fr51, p.785] used by H. S. M. Coxeter in [Cox51].

Proposition 5.2 ([Fr51]). Let T}, ;.. be a connected graph with three branches
of lengths p, q,r, where the lengths include the branch point, see Fig. 2.1. Then

X(Tpgr) = X(Apigira) — N2X(A,_2)X(Ay_2)X (A, ). (5.8)
Proof. By (4.4) we have
X(Tp,q,r) = X(Ap-l-q—l)X(Ar—l) - /\X(Ap—l)x(Aq—l)X(Ar—2)~

This is equivalent to
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X(Tp,q,r) :X(Aerqfl)X(Arfl) - )‘X(Ap+q Q)X(A )
FAX(Apsgo2) X (Ar_s) — AX(Ap_1)X(Ag1) X (A,_s).

By the first Frame formula (4.13) we have
X(Aptgrr—2) = X(Aprg—1) X (Ar1) = AX (Apyg—2) X (A;-2),
and
X(Tpqr) =

X(Ap+q+r—2) + /\X(Ap+q—2)X<Ar—2) - AX(Ap—l 1
X(Ap+q+r—2) + /\X(AV'—Q)[X(Ap+q—2) - X(Ap—l)X(Aq—l)]~

Again, by (4.13) we have
X(Ap+q—2) - X(Ap—l)X(Aq—l) = */\X(Ap—2)X(Aq—2)7
and from eq. (5.9) we deduce
X(Tp.qr) = X(Aptgir—2) — )‘QX(Ar72)X(Ap72)X(Aq72)- O

5.2 The characteristic polynomials for the Dynkin
diagrams

In order to calculate characteristic polynomials of the Coxeter transformations
for the Dynkin diagrams, we use the Subbotin-Sumin formula (4.4), the gen-
eralized Subbotin-Sumin formula (4.9), its specialization (5.2) for arbitrary
(p, q,7)-trees, and particular cases of (5.2): formula (5.3) for p = ¢, and (5.4)
for p = 2q.

The results of calculations of this section concerning Dynkin diagrams are
collected in Table 1.1.

1) Case p=q =3, r =2 (Eg). From eq. (5.3) we have

X = 8 1;2)[(>‘3+1)(/\21)()\1)()\31)(/\2)\)]_
()\3 1) )2 )\3 () 1 )\()\2 A 1) —
(A — 1)5( (A +D(A+1) - +A4+1)] =
3
LT TR

A2 A+ DM =24+ D) =X+ XN =N+ A+1.

In another form, we have

X =

(M= +1) =
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2) Case p=2,q =4, r =3 (E7). From eq. (5.4) we have, up to a sign,

(A2 - 1)
(1)

X = M+ D -DA-1) -\ =1\ =) =

DO [;ﬂ%g 2k (M X+ D)W+ A +1)—
N+ XA+ DAN+1)] =
A+ DM+ XN+ DA+ A +1)—
NP+ A+ DA+ N)] =
A+ =N+ 1) = AT+ X -\ - N A+ 1.

In another form, we have

A+ +1)
(A3 +1)

3) Case p=3,q=2,r =5 (Es). From eq. (5.2) we have

X=—-A+DA° =X +1)=—

X SN =12 (=D -D(N =N
OSSR (A—-1)? a
AP XA N+ 1)%—
WHEAFDAFDAN XA +1) =

PAINED (I L LI ¢ ) Wi

Since
AT =X =M = B A+ DA = A+ 1) = A1 =\ 41,

we have
P MO—N+1 (AP +1)(A+1)
A2 A+ (B DN+

4) For the case D,,, see (5.5),

X(Dy) =(-1)"(A+1)(A" 7! + 1),

o (5.10)
X =\ + 1)(A"! 4+ 1).

5) Case Fy. We use eq. (4.9), splitting the diagram Fj along the weighted
edge into two diagrams I'; = A5 and I's = A,. Here, p = 2.

X=X} 20X =V + A+ D2 =20+ 12 =21 = A2 + 1.
In another form, we have

A4+ 1
A2 41

X=M-\Nit1=
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6) Case Ga. A direct calculation of the Coxeter transformation gives

c-(VDG)-G2).

A +1
A+1°
7) The dual cases B, and C,, = B,/. Since the spectra of the Coxeter

transformations of the dual graphs coincide, we need consider only the case
B,.
a) Consider By. A direct calculation of the Coxeter transformation gives

o= (1) (1 %)=(2)

X(By) = \? +1. (5.11)

b) Consider Bs. We use eq. (4.9), splitting the diagram Bj along the weighted
edge

and

X=X -\+1=

and

X (Bs) =X (A2)X (A1) — 20X (A)) = —(XoXy — 20X)) =
—X (X =20 = A+ DA+ A +1-2)) = (5.12)
— A+ =A+1) =N\ +1).
¢) Case B, for n > 4.

X(Ap_3)X(Bs) — AX(Ap_a)X(B2) = Xp_sX(B3) — AX,_sX(Bo),

(=1)"X(Bn) =
)\n—2 3 /\n—3_1 5
ST ) A ) =
A2 —1DA+1) = (A" = 1A+ N)
A—1 o
At A — 1
A—1

=A"+1,
and
X(B,) =(—1)"(\" +1). (5.13)
By (5.11), (5.12) and (5.13), we see, for the case B, that, up to a sign,
X(B,)=A"+1.
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5.3 A generalization of R. Steinberg’s theorem

We will show now that R. Steinberg’s theorem 5.1 can be extended to the
multiply-laced case.

5.3.1 The folded Dynkin diagrams and branch points

Definition 5.3. A vertex is said to be a branch point of the Dynkin diagram
in one of the following cases:

(a) if it is the common endpoint of three edges (Fs, E7, Es, D.,);

(b) if it is the common endpoint of two edges, one of which is non-
weighted and one is weighted (B, Cy, Fy). Such a vertex is said to be a
non-homogeneous point.

(¢) By definition let both points of Gy be branch points.

Remark 5.4. Every multiply-laced Dynkin diagram (and also every extended
Dynkin diagram) can be obtained by a so-called folding operation from a
simply-laced diagrams, see Fig. 5.3, such that the branch point is trans-
formed into the non-homogeneous point, see, e.g., 1. Satake, [Sat60, p.109],
J. Tits, [Ti66, p.39], P. Slodowy, [S180, Appendices I and III], or more re-
cent works [FSS96], [Mohr04]. This fact was our motivation for considering
non-homogeneous points from (b) as branch points.

4% - EEJ

<{ (C 0 = e D

Fig. 5.3.  The folding operation applied to Dynkin diagrams
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Let us divide all extended Dynkin diagrams (trees) into 4 classes and let
g be the number of the class:

Class g = 0 contains all simply-laced diagrams.

Class g = 1 contains multiply-laced diagrams which has only one weighted
edge of type (1,2) or (2,1).

Class g = 2 contains multiply-laced diagrams with either two weighted
edges or one weighted edge of type (1,3) or (3,1).

Class g = 3 contains multiply-laced diagrams with two vertices.

Thus,

g =0 for E57E77E8,5n7

g =1 for ﬁ41,ﬁ4g,@n,ﬁ)n,

g =2 for élg,égg,én,én,gém
g =3 for gu,glg.

(5.14)

5.3.2 R. Steinberg’s theorem for the multiply-laced case
Now, we can generalize R. Steinberg’s theorem for the multiply-laced case.

Theorem 5.5. The affine Coxeter transformation with the extended Dynkin
diagram r of class g (see (5.14)) has the same eigenvalues as the product of
(3 — g) multipliers, every one of which is the Coxeter transformation of type
A;, wherei € {p —1,q — 1,7 — 1}. In other words,

For g =0, the product X, _1X;_1X._1 is taken.
For g =1, the product X,_1X,_1 is taken. (5.15)
For g =2, the product consists only of X,_1.

For g = 3, the product is trivial (= 1).
The remaining two eigenvalues of the affine Coxeter transformation are both
equal to 1, see Table 1.2.

Proof. For g = 0, we have a simply-laced case considered in R. Steinberg’s
theorem (Theorem 5.1).

Let g =1.

1) Cases f'41, F‘4g. Since the spectra of the characteristic polynomials of
the Coxeter transformations of the dual graphs coincide, we consider ﬁ41. We
use eq. (4.9), splitting the diagram Fy; along the weighted edge. We have

X(Fu1) = — (XsXy — 20X X)) = —Xo(Xs — 2)\Xy) =
— XN+ AN A+ T -2XA+ 1)) =
— XMW =X+ 1) =
— X2 -1 —1) = () = 1)2A4,
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and, up to a sign, we have
X =(\—1)22x;. (5.16)

The polynomials X; and X have, respectively, eigenvalues of orders 2 and 3
which are equal to the lengths of the branches A; and As of F, without a
non-homogeneous branch point.

2) Cases CD,,, DD These diagrams are obtained as extensions of B,,, see

[Bo, Tab.II]. By (4.9) and by splitting the diagram CD, along the weighted
edge, we have

X(CDy) = X(Dy)X (A1) — 2\X (Dpp_1).
By (5.10)
X(D,) = (=1)"(A+1)(A\" "L 4+ 1).
Thus,

(=)™ X(CDy) =(A+ 1’ (A" +1) = 22(A+ (A2 4 1) =
A+ DA+ A+ A" 1 -2 —2)) =
A+ = A" =X +1) =

(A+1)

AFDA-DA =1) = (A = 1)? XX,
and, up to a sign, we have
X=0\-1)2X4,_,. (5.17)

The polynomials X} and X,,_o have, respectively, eigenvalues of orders 2 and
n — 1 which are equal to the lengths of the branches A; and A,_s of B,
without a non-homogeneous branch point.

Let g = 2.

3) Cases élg, égz. Since the spectra of the Coxeter transformations of the
dual graphs coincide, we consider Gy2. By (4.9), splitting the diagram Gio
along the weighted edge we have

X(Gr2) = — (XoXy — 3AX)) = =X (Xy — 3)) =
— A+ DN+ A+1-3)) =
~(A=12A+ 1) = -(A - 1)%%,
and, up to a sign, we have
X =(\-1)72x. (5.18)

Polynomial X; has the single eigenvalue of order 2, it corresponds to the
length of the single branch A; of G5 without a non-homogeneous branch
point.
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4) Cases én, én, Eén The characteristic polynomials of the Coxeter
transformations of these diagrams coincide. Consider B,,. By (4.9), splitting
the diagram B,, along the weighted edge we have

X (B,) =X(Bn)X (A1) — 20X (B,_1), ie.,
(=) 'X(By) =(A" + 1)(A+1) —22(A" 1 +1) =
AL LN P 4120 — 20 =
AL AT A 1= (A= DA = 1),

and, up to a sign, we have
X=0\-1)72X,_,. (5.19)
All eigenvalues of the polynomial X,,_; are of order n, it corresponds to the

length of the single branch A,,_; of B, without a non-homogeneous branch
point.

Let g = 3.

5) Cases EH, ﬁlg. Direct calculation of the Coxeter transformation gives

~ —-14 10 3 -4
fOfAllc—<O 1> (1_1>—(1_1>,
~ —-12 10 3 -2
forA12.C(0 1)(2_1>(2_1>,
and in both cases we have

X=A-3)A+1)+4=1-1)2 O

5.4 The Kostant generating function and Poincaré series

5.4.1 The generating function

Let Sym(C?) be the symmetric algebra on C?, in other words, Sym(C?) =
Clz1,w2], see (2.28). The symmetric algebra Sym(C?) is a graded C-algebra,
see (2.29):

Sym(C?) = @O Sym™(C2).

For n € Z, let 7, be! the representation of SU(2) in Sym"™(C?) induced
by its action on C2. The set {m, | n € Z,} is the set of all irreducible

! We use the following notation: Z4 = {0,1,2,...}.
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representations of SU(2), see, e.g., [Zhe73, §37]. Let G be any finite subgroup
of SU(2), see §A.1. B. Kostant in [Kos84] considered the question:

How does m,|G decompose for any n € N7

The answer — the decomposition m,|G — is as follows:

|G = Zmi(n)pi, (5.20)
i=0

where p; are irreducible representations of GG, considered in the context of the
McKay correspondence, see §A.4. Thus, the decomposition (5.20) reduces the
question to the following one:

What are the multiplicities m;(n) equal to?

B. Kostant in [Kos84] obtained the multiplicities m;(n) by means the or-
bit structure of the Coxeter transformation on the highest root of the corre-
sponding Lie algebra. For further details concerning this orbit structure and
the multiplicities m;(n), see §5.5.

Note, that multiplicities m;(n) in (5.20) are calculated as follows:

(for the definition of the inner product (-,-), see (5.33) ).

Remark 5.6. For further considerations, we extend the relation for multiplic-
ity (5.21) to the cases of restricted representations pi = p; lg and induced

representations pg = p; 1§, where H is any subgroup of G (see §A.5.1):
m}(n) = (m,|H,pt), ml(n) = (|G, pl). (5.22)

1 K3
We do not have any decomposition like (5.20) for restricted representations
pf or for induced representations pg. Nevertheless, we may use multiplicities
l

m; (n) and mz (n) for the generalization of the Kostant generating functions,

see below (5.27), (5.28).

Remark 5.7. 1) Let GL, (V) be the group of invertible linear transformations
of the k-vector space V. A representation p : G — GLy (V') defines a k-linear
action G on V by the rule

gv = p(g)v.
The pair (V, p) is called a G-module. The case where p(g) = Idy is called the
trivial representation in V. In this case

gv=uvforallgeV. (5.23)

In (5.20), the trivial representation po corresponds to a particular vertex (see
[McK80]), which extends the Dynkin diagram to the extended Dynkin dia-
gram.
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2) Let po(H) (resp. po(G)) be the trivial representation of a subgroup
H C G (resp. of group G). The trivial representation po(H) : H — GLy(V)
coincides with the restricted representation py |%: G — GLi(V), and the
trivial representation po(G) : G — GLi (V) coincides with the induced rep-
resentation po 15: H — GLi(V).

Since there is a one-to-one correspondence between the p; and the vertices
of the Dynkin diagram, we can define (see [Kos84, p.211]) the vectors v,
where n € Z,, as follows:

Up = Zmi(n)ai, where 7, |G = Zmi(n)pi, (5.24)

=0 1=0

where «; are simple roots of the corresponding extended Dynkin diagram.
Similarly, for the multiply-laced case, we define vectors v, to be:

U = Z ml(n)oy  or  w, = Z mf (n)ay, (5.25)
i=0 1=0

where the multiplicities m/ (n) and m} (n) are defined by (5.22). The vector v,

belongs to the root lattice generated by simple roots. Following B. Kostant,
we define the generating function Pg(t) for cases (5.24) and (5.25) as follows:

[Pc(t)]o
[Pa(t)]1 o

Po(t) = =t (5.26)
Pat)l |

Let us introduce Pgq(t) (resp. Pg)(t)) for the case of induced representa-
tions p; Tg (resp. restricted representation p; Lf[)7 playing the same role as
the Kostant generating functions for the representation p;.

[Pet(t)]o N )
Por(t) = = wat", where v, = Y m/(n)as,
[Par(t)]r =0 =0
(5.27)
[Pai(t)]o N )
Pg(t) = = ZJUnt”7 where v, = z;mg(n)ai,

[PGl(t)]r
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The components of vectors Pg(t), Pat(t), Pay(t) are the following series

)i = Z mi(n)t",
[Par (1) Z m) (5.28)

PGL Z m; tn

where 4 = 0,1,...,r. In particular, for i = 0, we have

o = ZWO(n)t”7
PG’T 0 = Z mO tn

[Py (t o—Zmo )

where mg(n) is the multiplicity of the trivial representation py (see Remark
5.7) in Sym™(C?). By §2.3 the algebra of invariants RS is a subalgebra of
the symmetric algebra Sym(C?). Thanks to (5.23), we see that RS coincides
with Sym(C?), and [Pg(t)]o is the Poincaré series of the algebra of invariants
Sym(C?)% i.e
[Pa(t)]lo = P(Sym(C*)%, 1). (5.29)

(see [Kos84, p.221, Rem.3.2]).

The series [Pg1(t)]o (resp. [Py (t)]o) are said to be the generalized Poincaré
series for induced representations (resp. for restricted representations). Let

T

Ps(t), for v, = > mi(n)ay,
i=0

Ps(t) = Pgy(t), for v, = zomz (n)a;,

Pg(t), forwv, =) mf (n)ay,
i=0

(5.30)
[Pa(t)]o, for v, = é‘bmi(n)ai,
[]Sc(t)]o = [Pat(t)]o, for v, = é:omg (n)ay,

[PGl(t)](% for v, = Z mf(n)ai,
=0
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The series Isg(t) are said to be the generalized Kostant generating func-
tions, and the series [Pg(t)]o are said to be generalized Poincaré series.

The following theorem gives a remarkable formula for calculating the
Poincaré series for the binary polyhedral groups. The theorem is known in
different forms. B. Kostant in [Kos84] proves it in the context of the Coxeter
number h.

Theorem 5.8 (Kostant, Knorrer, Gonzalez-Sprinberg, Verdier). The
Poincaré series [Pa(t)]o can be calculated as the following rational function:

1+th
Pct)p= ——-—~ 31
where
b=h+2—a, and ab=2|G|. (5.32)

For a proof, see Theorem 1.4 and Theorem 1.8 from [Kos84], [Kn85, p.185],
[GV83, p.428]. We call the numbers a and b the Kostant numbers. They can
be easily calculated, see Table 5.1, compare also with Table A.2 and Table
A.3. Note, that a = 2d, where d is the maximal coordinate of the nil-root
vector from the kernel of the Tits form, see §2.2.1 and Fig. 2.6.

5.4.2 The characters and the McKay operator

Let x1, X2, - - - X be all irreducible C-characters of a finite group G correspond-
ing to irreducible representations p1, p2, - . ., pr, S0 that x; corresponds to the
trivial representation, i.e., x1(g) = 1 for all g € G. The set of all characters
of G constitute the character algebra C(G) since the set C(G) is also a vector
space over C. An hermitian inner product (-,-) on C(G) is defined as follows.
For characters o, B € C(G), let

(a, B) |G| > alg (5.33)

geG

Sometimes, we will write inner product (p;, p;) of the representations mean-
ing the inner product of the corresponding characters (x,,,x,,). Let zfj =
(XiXj, Xk), Where x;x; corresponds to the representation p; ® p;. It is known
that zf] is the multiplicity of the representation pj in p; ® p; and zi = zjkl
The numbers zfj are integers and are called the structure constants, see, e.g.,
[Kar92, p.765].

A
For every i € {1, ...,r}, there exists some ;€ {1,...,7} such that
x~(g) = xi(g) for all g € G.
7

The character X corresponds to the contragredient representation pa deter-

mined from the relat1on
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Table 5.1. The binary polyhedral groups (BPG) and the Kostant numbers a, b

Dynkin | Order of | BPG | Coxeter | a| b
diagram group number
An_1 n Z/nZ n 2 | n
Dyyo 4n D, 2n + 2 4 | 2n
Es 24 T 12 6 | 8
Er 48 o 18 8 | 12
Es 120 J 30 12 | 20

-1

p(9) = (pi(9)") (5.34)

We have
(XiXg> Xk) = <XiaX§Xk> (5.35)

since

(Xixg» X) :ﬁ > xil9)x;(9)xk(g) =
geG
é Z Xi(g)(m) = <Xi7X§Xk>.

geG

Remark 5.9. The group SU(2) is the set of all unitary unimodular 2 x 2 ma-
trices wu, i.e.,

u* =u"! (unitarity)

det(u) = 1 (unimodularity) ,
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where

(u")ij = W,
where the complex conjugate of u;; = c¢+di is ¢ —di. The matrices u € SU(2)
have the following form:

u = a_f , and u* = ¢ -0 , where a@ + bb =1, (5.36)
-ba b a

see, e.g., [Ha89, Ch.9, §6]. The mutually inverse matrices u and u~! are

u = (Z/fl)y and U_l = < d _b>7 where ad — be = 1. (537)

—C a

_(0-1 1 _ 3 (01
8—<1 0>,thens =s —(10).

For any u € SU(2), we have

Set

t

sus™t = (uTl) = (ut)f1

(5.38)
The element s is called the Weyl element. O

According to (5.34) and (5.38) we see that every finite dimensional repre-
sentation of the group of SU(2) is equivalent to its contragredient represen-
tation, see [Zhe73, §37, Rem.3]. Thus by (5.35), for representations p; of any
finite subgroup G C SU(2), we have

XX Xk) = (Xis XGXk)- (5.39)

The matrix of multiplicities A := A(G) from eq. (A.13) was introduced by
J. McKay in [McK80]; it plays the central role in the McKay correspondence,
see §A.4. We call this matrix — or the corresponding operator — the McKay
matriz or the McKay operator.

Similarly, let A and A be matrices of multiplicities (A.14), (A.16). These
matrices were introduced by P. Slodowy [S180] by analogy with the McKay
matrix for the multiply-laced case, see §A.5.1. We call these matrices the
Slodowy operators.

The following result of B. Kostant [Kos84], which holds for the McKay
operator holds also for the Slodowy operators.

Proposition 5.10. If B is either the McKay operator A or one of the Slodowy
operator A or AV, then
Bv, = vp—1 + Upy1. (5.40)
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Proof. From now on

pi for B=A, m;(n) for B= A,
pi =13 pt for B= A, m;i(n) = { m!(n) for B = A,
piT for B= AV, ml(n) for B= AV,

By (5.24), (5.25), and by definition of the McKay operator (A.13) and by
definition of the Slodowy operator (A.14) and (A.16), we have

mo(n) > agimi(n) > aoi(pis Tn)
Bv, =B . = = . (5.41)

o)) \Sanmin) )\ Sarilpim)
By (A.13), (A.14) and (A.16) we have

Za0i<pi77rn> = <Za0ipi;77n> = (p® pi, ),
i=1 i=1

and from eq. (5.41) we obtain

<p ® p0»7r7l>

B, = , (5.42)

<p  pr, 7Tn>

where p is the irreducible two-dimensional representation which coincides with
the representation 7; in Sym?(C?) from §5.4.1. Thus,

(1 ® po, Tn)
Bu, = .. . (5.43)
(T1 ® pry Tp)
From eq. (5.39) we obtain
(Po, 1 ® )
Bu, = . (5.44)
(prym1 @ )
By Clebsch-Gordan formula we have
T Q@ Ty = M1 D Tnil, (5.45)

where m_ is the zero representation, see [Sp77, exs.3.2.4] or [Ha89, Ch.5,
§6,57]. From eq. (5.44) and eq. (5.45) we have (5.40). O
For the following corollary, see [Kos84, p.222] and also [Sp87, §4.1].
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Corollary 5.11. Let 2 = Pg(t) be given by (5.50). Then
tBx = (1 +t*)z — vo, (5.46)

where B is either the McKay operator A or one of the Slodowy operators g,
AV

Proof. From (5.40) we obtain

oo o0 o0 o0
Br =Y Buogt"=> (Vn_1+ U )t" =Y v at" + Y vppt" =
n=0 n=0 n=0 n=0

oo oo oo
£y vp ot Y ot =t 7 O upt”™ —wo) =
n=1 n=0

n=0

te 4+t ' — t_lvo.lj

5.4.3 The Poincaré series and W. Ebeling’s theorem

W. Ebeling in [Ebl02] makes use of the Kostant relation (5.40) and deduces
a new remarkable fact about the Poincaré series, a fact that shows that the
Poincaré series of a binary polyhedral group (see (5.31)) is the quotient of two
polynomials: the characteristic polynomial of the Coxeter transformation and
the characteristic polynomial of the corresponding affine Coxeter transforma-
tion, see [Ebl02, Th.2].

We show W. Ebeling’s theorem also for the multiply-laced case, i.e., for
the generalized Poincaré series, see (5.30).

Theorem 5.12 (generalized W.Ebeling’s theorem [Ebl02]). Let G be

a binary polyhedral group and let [ﬁc(t)]o be the generalized Poincaré series
(5.30). Then
. det M(](t)

[Pa(t)]o = qet M (D)’

where

det M(t) = det [t — C,|,  det My(t) = det [t*T — C],

C is the Coxeter transformation and C, is the corresponding affine Coxeter
transformation.

Proof. By (5.46) we have
[(1+t*)I — tB]x = v,
where z is the vector Pg(t) and by Cramer’s rule the first coordinate Pg(t) is

det MO (t)

[ﬁG(t)]O = M,
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Table 5.2. The characteristic polynomials X, X and the Poincaré series
Dynkin Coxeter Affine Coxeter Quotient
diagram|transformation X’ transformation X p(A) = %
A1
Di | A+1D(N+1) A=D*A+1)° zo1)e
- AT+ 1
" DA™ +1 oA -1 1)?
(A +1) (¥ — 1) s e X 41
E -1 1 —_—
o [vrpoop| N oDOAHD M DE 1)
A+ +1) 4 3 X+ 1
E _— A=A =-1(A+1 —_—
. S | (DD D)
AP +1)(A+1) 5 3 AP 41
E Y N =1DN =1 +1 —_
oo | ¢ A A+ (A0 —1)(A6 — 1)
_ A" +1
B, A 41 AT 1A -1
+ ( ) ) A1 —1)(X2—1)
AT +1
n "+1 "_1)(A-1 4 -
C, A"+ (A (A ) D01
A1 ) 3 No+1
F -1 -1 —_
‘ A2 1 WD -1 M =D -1)
A1 5 A1
1 1 AN
Gs 11 A=1)7(A+1) A2 —1)2
)\n-I—l 1 )\n+1 -1
An n—k+1 _ 1 k _ 1
A—1 % % ) A=DAr—F1 1N = 1)
AP —1 N+ 1
Agp— " 1)2 f = —_
-t A1 (W' —1)" for k=n O — 1D —1)
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where

det M (t) = det ((1 +¢*)] —tB), (5.47)

and My (t) is the matrix obtained by replacing the first column of M (¢) by vy =
(1,0, ...,0)t. The vector vy corresponds to the trivial representation my, and
by the McKay correspondence, vy corresponds to the particular vertex which
extends the Dynkin diagram to the extended Dynkin diagram. Therefore, if
det M (t) corresponds to the affine Coxeter transformation, and

det M (t) = det |t*T — C,|, (5.48)
then det My(t) corresponds to the Coxeter transformation, and
det My (t) = det |t*T — C]. (5.49)
So, it suffices to prove (5.48), i.e.,
det[(1 4 t*)I — tB] = det [t*T — C,|. (5.50)

If B is the McKay operator A given by (A.13), then
21 0 21 2D 0 -2D
B_ﬂ_K_(o 21)_(2191t 2])_<2Dt 0 ) (5.51)

where K is a symmetric Cartan matrix (3.2). If B is the Slodowy operator A
or AV given by (A.14), (A.16), then

21 0 21 2D 0 —-2D
B_QI_K_<0 2[>_(2F2I)_<2F 0 ) (5:52)
where K is the symmetrizable Cartan matrix (3.4). Thus, in the generic case
B oy n_ (14t 2tD
M(t)=(1+t)I tB_< UF 1442 ) (5.53)
Assuming ¢ # 0 we deduce from (5.53) that
AN (1+ %)z = —2tDy,
M(t) (y) =0 {ZtFa? =—(1+*)y.
(1+1¢%)? (5.54)
TJ? = FDy,
— ( 2)2
1+t

According to (3.11), Proposition 3.4 and Proposition 3.10 we see that ¢? is an
eigenvalue of the affine Coxeter transformation C,, i.e., (5.50) together with
(5.48) are proved. O

For the results of calculations using W. Ebeling’s theorem, see Table 5.2.



116 5 R. Steinberg’s theorem, B. Kostant’s construction

Remark 5.13. 1) The characteristic polynomials X for the Coxeter transfor-
mation and X for the affine Coxeter transformation in Table 5.2 are taken
from Tables 1.1 and 1.2. Pay attention to the fact that the affine Dynkin di-
agram for B, is CD,, ([Bo, Tab.2]), and the affine Dynkin diagram for C,, is
Ch, ([Bo, Tab.3]), see Fig. 2.6.

2) The characteristic polynomial X’ for the affine Coxeter transformation
of A, depends on the index of the conjugacy class k of the Coxeter trans-
formation, see (4.3). In the case of A, (for every k = 1,2,...,n) the quotient

p(A) = % contains three factors in the denominator, and its form is different

from (5.31), see Table 5.2.
For the case As,_1 and k = n, we have

o = i -
P DF —n(¥ —1) -
A2 —1 A"+ 1 (5:55)

A=A\ -=1A\"=1) A\ =1)(A=-1)

and p(\) again is of the form (5.31), see Table 5.2.
3) The quotients p(A) coincide for the following pairs:

D4 and GQ, E6 and F‘47
Dyy1 and By(n > 4), As,_1 and C,.

Note that the second elements of the pairs are obtained by folding operation
from the first ones, see Remark 5.4.

5.5 The orbit structure of the Coxeter transformation

5.5.1 The Kostant generating functions and polynomials z(t);

Let g be a simple complex Lie algebra of type A, D or E, g be the affine
Kac-Moody Lie algebra associated to g, and h C 6 be, respectively, Cartan
subalgebras of g C §. Let hY (resp. EV) be the dual space to b (resp. 6) and
a; € hV,i = 1,...,1 be an ordered set of simple positive roots. Here, we
follow B. Kostant’s description [Kos84] of the orbit structure of the Coxeter
transformation C on the highest root in the root system of g. We consider
a bipartite graph and a bicolored Coxeter transformation from §3.1.1, §3.1.2.
Let § be the highest root of (b, g), see §4.1. Then

wf=0 or wif=p.
In the second case we just swap w; and ws, i.e., we always have

waf = B. (5.56)
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Between two bicolored Coxeter transformations (3.1) we select one such that
C = waws.

Consider, for example, the Dynkin diagram Fg. Here,

1 i) -1 111 Xo
1 1 -1 100 | =1
_ 1 To _ —1010 | =2
wy, = 110 -1 n s W9 = 1 v (557)
101 -1 Yo 1 Y2
100 -1/ ys3 1/ ys
The vector z € hY and the highest root 3 are:
3 Zo
1 T
T1 Y1 To Y2 T2 12321 1 X9
= , = , = 5.58
Y3 b 2 or S 21 wn (5.58)
2] yo
2/ ys
Here,
12321 12321
w18 = i’ , and wyf = 3 =4 (5.59)

Further, following B.Kostant [Kos84, Th.1.5] consider the alternating
products 7("):

7—(3) = w1 C = wywowy, (5 60)

) _ CF = wowy ... wow, for n = 2k,
w1 CkF = wywewy . .. wowy for n = 2k + 1,

and the orbit of the highest root 5 under the action of 7(™):
B,=7"3  wheren=1,...,h—1
(h is the Coxeter number, see(4.1)).

Theorem 5.14. (B. Kostant, [Kos84, Theorems 1.3, 1.4, 1.5, 1.8])

1) There exist z; € EV, where 7 = 0,...,h, and even integers a and b such
that 2 < a <b < h (see (5.32) and Table 5.1) and so the generating functions
P (t) (see (1.3), (1.10), or (5.26), (5.28) ) are as follows:
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14th :
== 0
[Pa(t))i = hoo (5.61)
47
j:Ozjt .
—(1—t“)(1—tb) fori=1,...,m.

Forn=1,...,h—1, one has z, € ¥ ( not just §" ). The indices i =1,...,r
enumerate the vertices of the Dynkin diagram and the coordinates of the vec-
tors z,; The index i = 0 corresponds to the additional (affine) vertezx, the one
that extends the Dynkin diagram to the extended Dynkin diagram. One has
Zo = zp = o, where agy € 6\/ is the added simple root corresponding to the
affine vertex.
2) The vectors z, (we call these vectors the assembling vectors) are o0b-
tained as follows:
zn =7 YE Mg, (5.62)
3) We have
zg = 20, where g = >
and o, 1s the simple root corresponding to the branch point for diagrams D,,,
E,, and to the midpoint for the diagram Asp,_1. In all these cases h is even,
and g is an integer. The diagram As,, is excluded.
4) The series of assembling vectors z, is symmetric:

Zgwk = 29—k fork=1,...,¢. (5.63)

In the case of the Dynkin diagram Fg, the vectors 7("™) 3 are given in
Table 5.3, and the assembling vectors z;,, are given in Table 5.4. The vector zg
coincides with 2, where ay, is the simple root corresponding to the vertex
xo, see (5.58). From Table 5.4 we see that

Z1 = 211, Z2 = 210, 23 = 29, Z4 = 28, 25 = 27.
h .
Denote by z(t); the polynomial > z;# from (5.61). In the case of Eg we
§=0
have:
2(t) gy = 2 + 4 4+ 210 48 + 10
2(t)z, =t + 15,
2(t)g, = t* + 15,
()as I (5.64)
Z2(t)y, =t°+t°+t" +1¢°,
2(t)y, =1+ 5 + 17 + 1,
2(t)y, =t + 17 + 7+t

The Kostant numbers a, b (see Table 5.1) for Eg are a = 6, b = 8. From (5.61)
and (5.64), we have
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Table 5.3. The orbit of the Coxeter transformation on the highest root
B B =w g T®p=cCp
12321 12321 12221
2 1 1
733 =w,CB rWpg=c?p | 193 =uC?p
11211 01110 00100
1 1 0
rOp=cpg | tOp=wC’8 | T®p=0C'p
00-100 0-1-1-10 |-1-1-2-1-1
0 —1 ~1
rOg=wC'p | 193=C3 | B =wC"B
-1-2-2-2-1/-1-2-3-2-1{-1-2-3-2-1
—1 —1 -2
Table 5.4. The assembling vectors z, = 7"~V g — r(" g
z1=0—wf zo =w1fB — CpB z3 =C0 — w1 Cl
00000 00100 01010
1 0 0
2z = w1CB — C2B | 25 = C?B — w1 C?B |26 = w1 C?B — C34
10101 01010 00200
0 1 0
Z7 = C3ﬁ—w103ﬁ 28 :w1036—04ﬂ 29 :C4B—w104ﬁ
01010 10101 01010
1 0 0
z10 = w1 C*B — CPB|z11 = C°B — w1 C°B
00100 00000
0 1
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_ t2+t4+2t6+t8+t10

[PG(t)]Io (1 _ t6)(1 _ tS) ’

4 8

P (O, = [Pelt)les = =i =7
3 5 7 9
(Po(Oln = [Pelts = =g —

ot 4

Pal(t _trr At At
[ G( )]113 (17t6)(17t8)
Since
1 > 6 1 .
D DU S DU
n=0 n=0
we have
[Pe(t)]a, = [Pa(t)]e, = Y (15874 4 (01H8I15),
i,j=0
[PG(t)]yl _ [PG(t)]yz — Z (t61+8]+3 + t67.+8j+5 + t62+8j+7 +t61+8]+9),
i,7=0
[Pe(t)]y _ Z (t62‘+8j+1 | (B8 4 6it8i+T +t6i+8j+11)7
i,j=0

(5.65)

Recall that mq(n), where o = 1, x2, Y1, Yo, Y3, are the multiplicities of the
irreducible representations p, of G (considered in the context of the McKay
correspondence, §A.4) in the decomposition of 7,|G (5.20). These multiplici-
ties are the coefficients of the Poincaré series (5.65), see (5.24), (5.26), (5.28).
For example,

[Po(t)]ay = [Po()]e, = t* + 15 + 10 4 12 4 ¢ 4 2110 4418 1 220 4 .

0 forn=1,2,3,5,6 and n =2k + 1,k > 3,
1 for n=4,8,10,12,14,18, ...
2 for n =16,20,...

My, = My, =

In particular, the representations p,, (n) and p,(n) do not enter in the de-
composition of m, of SU(2) (see §5.4.1) for any odd n.
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In [Kos04], concerning the importance of the polynomials z(t);, B. Kostant
points out: “Unrelated to the Cozeter element, the polynomials z(t); are
also determined in Springer, [Sp87]. They also appear in another context
in Lusztig, [Lus83] and [Lus99]. Recently, in a beautiful result, Rossmann,
[Ros04], relates the character of 7; to the polynomial z(t);.”

5.5.2 One more observation of McKay

In this section we prove one more observation of McKay [McK99] relating the
Molien-Poincaré series. In our context these series are the Kostant generating
functions Pg(t) corresponding to the irreducible representations of group G:

[Pa(t)]: = A=)

(5.66)

see (5.61), (5.64).

Theorem 5.15. (Observation of McKay [McK99, (*)]) For diagrams T' =
Dy, E, and Aspm_1, the Kostant generating functions [Pg(t)]; are related as
follows:

(t+t H[Pa(®)] = Y _[Pa(®)];, (5.67)

J—1
where j runs over all successor' vertices to i, and [Pg(t)]o related to the affine

vertex aq occurs in the right side only: i =1,2,...,r.

By (5.66), observation of McKay (5.67) is equivalent to the following one:

(t+tY2(t); = Z z(t);, where i =1,... 7. (5.68)

jei
So, we will prove (5.68).

Remark 5.16. J. McKay introduces in [McK99] so-called semi-affine graph
which is defined in terms of the Dynkin diagram with an additional edge (two
edges for A-type). This edge is directed toward to the affine node. Thus, the
semi-affine graph is an oriented graph, one edge is unidirectional, all other
edges are bidirectional. The sink of the given directed edge is called the suc-
cessor node. O

The adjacency matriz A for types ADE is the matrix containing non-
diagonal entries a;; if and only if the vertices ¢ and j are connected by an
edge, and then a;; = 1, and all diagonal entries a;; vanish:

0 -2D
A:(_w 0 ) (5.69)

! See Remark 5.16.
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see (3.3) and also §C.7.1. Let g be the affine vertex of the graph T, and
ug be a vertex adjacent to ag. Extend the adjacency matrix A to the semi-
affine adjacency matriz AY (in the style to the McKay definition of the semi-
affine graph in [McK99], see Remark 5.16) by adding a row and a column
corresponding to the affine vertex ag as follows: 0 is set in the (ug, ag)th slot
and 1 is set in the(wg, up)th slot, all remaining places in the apth row and the
apth column are 0, see Fig. 5.4. Note, that for the A,, case, we set 1 in the
two places: (v, ug) and (o, ug) corresponding to vertices ug and u( adjacent
to a.

ay i,

-2D

7 &y is the gffine
variex

______ ¥ Uy, is the vertex

adjacent to &y

Fig. 5.4.  The semi-affine adjacent matrix .A”

Using the semi-affine adjacency matrix A7 we express McKay’s observation
(5.68) in the matrix form:
(t+t"Y)2(t); = (A72(t));, where z(t) = {z(t)o, ..., 2(t),}

5.70
andi=1,...,r. ( )

To prove (5.70), we consider the action of the adjacency matrix A and the
semi-affine adjacency matrix A7 related to the extended Dynkin diagram of
types ADE on assembling vectors z, (5.62).

Proposition 5.17. 1) For the vectors z; € b from (5.62), we have

(a) Az;=2zi_1+ 241 for 1<i<h-1,

5.71
(b) Azy =20 and Azp_1 = zp_2, (5.71)

2) Consider the same vectors z; as vectors from hY, so we just add a zero
coordinate to the affine verter ag. We have
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(a) A'zi=2z1+2z1 for 1<i<h-—1,
() A'z1=20 and AVzp_1 =zp_2, (5.72)

(¢) Alzg=2z and AVzp =2zp_1.

Proof.
la) Let us prove (5.71 (a)). According to (5.62) we have

Zop = w1 C"T1 - C"3 = (1- wg)wlcn_lﬂ,
and
Zont1 = C"B — w1 C"B = (1 —wp)C"B.
Thus, for i = 2n, eq. (5.71 (a)) is equivalent to
Al —wa)uy C* 1B = (1 —wy)C" '8+ (1 — wy)C" B, (5.73)
and for i = 2n + 1, eq. (5.71 (a)) is equivalent to
A(l —w1)C"B = (1 — wa)w1 C" 1B + (1 — wz)w,; C"B. (5.74)
To prove relations (5.73) and (5.74), it suffices to show that
Al —wa)w; = (1 —wy) 4+ (1 —wy)C = (1 —wq)(1+ C), (5.75)
and
Al —w)C = (1 —wa)wy + (1 —wo)wi C = (1 —wo)wi (1 +C).  (5.76)

In (5.56), (5.57), w1 and wo are chosen as

I 0 —I —2D
=\ _opt —_1)> 2719 I )

So, by (5.69) we have

0 0 2] 2D
Lmwi={opt o) 1-w2=1y )

| gy = (2L7ADDY 2D (4DD' 1 2D
(1= wz)un = 0 o ) Y=\ —2pt  -1)°
(5.77)

0 0
A = wa)un = <—4Dt +8D'DD 4DtD> ’

4DDt 2D
tee= (100 %),

By (5.77) we have

0 0
(1—w)(1+0C) = (4Dt +8D'DD! 4DtD> !
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and (5.75) is true. Further, we have

0 0
(1-w)C= <8DtDDt —6D' 4D'D— 21) !

Aﬂ—wﬂCz( . .

By (5.77) we obtain
—16DD*DD* +12DDt  —8DD'D + 4D
(1—w2)w1(1—|—C):< - o )

and (5.74) is also true.
1b) Let us move on to (5.71 (b)). This is equivalent to

A(B —wipB) =w1 - CB, or
A(]. — U}l)ﬁ = (]. — wg)wlﬂ.

By (5.69), (5.77) eq. (5.79) is equivalent to

(8 )G (e R)E) e

where
3= (5 > (5.81)

is given in two-component form (3.8) corresponding to a bipartite graph. Eq.
(5.80) is equivalent to

(5.79)

—2Dy = 2z. (5.82)

Since the matrix —2D contains a 1 at the (¢, j)th slot if and only if the vertices
i and j are connected, eq. (5.82) follows from the well-known fact formulated
in Remark 5.18(b).

Remark 5.18 (On the highest root and imaginary roots). (a) The highest root
0 for types ADE coincides with the minimal positive imaginary root (of the
corresponding extended Dynkin diagram) without affine coordinate «q, see
(2.26) and §2.2.1. The coordinates of the imaginary vector § are given in Fig.
2.6.

(b) For any vertex a; of the highest root 8 (except the vertex ug adjacent
to the affine vertex ag), the sum of coordinates of the adjacent vertices y;
coincides with the doubled coordinate of ay,:

> oy, =20y, (5.83)

Yi—xj
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(¢) For any vertex z; of the imaginary root ¢, the sum of coordinates of
the adjacent vertices y; coincides with the doubled coordinate of o, as above
in (5.83).

Since we can choose partition (5.81) such that ag belongs to subset y, we
obtain (5.82). The second relation of (5.71 (b)) follows from the symmetry of
assembling vectors, see (5.63) of the Kostant theorem (Theorem 5.14). O

2) Relations (a), (b) of (5.72) follow from the corresponding relations in
(5.71) since the addition of a “1” to the (g, up)th slot of the matrix A7 (5.4) is
neutralized by the affine coordinate 0 of the vectors z;, where i = 1,... h—1.

Let us prove (c) of (5.72). First,

AVzg = ay,, for D, E,,
A’YZO = Qy, + Q) for A2m717
where o, (resp. o, ) is the simple root with a “1” in the ugth (resp. uyth)

position. By (5.62) z; = (1 — wq)B. Then, by (5.77), we have that eq. (5.72
(c)) is equivalent to

0
ayy = (L—wy)p = <2Dtx+2y>’ for D, E,,

0
Qy + Qufy = (1 - wl)ﬁ = <2Dt$ + 2y) ) for A2m—17

Again, by Remark 5.18 (b), we have 2Dz + 2y = 0 for all coordinates
excepting coordinate ug, uf. For coordinate ug (resp. ug), by Remark 5.18 (c),
we have (a, — 2D )y, = 2yu, (resp. (o —2D"x),; = 2y, for Agy1). O

Proof of (5.70) . Since,

h h

z(t) = Z Zith, 2(t); = (Z zt!);, wheredi=1,...,r,

Jj=0 Jj=0

by (5.72) we have

h
AVz(t) =) Azt =
j=0

21 + zot+(z1 + )2+ -+
(2nh—3 + thl)th_2 + 2p ot 4 2 g th =

(21 + 2attast® + - 4 21t )+
(21t + ot 2t 4z th) =

™ (zrt2at? + 25t 4 -+ zp P+

tzat + - 4 zpat" P 4 2t ) =
(t+t7 1) (21t + 20t% 4 23t3 + -+ 21t =
(t+t7 N (2(t) — 20 — 2nth).
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Since zg = 2z, we have
AVz(t) = (t+t712(t) — (t+ (1 + ") 2.
Coordinates (zo); = (2zp); are zeros for ¢ = 1,...,r, and
(ATz(); = (t+t7H2(t);, i=1,...,m (5.84)

For the coordinate ¢ = 0, corresponding to affine vertex «g, by definition of
A7, see Fig. 5.4, and by (5.61), we have (A7z(t))o = 0, and z(t)o = (1 +t")z2.
|

Let us check the observation of McKay for the Kostant generating func-
tions for the case of Egs. According to (5.64) we should get the following
relations:

1) For zg (t+t 12z = 2(H)yy + 2(t)ys + 2(t)ys,
2) For y; (t+t2(t)y, = 2(H)ay + 2(t)as,

3) For ys (t+t ) 2(t)y, = 2(O)ay + 2(t) s

4) For z; t+t12(t)z, = 2(H)ys,

5) For o (t+t2(t)ey = 2(t)yss

6) For y3 (t+tz2(t)ys = 2()zo + 2(t)a

1) For zo, we have
(t+t )+t + 20 + 5 419 =
288+ 17 + 7 + %) + (+ 0 +t7 + M),
or
B+ t> 2T 0t f (b3 267 17T 10 =
t+ 2%+ 3t° + 37 4 2% 4 1.
2) For y; and for yo, we have
t+t P+ +tT+17) =
(2 4+t 4+ 260 418 + 110) + (¢4 +18),
or
P+ + 5+t + (Pt 0+ %) =
(12 + 2t* 4 215 + 2% 4 10),
3) For x1 and for xs, we have
(t+t D+ =2+ 10 +17 +1°.

4) For ys3, we have
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(t+t™ )+ 7+t =

(#2414 210 + 15 419 4+ (1 + ¢12),

or

P+ + 2+ + (L +tr +°+¢19) =
(2 + 2 4200 8 + 10 + (1 +-¢12).
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The affine Coxeter transformation

6.1 The Weyl Group and the affine Weyl group

6.1.1 The semidirect product

Let G be a group, N a normal subgroup of G (i.e., N<G) and H a subgroup
of G. We say, that G is the semidirect product of N and H, if

G=NHand NNH =e, (6.1)

where e is the unit element of G, [CR62]. The semidirect product is frequently
denoted by
N x H.

Proposition 6.1. The following statements are equivalent:

a) Every element of G can be written in one and only one way as a product
of an element of N and an element of H.

b) Every element of G can be written in one and only one way as a product
of an element of H and an element of N.

¢) The natural embedding H — G composed with the natural projection
G — G/N, yields an isomorphism

H~G/N.
O
The group G is the semidirect product of N and H if and only if one (and
therefore all) of statements of Proposition 6.1 hold.
A group G is isomorphic to a semidirect product of the two groups N and
H if and only if there exists a short exact sequence

0N % H o (6.2)

and a group homomorphism v : H — G such that a0y = Idy, the identity
map on H, i.e., the exact sequence (6.2) splits.
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Consider the product of two elements nihy and nohs in the semidirect
product G = N x H. Here

ni,ng € N, and hl,hg € H.

Then we have
(’I’Llhl) * (nghg) = nl(h1n2h1_1)(h1h2).

Since N < G, then hlnghl_l € N, and the product of n1h; and nghso is the
element nghg, where

ng = nlhlnghl_l S N, and ho = hihs.
According to Proposition 6.1, the element nghq is well-defined.

Ezxample 6.2. Let C,, and C3 be cyclic groups with n and 2 elements, respec-
tively. The dihedral group D,, with 2n elements is isomorphic to a semidirect
product of C,, and Cs. Here,

an_VCn ><102,

and the non-identity element of Cy acts on C, by inverting elements. The
presentation for this group is:

{a,b|a® =e,b" =e,abat = b1}

6.1.2 Two representations of the affine Weyl group

The Weyl group W corresponds to the Dynkin diagram and it is generated
by orthogonal reflections, i.e., reflections leaving the origin in V fixed. The
affine Weyl group W, corresponds to the extended Dynkin diagram and it is
also generated by orthogonal reflections, but contains also affine reflections
relative to hyperplanes which do not necessary pass through the origin, see
[Hu90, Ch. 4], [Bo, Ch.6, §2], [Mac72]. Below we consider a relation between
the Weyl group and the affine Weyl group.

Consider the Weyl group W acting in the euclidean space V. In the Dynkin
diagram case, the Weyl group W is generated by orthogonal reflections s;, i.e.,
reflections leaving the origin in V fixed:

Z,
si(z):zfQ( ) 4
(v, i)
a1, Qo, ..., a, are the simple roots enumerated by vertices of the correspond-

ing Dynkin diagram.

Remark 6.3. For every root system corresponding to some Dynkin diagram,
there are not more than two different lengths of roots. In the case of two
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different lengths of roots one says about short roots and long roots. If all roots
have the same length, then these roots are considered long. The number

_ max (o, @)

min (o, @)
is equal to the maximal multiplicity of an edge in the Dynkin diagram:

1, for the ADFE diagrams,
m = { 2, for the BCF diagrams,
3, for the G5 diagrams,

see [Kir04, §8.8]. For the Dynkin diagram with the root system A, we denote
the set of the real short (resp. long) roots by Ay (resp. 4;). O

Proposition 6.4. [Kac93, Prop.6.3] The set of the real roots AT for dif-
ferent types of the extended Dynkin diagrams is as follows:

{a+kw|aeA} forr=1,

{a+kw|aeAg][{a+rkw | a e A}
(2)

forr =2 or 3, and the diagram is not Ay,

ATe = (6.3)

{at+kw|ae Ag][{a+ 2kw | ae A} []
{Fa+ 2k — 1w | a e A}
for the diagram Ag),

where k € 7, w is the nil-root, and r is the order of the diagram automor-
phism'. 0O

Remark 6.5. 1) There are three types of affine Lie algebras: Aff1, Aff2, Aff3
identified by r = 1,2, 3, see [Kac93, Ch. 4.8]. Diagrams Aff1 are obtained by
adding the vertex «g. Diagrams Aff2 and Aff3 correspond to the so-called
twisted affine Lie algebras, see Remark 4.4.

2) For r =1 in (6.3), we have the diagrams Aff1:

AW B, cWpM EW, FY aib. (6.4)
(2)

The cases r = 2, 3 (if the diagram is not A;,”) correspond to the diagrams

Aff2, Aff3 as follows:

r=2:A% | DY), EY;
3) (6.5)
r=3:D,";

! The order r in the notation of twisted affine Lie algebras has an invariant sense,
see Table 4.2, Remark 4.4 and Proposition 4.5.
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The last case in (6.3) contains only the diagram A(;) of the class Aff2, see
Table 4.2.
3) For the case Aff1, from eq. (6.4) we have

aEAN<—w—-—aecA

It is not correct for o € A; in the cases Aff2 and Aff3. In particular, for the
case Affl, if B is the highest root, the vector ag = w — 8 also is a root. O

The affine Weyl group W, can be represented in two different forms: by
means of the coroot lattice or by means of the root lattice, see [Hu97, §12].
Consider these forms more closely.

(I) The affine Weyl group W, is the semidirect product of W by the group
of translations relative to the coroot lattice. This is Bourbaki’s approach, see
[Bo, Ch.6, §2.1]. Here, reflections s, x are given as follows:

Sak =2— ((z,0) —k)a¥, a€A;

where the coroot oV is as follows:

v 200

(a, )
The reflection s, fixes the hyperplane
Hap = {2 | (z,0) = k}.

According to Bourbaki’s definition [Bo, Ch.6, §2.1], the affine Weyl group W,
is generated by reflections s, i, where a € Ay, k € Z.

(IT) The affine Weyl group W, is also the Coxeter group, and thus is also
represented as the group of linear transformations generated by reflections in
central hyperplanes

H, = {Z | (Z,Ot) - O}a

where « runs over roots given by (6.3). The affine Weyl group W, is the
semidirect product of W with the group of translations relative to the root
lattice. Here, the reflections sk, are given as follows:

. 2(z, o + kw)
Satkw ‘= 2 — (a T kw,at kw) (Oé + kw)a
ie., (2.0) (2.0)
2(z,« _SZ_Qz,aw
Satkw(2) =2 — (@.0) (a+ kw) = s4(2) — k (o)
S otk (2) = sa(2) + kQ(Z’j))w,

where @ € Ay, k € Z. For equivalence of these two forms, see [Wa98, Ch.3,
88], [Kir05].
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6.1.3 The translation subgroup

In the extended Dynkin diagram case, the Weyl group W, is generated by
orthogonal reflections s;, where i = 0,1,2,...,n. Let

B:w_a(), (66)

where w is the nil-root, i.e., the vector from the one-dimensional kernel of the
Tits form B, see (2.26), and «q is the root corresponding to the additional
(affine) vertex 0, the one that extends the Dynkin diagram to the extended
Dynkin diagram.

Remark 6.6. According to Remark 6.5, heading 3), 8 and «g are roots for the
case Affl. In order to study the spectra of the affine Coxeter transformation, it
suffices to consider only the Affl diagrams because extended Dynkin diagrams
from the lists Aff2 and Aff3 are dual to some diagrams from the list Aff1:

D7(124)-1 is dual to C,(Ll)7
Df) is dual to Gél),

Eém is dual to F4(1)7

see (6.4), (6.5), Table 4.2, and the spectra of the Coxeter transformations for
dual diagrams coincide, see (3.7), (3.10).
From now on, we consider only the Aff1 diagrams, see (6.4). O

Note, that the nil-root w coincides with the fixed point z! of the Coxeter
transformation, see §2.2.1.
For any vector z € V, let t) be the translation

(2,
PV

ta(z) =2z—-2 (6.7)

Proposition 6.7. The translations t) generate a group of translations, and
the following properties hold:
1) For roots aw and 7y such that a + v = w, we have

to =1t_+.
2) The translation t,, is the 0-translation:
t,(2) = 2. (6.8)
Proof. 1) Indeed,

(02, ,(n2)
@’ =" " o

2) Eq. (6.8) follows from eq. (6.7) since the nil-root w is the kernel of the
bilinear form (-,-), see (2.26) and Proposition 3.2. 0O

to(2) =2—2

w=1t_,(2).
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Proposition 6.8. 1) In the cases of the Dynkin diagram or the extended
Dynkin diagram, every real root is conjugate under W to a simple root.
2) The reflection s given by

(8,2)
(ﬂ76)

sp(z) = z— 2,02 g,
belongs to W,,.
3) The element tg =t_q, is as follows

t3 = SayS3, and Sq, = t3sa, (6.9)
and the element t_g = to, 1s as follows
t_3 = $85qy, and So, = Sgt_g. (6.10)

Proof. 1) Tt is proved by induction on height ht(a) (the sum of coordinates
of the real root o). We may assume « > 0. If ht(a) = 1, then « is a simple
root and all is done. Since « is the real root, i.e., (o, ) > 0, it follows that
(o, ;) > 0 for some i. Then s;(z) = z — (2, ;) is another positive root of
strictly smaller height.

2) Since, = wa; for some simple root «; and some w € W,, we have

A -1
Sway (2) =2 — 2Mwai =z— 2(04“11) ?) woy; =
(wa;, wa) (viy i)
=1
w(w ™tz — 2%%) = Wsq, (W 2) = wse,w (2)
So,
83 = Sya; = wsaiufl e W,.
3) We have
(a072) (ﬂvz)
Sag(2) =2—2 ag, and sg(z) =2 —2 .
0( ) (0407050) 0 ﬁ( ) (ﬁ76)ﬁ
Further,

(ﬂaz) (0[0,2) (6’2)(ﬂa aO)
6.5" " 2(c0.00) ™ g, 00)(5. 5)

Since = w — ag and (6, 8) = (ag, ap), it follows from (6.11) that

Sapsp(z) =2 —2 . (6.11)

a0, 2) (w—ao)—27(ao’z) ag+4 (20, 2)

SapSp(z) = z+ 2(a0,ozo) (g, ap) 0 (ao,ao)ao B (6.12)
z+2%w = b0y (2) = t4(2).
Qo, Qo

Similarly,
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(04072:) (67 ) (570‘0)( ) ﬂ
(0407040) (ﬂ B) (ao, ap)( 07040)

$950y(2) = 2 — 2 B+4

(0072) (060, ) (O((), )
_2(ao,a0)a0+2(0407040)ﬁ_ (Olo,Oéo)ﬁ
2<(ao’z))wt%(z) =t s(z). O

o, O

Let T be the translations subgroup of W, generated by the translations ¢,
where « runs over all roots.

Proposition 6.9. The subgroup T'C W, is normal:

T<W,
Proof. We have
wtow N (2) =wto(wlz) =
w(w 'z —2 (a(,;l’;;l)z)w) =z—-2 (a(’;lj;l)z)ww =
i.e., for every w € W C W, we have
Wl W™~ = tya- ad (6.13)

Recall that, according to Remark 6.6, we consider only the Affl diagrams,
see (6.4).

Proposition 6.10. The affine Weyl group W, is the semidirect product of the
Weyl group W and the translation group T.

Proof. 1) First, consider the case where all roots have the same length,
i.e., all roots are long. By (6.9) we have tg € W,. By (6.13), to, € W, for all
roots of the root system corresponding to W, because

a=wf and t, =t,5 = wtgwfl € W,.
Let R be the Z-span of the root system A, i.e.,
R=Zooy®Zar & -+ B Zay,.
Since, in the simply-laced case,
tatg = tatps,

we see that t, € W, for every a € R. Thus, T' C W,. By Proposition 6.9
T is a normal subgroup in W,. Every generator s; # s,, belongs to W. By
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(6.9), the element s,, is expressed in terms of tg € T and sz € W, so W, is
generated by T and W, and TNW = {1}. By (6.1) the proposition is proved
for the case without short roots.

2) Let there be long and short roots. For every long root «, we have a = w/3
for some w € W,. As above, t, € W,.

If « is a short root, then by Proposition 6.4 we see that w — « is also a
root for this root system. (Note, that for the long root, this is not so.) Then,
as in (6.11) and (6.12) we have

ta = SaSw—a € W,.

and we finish the proof as in 1). O

6.1.4 The affine Coxeter transformation

The Coxeter transformation C, associated with an extended Dynkin dia-
gram is called the affine Coxeter transformation, see §2.2.6. We add the word
“affine” because the affine Coxeter transformation is an element of the affine
Weyl group, see §6.1.2. In the orientation where g is source-admissible (or
sink-admissible), see §2.2.6, we have

Cu = SapSay---Sa, = SayC,

where C is the Coxeter transformation of the corresponding Dynkin diagram.

Let S = S1][S2 be a bicolored partition of the vertices of the Dynkin
diagram I' and let w; (resp. ws) be the product of reflections corresponding
to vertices S (resp. S2), see §3.1.1. We choose the notation in such a way
that the highest root § is orthogonal to the roots of Ss, so

wyff =3, (6.14)

see (5.58), (5.59) for the case Eg, §5.5. Let II = II; [[ Iy be corresponding
partition of simple roots.
Consider the decomposition of the Coxeter transformation

C = wown,
corresponding to a bicolored partition of the Dynkin diagram. Then
Cu = SapWawy (6.15)
is the affine Coxeter transformation. Consider also
C' = sgwow; (6.16)

called the linear part of the affine Coxeter transformation®, see [Stb85, p. 595].

1 ayg is the root corresponding to the affine vertex, 3 is the highest root in the root

system, see (6.6).
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Proposition 6.11. [Stb85, p. 595] 1) The affine Cozeter transformation
C, and the linear part of the affine Cozeter transformation C' are connected
by a translation' t,, as follows:

C' = t4,Ca. (6.17)

2) Let W, be the affine Weyl group that acts on the linear space V', and
let V!'C V be the hyperplane of vectors orthogonal to z'. The spectrum of
the affine Cozeter transformation C, with deleted eigenvalue 1 coincides with
the spectrum of the linear part of the affine Coxeter transformation C' with
restricted action on the V.

Proof. 1) Eq. (6.17) follows from eq. (6.15), (6.16) and (6.10).
2) Let z; be the eigenvector with eigenvalue \; of the affine Coxeter trans-
formation C,:

Cazi = )\lZl
By (6.17) and (6.7) we have

(Nizisa0) 4

C,Zi = t%Ca Zi) = tao )\iz,' = )\12’1‘ -2
(2) (Aizi) (a0, )

On the vector space V' the coefficient of 2! vanishes. O

Thanks to Proposition 6.11, 2), instead of the spectrum of the affine Cox-
eter transformation C,, the spectrum of the linear part C’ can be calculated.
We will do this in §6.2.

For more details of affine root systems and affine Weyl groups, see [BS06],
[BS06a], [Max98], [Stm04], [Cip00], [Br03].

6.2 R. Steinberg’s theorem again

In this section we restore a remarkable proof of R. Steinberg’s theorem (Th.
5.1), [Stb85]. The R. Steinberg trick is to get, instead of the affine Coxeter
transformation, the product of reflections without the reflection corresponding
to the branch point, see Proposition 6.27. For this purpose, instead of the
affine Coxeter transformation, R. Steinberg considers the linear part of the
affine Coxeter transformation having the same spectrum, Proposition 6.11.
The passage from the highest root to the root corresponding to the branch
point is executed by means of the alternating products 7() (Propositions 6.17,
6.21). We use the alternating products 7(") also for a description of orbits of
the Coxeter transformation, generating functions, and Poincaré series, see
§5.4.1.

! See (6.7) and Proposition 6.7.
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6.2.1 The element of the maximal length in the Weyl group

The length of an element w € W, denoted by [(w), is the minimal k such that
w can be written as a product of k& generators.

Proposition 6.12 ([Stb59]). 1) In the Weyl group W, there is only one
element wy of the mazimal length.
2) The element wo makes all positive Toots negative:

woax <0 forall aeAy, (6.18)

see §2.2.1.
3) The length l(wo) coincides with the number of positive roots |A4|.
4) The element wq is an involution:

wi = 1.

This classical result is due to R. Steinberg, the proof can be found in [Bo,
Ch.6, §1.6 , Corol. 3] or [Stb59]. O

Remark 6.13. Note that the Coxeter number h is even for every Dynkin di-
agram except forAa, 1, see Table 4.2. Following R. Steinberg [Stb85, §2] we
consider in what follows only the case of even Coxeter number: h = 2g. Then

wo = CY.

We use also alternating products 7(™), see (5.60):

7_(1) = wq,
7 = waw,

7(3) = wWi1wawWy,

(6.19)

7_(Qn) _ (w2w1)n7

7D = ) (wowr )",

The following relation between the length function /(w) in the Weyl group
and actions of Weyl group holds:

Proposition 6.14. 1) The lengths of elements w and w=" coincide:
l(w) =1(w™?). (6.20)
2) Let w € W and let a be a simple root. Then

l(wsq) > l(w) if and only if w(a) > 0. (6.21)
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For the proof, see [Hu90, Ch. 5.2 (L1), Th. 5.4 and Prop. 5.7]. O
From (6.20), (6.21) we have

I(sqw) = 1w tsy) > 1(w™!) =l(w) ifand only if w™'(a)>0. (6.22)

Remark 6.15. We need also the following property of the highest root 3. For
any positive root «, we have

(B,a) > 0. (6.23)
Indeed, if «; is a simple positive root with (3, a;) < 0, then
(67 O[i)
a = -2 .
sa(B) =B (ai,ai)a >

This contradicts to the maximality of 5. Thus, (8,«;) > 0 for every simple
positive root «;. Since o = nyay + noas + - - - + nyag with n; > 0, the relation
(6.23) holds.

The following proposition establishes a connection between the partial
ordering in the Weyl group and the partial ordering of the root system.

Proposition 6.16. [Stb85, §2] 1) We have
1<1(rW) <i(7®) < -+ < 1(739)) = I(wp). (6.24)
2) For the highest root 3, we have
8> 7(1)5 > 7(2)5 > . > 7(29)5_ (6.25)
3) For the alternating products 7 where 0 < i < g, we have
708 = —7@e=i-bg (6.26)

Proof. 1) Let |II| be the number of simple roots (equal to the rank of the
Cartan subalgebra and to the number of vertices |I'g| in the Dynkin diagram).
Consider the decomposition of wqy as a product of wy, ws:

wo = 739 = wowy ... wowy (6.27)
—_——
g pairs
Calculate the number of reflections entering the decomposition of wy:
l(w) = U(7*)) = gl(wow,) = g|TI].

By (1.1) we have
hi = h|II| = |A|,
and "
Hwo) = gl = S| = |A],
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i.e., the length of wy coincides with the number of positive simple roots.
Therefore, by Proposition 6.12, 3), the decomposition (6.27) is minimal, and
the decomposition of every segment 7(9), where 1 < i < 2g, is also minimal,
and (6.24) holds.

2) Tt suffices, by the induction, to prove that

l(sqw) > l(w) = sqwf < wp, (6.28)
where s, is the reflection corresponding to some simple root «. We have

(wﬂ,oz)a (B,w™ta)

an) O WA e

(@, )
By (6.22) we have w™'a > 0. Then by (6.23), we have (3,w 'a) > 0 and
(6.28) holds.
3) Consider

SqwfB =wph —2

T(i)ﬂ =w; ... wow1 3, where w; € {wsy, w1},
By (6.27) and (6.19) we have

T(i)ﬁ :(le PN wzg)(UIQg ce wi+1)wi N wgwlﬁ,

(wi+1 N ’IUQQ)U}(),B = —Wi41--- 'lUQQﬂ.

Since wag = wo, by (6.14) we have

%
T()ﬁz—wi+1...1U29_1ﬂ=
—_——
2g — ¢ — 1 factors

— Wog—i—1 ... w103 = _r(29=i-Dg g

6.2.2 The highest root and the branch point

The vertex b of the Dynkin diagram connected to another vertex b by means
of a weighted edge is called a point with a multiple bond. In other words,
if b is the vertex corresponding to short (resp. long) root, then the vertex b
corresponds to long (resp. short) root. The corresponding simple root is called
the root with a multiple bond. We say also, that the vertex b is connected to
vertex b by a multiple bond.

In this section we prove that 79~ 3 is the simple root corresponding to
the branch point of the Dynkin diagram or a multiple bond point.

Proposition 6.17. [Stb85, §2,(5)] The element b = 79~V3 is a simple
root, b € Il,.

Proof. First, by (6.26), we have

7@ =_7l6-Dg
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and
=Yg = (797D g — 79 3) /2,
By (6.25) b= 7913 > 0, so b is a positive root. Since
798 = w,r9= V3 = —7l9-bg,

we see that 70971 3 is a simple root lying in II,. O
The hyperplanes

Hy={x€V|(z,a) =0}, whereacll
divide the space V into regions called Weyl chambers, and the chamber
C={zeV|(z,a)>0forall a € II}

is called the fundamental Weyl chamber.

Proposition 6.18. The Weyl group permutes the Weyl chambers, and this
1

action is simply transitive", see
For the proof, see [Hu78, §10.3] or [Bo, Ch.6, §1.5, Th.2] O
Proposition 6.19. The highest root 3 is long, i.e.,

(8,0) > (a,a) for all a € A.

Proof. Since the length (a,«) is fixed under the action of the Weyl group,
according to Proposition 6.18 the root a can be chosen from the fundamental
Weyl chamber €. The inequality

(B—a,8)>0 (6.29)
holds because the highest root § € €, see (6.23), and the inequality
(B—a,a)>0 (6.30)

holds because o € €.
By (6.29) and (6.30) we have

(8,8) =z (B,a) 2 (a,a). O

Proposition 6.20. [Stb85, §2,(5)] Let g = 21— 3 be the root corresponding
to the affine vertex, let oy be connected to just one simple root «. Let o be of
the same length as 3. Then the following formula holds:

(9, 7ot g) = |ﬁ5'|2 (6.31)

! The action of a given group G on a given set X is called simply transitive if for
any two elements z,y € X, there exists precisely one g in G such that gz = y.
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Proof. By (6.19) we have
(98, 79+ 3) :(ng(g)ﬂ, wg7(9+1)5) = (rlo=V3, 792 g) =

(wg,lT(g_l)ﬂ, wg,lT(gJ“Q)ﬁ) = (rl9=2p, 793 5) = .
(8,739 ).

So, by (6.27) and (6.18)

(93,700 g) = (8,739 ) = (B,unT?IB) = —(B,uwn ). (6.32)
Since g = z' — 3 corresponds to the affine vertex, we have

(g, ;) = 0 for each simple root «; # «,
(0407 O[) 7é 0.
The same holds for 3:

(8, ;) = 0 for each simple root a; # «,

(8, ) #0.

So, 3 is not orthogonal only to «, and

wlﬂ = 3(116;

and (6.32) is equivalent to

(93,76 B) = —(8, 5,0).

Further, ap and o form an angle of 120°. Since

(Oéo,Oé) = (Zl _ﬁaa) = —(B,Oé),

the roots  and « form an angle of 60°, and

(B,a) = %\BIQ = %IaIQ. (6.33)
By (6.33) we have
2
(3r508) =(5.6 - 2200 0) = (5,5) ~ 21200

1 1
162 2 716 = S |6P,

and by (6.32)
1
(T(Q)B,T(g“)ﬁ) = _§|5|2. O
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Proposition 6.21. [Stb85, §2,(5)] The element b = 79~Y3 is the long
simple root at which there is a branch point or a point with a multiple bond.

Proof. By Proposition 6.17 the element b is the simple root. By Proposition
6.19 the highest root 3 is long, so is b. Further, since 4, is excluded, the root
0 is connected to just one simple root «. Consider the two cases:

(1) The root « is shorter that 5. It means that, in the extended Dynkin
diagram, the affine root ag = 2* — 3 is connected to o by a multiple bond
because

(g, ) = (3,8) > (a, ).

It happens only in the case 5,“ see [Bo, Table III]. In this case there is only
one simple long root «g, so the simple long root b coincides with «;.
(2) The root « has the same length as 8. Then, by (6.31) we have:

|79 g—rlatD) g =
|T(g)m2 + ‘T(g+1)ﬁ)|2 — Q(T(g)577(g+1)ﬂ) = 3|32
On the other hand, since b = 79~V 3, we have
7@ B_retlg =

(1= wgi1)wygB = (1 = wyi1)w,m9~H 3 =
(1 = wgi1)wg(b) = (1 — wg41)(—b) =

2(b,7)
weptb—b= Y -T2y,
Wit (v,7)

where the sum runs over the neighbors of b.
(2a) If b has the same length as all its neighbors, then we have

vy
and
wgeb—b= Y 7,
YEA 41

and by case (2) b is the branch point.
(2b) Otherwise, b is connected to the short root with a multiple bond. O

6.2.3 The orbit of the highest root. Examples

We consider three examples of orbits of the highest root: Eg, Fy, Cy. These
cases correspond to cases (2a), (2b), (1) of Proposition 6.21, respectively.
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Ezample 6.22. Case Eg. All roots have the same length. The vectors 7(9) 3 are
given in Table 5.3, §5.5.1. Then h =12, g = % =6,9g—1=05.

12321

5)q_ 00100
/8 2 ) T /87 .

0
This case corresponds to Proposition 6.21, (2a).

Ezxample 6.23. Case Fy. The roots a; and by are of length 2, the roots as and
by are of length 1, see Fig. 6.1, Table 6.1. This case corresponds to Proposition
6.21, (2b). Here, the long simple root is b = b; and it is connected to the short
root az. Then h =12, and g — 1 = 5.

20
O T T T
al I:'1 32 hg
(1)
O i T
2 3 4 2

Fig. 6.1.  The highest root for the Dynkin diagram Fj

1 10\ = 1 T
_ —121 | a9 . 1 T2
o A R N

1 Y2 01 —1 Y2

2 xr1 1 T 2 Z1

4 To 4 i) 4 xro

= s w = s w = =
B 3 | 18 3 | 203 3 | B

2 ) yo 2 )y 2 J yo

Example 6.24. Case C4. The roots a1,b; and as are of length 1, the root by is
of length 2, see Fig. 6.2, Table 6.2. This case corresponds to Proposition 6.21,
(1). Here, the long simple root b = by and it is connected to the short root as.
Then h=2-4=8,9g—1=3.
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X
1)
b

Y1
Y2

T1
T2

Y1 =8

Table 6.1. The orbit of the highest root for Fy
B rWg=wp | rPp=Cp
2432 1432 1422
@B =wCp| rMp=0C8 |r®p=uwC?3
1222 1210 0010
TOp=0C’8 |13 =uwC*B| r¥p=C'B
00-10 -1-2-10 | -1-2-2-2
T8 =wC*B| 1193 = C°B |11V 3 = w C°B
-1-4-2-2|-1-4-3-2| -2-4-3-2
(1,2)
o > O O
al lJ1 32 b2
vy
o O O O
2 2 1
Fig. 6.2.  The highest root for the Dynkin diagram C4
-1 10\ 1 1
wi — 112 | 22 W — 1
t= 1 y 27111 -1
1/ yo 01 -1
2 T 0 T 2
_ 2 T2 _ 2 i) _ 2
ﬂ - 2 y] ’ wlﬁ - 2 yl ’ wQB - 2
L) 1) v 1

Y2

6.2.4 The linear part of the affine Coxeter transformation
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Proposition 6.25. Two roots « and v of the same length are connected by
means of the some element w € W if and only if reflections s, and s, are
conjugate in the Weyl group by means of w:
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Table 6.2. The orbit of the highest root for Cy

g rWa=wp | r®p=0CB |18 =wCp
2221 0221 0201 0001

T@p=Cp|r®p = w C?p|7¥p = C?*B|r B =w C*B

000-1| 0-201 [0-2-2-1{-2-2-2-1

_ -1 _
Y= W = WS, W = S~.

Proof. 1) Let v = wa. Then

“Yz) = wso(wlz) = ww e — Ma =
wsaw ™ () o ) ( 2 (a, ) )
-1
x — ZMwa =z — QMwa(x) = Swa-

(o, @) (wa, we)

2) Conversely, let ws,w™! = s.. Then

a,wlx)

w(wileQ( a):fo(—wa:fo

(@, )

i.e., wa and 7y are proportional: wa = k7. Since s, = s_,, we can consider
k > 0. Since (wa, wa) = (o, ) = (y,7), we have k =1. O

Corollary 6.26. Let 3 be the highest root and let b be the root corresponding
to the branch point (or the unique long root b connected to the short root with
a multiple bond). Then corresponding reflections sg and s, are conjugate as
follows:

sp = wsgw ™, where w =797V, (6.34)

The corollary follows from Proposition 6.25 and Proposition 6.21. 0O
Proposition 6.27. [Stb85, p. 595] 1) The following relation holds
H0 D gy po=D 7 ) Wrwa for g =2k (6.35)
wowy for g =2k — 1.

2) The linear part C' is conjugate to wow; (and also wiws) with canceled
reflection s, corresponding to the branch point b.

Proof. 1) For the case g = 2k:
70D qp, 70107 =

w1 waWy ... wgwl(wgwl)wl WwaWi ... WaW1 = W1W2,
N————’ N—_———

k — 1 pairs k — 1 pairs
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For the case g = 2k — 1:

_ 1yt
70 Do 70D =
woaW1 ... WoaW1 (wgwl) wLw ... W1W2 = WaW1q.
N———— ~—_—————

k — 1 pairs k — 1 pairs

2) By (6.34)

-1

AoV g-1)77 — 7-(.q—1)%11,21017-(9—1)_1 —

)7L

T(g—l)SﬁT(g—l) 717(9—1)w2w17(9—1

Sb(T(g_l)wgwlT(g_l)il).

and by (6.35)

T(gfl)C'T(gfl)_l _ Jspwrws for g = 2k,
spwowy for g = 2k — 1.

If the branch point b belongs to the subset of vertices S7, the reflection s
cancels with s, in wy. If the branch point b belongs to the subset of vertices
So instead of sywjws, we consider the conjugate element wsspwi, and the
reflection s, cancels with s, in wy. O

From Proposition 6.27, 2) we see that the spectrum of C, can be calculated
as the spectrum of the product of three Coxeter transformations of type A,,
where n =p—1,q— 1,7 — 1 are the lengths of branches of the corresponding
Dynkin diagram, see Theorem 5.1.

6.2.5 Two generalizations of the branch point

Back again to the point b from Corollary 6.26 and Proposition 6.21. Let the
point b of the Dynkin diagram be either a branch point or the node corre-
sponding to the unique long root connected to the short root with multiple
bond. We call this point a Steinberg’s generalized branch point, or simply gen-
eralized branch point.

Remark 6.28. Before, in §5.3.1 we used another concept of generalization of
the branch point — non-homogeneous point connected to the folded Dynkin
diagrams, see Remark 5.4. This generalization does not coincide with gener-
alization of the branch point by Steinberg. The generalized branch point by
Steinberg corresponds to the long root of the weighted edge, and the non-
homogeneous branch point from §5.3.1 corresponds to the short root of the
weighted edge. This difference does not, however, affect the end result — the
generalized Steinberg theorem (Theorem 5.5).
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For the cases of En, l~)7,,, the corresponding Dynkin diagram satisfy Stein-
berg’s theorem (Theorem 5.1). In these cases the point b is a usual branch
point. Consider the remaining cases' from the diagrams Aff1:

PG, B, O,

1) The diagram F4(1), see Example 6.23. We discard the generalized branch
point b = b; on the Dynkin diagram Fj, see Fig. 6.1. Then the characteristic
polynomial of the affine Coxeter transformation for F. 4(1) (without eigenvalue
1) is?

Xo Xy,
see (5.16).

2) The diagram Gél), see Table 4.2. Discard the generalized branch point
corresponding to the long root on the Dynkin diagram G, see Fig. 2.3. The
characteristic polynomial of the affine Coxeter transformation for Gél) (with-
out eigenvalue 1) is

X17
see (5.18).

3) The diagram By(ll)7 another notation: CA'En, see Table 4.2. Discard the
generalized branch point corresponding to the long root on the Dynkin di-
agram B,, see Fig. 2.3. The characteristic polynomial of the affine Coxeter
transformation for BS” (without eigenvalue 1) is

Xn—QXh

see (5.17).

4) The diagram CT(LI), another notation: 5,“ see Table 4.2. Discard the
generalized branch point corresponding to the long root on the Dynkin di-
agram C,, see Fig. 2.3. The characteristic polynomial of the affine Coxeter
transformation for C") (without eigenvalue 1) is

Xn—h
see (5.19).

6.3 The defect

6.3.1 The affine Coxeter transformation and defect

There is the important characteristic associated with the affine Coxeter trans-
formation. It is a linear form called defect. For the extended Dynkin diagram

! By Remark 6.6, in order to study the spectra of affine Coxeter transformations
to consider only the cases of Aff1, see (6.4).

2 Recall, that A, is the characteristic polynomial corresponding to the Dynkin
diagram A,,, see Remark 4.13.
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it defines the hyperplane of regular representations. For the Dyknin diagrams,
this characteristic does not exist, and for indefinite Tits form, the defect de-
fines a cone lying between two planes.

The defect was introduced by Dlab and Ringel [DR76] for the classification
of tame type quivers in the representation theory of quivers. For the case of
the extended Dynkin diagram D*, the defect & (for bicolored orientation) was
applied by Gelfand and Ponomarev in [GP72] in the study of quadruples of
subspaces.

Dlab and Ringel introduced in [DR76] the defect dq for an arbitrary ori-
entation (2 as a vector from &} obtained as a solution of the equation

Cid0 = da. (6.36)

Here, £f is the dual vector space of all linear forms on &, and Cf, means
the dual operator:
(CHz,z) = (2,Cax), (6.37)

and in the matrix form Cg, is given as the transposed matrix of Cq.

For an arbitrary orientation €2, another 2-defect denoted pq, was intro-
duced in [SuSt75], [SuSt78]. We will prove below in Proposition 6.35 that the
defect dq of Dlab-Ringel and the Q-defect pq coincide (up to a factor).

Let Cq be the Coxeter operator corresponding to a given orientation 2
and let Cp be the Coxeter operator corresponding to a bicolored orientation
A. Then Cg and Cp are conjugate if the quiver is a tree. Let T be an element
in the Weyl group interrelating Cq and Chy:

Cq = TﬁchT. (638)
Definition 6.29. The linear form pg(z) defined as follows

6.39
(Tz,2"V) in the multiply-laced case (6.39)

(Tz,Z')  in the simply-laced case,
pa(z) = {
is said to be the Q-defect of the vector z. Here, T is any element from (6.38);
z! is the adjoint vector corresponding to the eigenvalue A = 1 of the Coxeter
transformation, see §3.3.1; 2!V is the eigenvector corresponding to eigenvalue
1 of the Coxeter transformation for the dual diagram I'V. Here © denotes the
conjugate vector' to v.

The following remarkable formula is due to V. Dlab and C. M. Ringel, see
[DR76):
Chz =2+ hég(2)2", (6.40)
where h is the Coxeter number. This formula is proved below in Proposition
6.34.

! See Remark 3.1 and Definition 6.31.
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6.3.2 The necessary regularity conditions

The regular representations are the most complicated in the category of all
representations of a given quiver. For every Dynkin diagram, the category
of regular representations is empty, there is only a finite number of non-
regular representations (P. Gabriel’s theorem, Th. 2.14). For this reason, in
the representation theory of quivers, the Dynkin diagrams are called finite
type quivers. The regular representations are completely described only for
the extended Dynkin diagrams, which, for this reason, were dubbed tame
quivers in the representation theory of quivers, ([Naz73], [DR76]), see §2.2.3.

Definition 6.30. 1) The vector z € &r is said to be Q-regular or regular in
the orientation §) if
CEz>0forall k € Z. (6.41)

2) The representation V' is said to be a regular representation in the ori-
entation  of the quiver T if its dimension dim V' is a Q-regular vector, i.e.,

CE(dim V) > 0 for all k € Z. (6.42)

For motivation and details of regularity conditions, see Ch.B, §B.1.5.

Let (a1, a1,af?,a8?,...) be coordinates of the vector Tz in the Jordan

basis of eigenvectors and adjoint vectors (3.22) — (3.24):
Tz =aiz' + @2t +af?2f* +af225% + ... (6.43)
According to (3.25), (3.26), (3.27), we have

CRTZ = a1zt +ay (k2 + 21 + af? ()\fz)szz + afz()\fz)kz‘f +...

and
Chz=T7'CiTz = 2" +ay (k2! + TN+ (6.44)
af? ()\f2)kalz‘f2 +af? ()\52)ka12502 + ... ’
Since z' > 0, k € Z, and |)\“1‘”2| = 1, we have the following necessary

condition of Q-regularity:

a1 =0, (6.45)
where @ is the coordinate of the vector T'z corresponding to the adjoint basis
vector Z1.

a) Simply-laced case. Recall, that

1_ X a1/ X
z _(—DtX 2= px ) (6.46)

The adjoint vector Z! is orthogonal to vectors z;pj (¢ =1,2, and ; are eigen-
values of DD?) since the corresponding components X and Y are orthogonal,
see Proposition 3.9. Further, Z! is also orthogonal to z'. Indeed,
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4z, 2h = (xt XY — (DX, DIXY) =
xtxh —(xt, pDIXY) = (xh xh — (xt xt) =o.
Thus, from (6.43) we have
(T2, 7YY = ap (2, 3Y) (6.47)
and (6.45) is equivalent to the following relation:
(Tz,7') = 0. (6.48)

b) Multiply-laced case. The normal basis of DF' (resp. FD) is not orthog-
onal; however, the dual graph will help us.

Definition 6.31. Let u be an eigenvector of the Coxeter transformation given
by (3.22), (3.23). The vector @ is said to be conjugate to u, if it is obtained
from u by changing the sign of the Y-component and replacing the eigenvalue
1
It is easy to see that the vectors z' and 43! are conjugate.

Proposition 6.32. 1) Let ¢ be an eigenvalue of DF and ¢¥ # ¢ an eigen-
value of DVFY. The eigenvectors of DF and DVFV corresponding to these
etgenvalues are orthogonal.

2) Let z, be an eigenvector with eigenvalue ¢ # 0 for the extended Dynkin
diagram I" and z;f an eigenvector with eigenvalue ¢ for the dual diagram T'V.
Let Eg be conjugate to z;f. Then z, and E;f are orthogonal.

Proof. 1) Let DFx = px and DV FVz = ¢Vz". Since ¢ # ¢, one of these
eigenvalues is # 0. Let, for example, ¢ # 0. Then

1 1
(x,2¥) = —(DFz,z") = —(z,(DF)"z"). (6.49)
P P
From (6.49) and (3.7) we have
1 724
z,zVy = —(x, DVFVzV) = Z—(z,2").
(x,27) (p( ) " (z,27)

Since ¢ # ¢V, we have (z,zV) = 0.
2) Let us express vectors z, and z as follows:

x zV
SV
Zp = 9 , Zy = 2\ . (6.50)
- F 7FV \Y
Ar1 P

According to (3.6) and (3.7) we have
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SV vy 4 o FVgVy) —
(2p,25) = (z,2") (/\+1)2<F JFVaY) =

!

(x,z") s0<DFx,x )= (z,x’) —(z,z")=0. O

Thus, by Proposition 6.32 heading 1), the vector !V is orthogonal to the zf
for i = 1,2 and by Proposition 6.32 heading 2), the vector !V is orthogonal
to z!. Therefore from (6.43) we deduce that

(Tz, 7YY = a, (z1Y, 1Y) (6.51)
and (6.45) is equivalent to the following relation:
(Tz,2'Y) = 0. (6.52)
From (6.48) and (6.52) we derive the following theorem:

Theorem 6.33 ([SuSt75],[SuSt78]). If z is a regular vector for the ex-
tended Dynkin diagram I' in the orientation 2, then

pa(z) =0. (6.53)
In Proposition B.9 we will show that the condition (6.53) is also sufficient,
if z is a root in the root system related to the given extended Dynkin diagram.
6.3.3 The Dlab-Ringel formula
Proposition 6.34 ([DR76]). The following formula holds
Chz =24 hay(2)2!, (6.54)

where h is the Cozeter number and &y = &1(z) is the linear form proportional
to pa(z). By (6.47) in the simply-laced case and by (6.51) in the multiply-laced
case the form &;1(z) can be calculated as follows:

<<T12§11>> in the stimply-laced case,

wn

a1(z) =

% i the multiply-laced case.

Proof. The vector z' from the kernel of the Tits form is the fixed point for
the Weyl group, so T~ !2! = 2!, and from (6.43) we deduce

z=apzt T o T T 4 (6.55)
and from (6.44) for k = h (the Coxeter number, i.e., (Xfé)k = 1), we obtain
Chz=az' +ay(hz' + T2 +af*T7 1272 +af?T 1252 + ... (6.56)

From (6.55) and (6.56) we get (6.54). O
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6.3.4 The Dlab-Ringel defect and the (2-defect coincide

Proposition 6.35 ([St85]). The Dlab-Ringel defect éq given by (6.56) coin-
cides (up to a factor) with the Q-defect pq given by Definition 6.29.

Proof. 1) Let us show that dq is obtained from d, in the same way as pq is
obtained from pp, so it suffices to prove the proposition only for bicolored
orientations A. Indeed,

Cq=T7'C\T implies that CH=T"C T
Since C§0q = 6, we obtain
CRT71*5Q = T71*§Q,

and
Tﬁl*(SQ = 0p, ie., 0 = T7 0.

Further,
<(5A,TZ> = <T*5A,Z> = <6Q,Z>

Thus, dq is obtained from J, in the same way as pq is obtained from py.

2) Now, let us prove the proposition for the bicolored orientation A, i.e.,
let us prove that py is proportional to . According to (3.1), (3.2) and (3.4)
the relation

Ciz =z is equivalent to wiz = w;z,

which, in turn, is equivalent to the following;:
e B z\ _(I-=2F ¢ T
—2D'1 ) \y)  \0 —I y /)

x=F'y= D"y,
y=Dlr = FVz.

By (3.6) we have

Thus,

z= (Favcw> = (D:ix) , where x = F'D'x = DV FVx,

i.e., x corresponds to A = 1, an eigenvalue of C, and to ¢ = 1, an eigenvalue
of (DF). By (6.50) we have z = 2!V i.e., 05 is proportional to py, see (6.39).
For the simply-laced case, compare with (3.23). O
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The McKay correspondence and the Slodowy
correspondence

We have seen during the past few years a major
assault on the problem of determining all the finite
simple groups. ... If I am right, I foresee new proofs
of classification which will owe little or nothing to
the current proofs. They will be much shorter and
will help us to understand the simple groups in a
context much wider than finite group theory.

J. McKay, [McK80, p.183], 1980

A.1 Finite subgroups of SU(2) and SO(3,R)

Let us consider the special unitary group SU(2), the subgroup of unitary
transformations in GL(2,C) with determinant 1 and its quotient group
PSU(2) = SU(2)/{+1} acting on the complex projective line CP', see §C.5.
The projective line CP! can be identified with the sphere $2 C R3, see §C.5
and (C.20).

The transformations of the sphere S? induced by elements of SO(3,R)
(orientation preserving rotations of R?) correspond under these identifications
to transformations of CP' in the group PSU(2):

PSU(2) 2 SO(3,R), (A1)

see [Sp77, Prop.4.4.3], [PV94, §0.13].

It is well known that the finite subgroups of SO(3,R) are precisely the
rotation groups of the following polyhedra: the regular n-angled pyramid, the
n-angled dihedron (a regular plane n-gon with two faces), the tetrahedron, the
cube (its rotation group coincides with the rotation group of the octahedron),
the icosahedron (its rotation group coincides with the rotation group of the
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dodecahedron). By (A.1) we have a classification of the finite subgroups of
PSU(2), see Table A.1.
To get a classification of all finite subgroups of SU(2) we consider the
double covering
m:SU(2) — SO(3,R).

If G is a finite subgroup of SO(3,R), we see that the preimage 7~ (Q) is
a finite subgroup of SU(2) and |r~1(G)| = 2|G|. The finite subgroups of
SO(3,R) are called polyhedral groups, see Table A.1. The finite subgroups of
SU(2) are naturally called binary polyhedral groups, see Table A.2.

Remark A.1. The cyclic group is an exceptional case. The preimage of the
cyclic group G = Z/nZ is the even cyclic group Z/2nZ, which is a binary
cyclic group. The cyclic group Z/(2n — 1)Z is not a preimage with respect to
7, s0 Z/(2n—1)Z is not a binary polyhedral group. Anyway, the cyclic groups
Z/nZ complete the list of finite subgroups of SU(2).

For every polyhedral group G, the axis of rotations under an element
v € G passes through either the mid-point of a face, or the mid-point of an
edge, or a vertex. We denote the orders of symmetry of these axes by p, g,
and r, respectively, see [SI83]. These numbers are listed in Table A.1. The
triples p, ¢, r listed in Table A.1 are exactly the solutions of the diophantine

inequality L1
-+-+=->1, (A.2)
p q T

see [SpTT].

A.2 The generators and relations in polyhedral groups

The quaternion group introduced by W. R. Hamilton is defined as follows: It
is generated by three generators ¢, j, and k subject to the relations

i? =5 =k* =ijk=—1; (A.3)

for references, see [Cox40], [CoxM84]. A natural generalization of the quater-
nion group is the group generated by three generators R, .S, and T subject to

the relations
RP =89=T" = RST = —1. (A4)

Denote by (p, g, r) the group defined by (A.4).
W. Threlfall, (see [CoxM84]) has observed that

(2,2,m),(2,3,3),(2,3,4),(2,3,5)

are the binary polyhedral groups of order
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Table A.1. The polyhedral groups in R?

Polyhedron |Orders of symmetries|Rotation group|Group order

Pyramid — cyclic n
Dihedron n 22 dihedral 2n
Tetrahedron 323 Ay 12
Cube 423 Sa 24
Octahedron 324 Sy 24
Dodecahedron 523 As 60

Icosahedron 325 As 60

Here, S, (resp. A.,) denotes the symmetric, (resp. alternating)
group of all (resp. of all even) permutations of m letters.

Table A.2. The finite subgroups of SU(2)

(I,m,n)|Order|Denotation| ~ Well-known name

— n Z/nZ cyclic group
(2,2,n)| 4n D, binary dihedral group
(2,3,3)| 24 T binary tetrahedral group
(2,3,4)| 48 O binary octahedral group
(2,3,5)| 120 J binary icosahedral group

H. S. M. Coxeter proved in [Cox40, p.370] that, having added one more
generator Z, one can replace (A.4) by the relations:

RP = 89=T" = RST = Z. (A.5)
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For the groups (2,2,n) and (2,3,n), where n = 3,4,5, the relation (A.5)
implies

Z?=1.
The polyhedral groups from Table A.1 are described by generations and rela-

tions as follows:
RP =S89=T"=RST =1, (A.6)

see [Cox40], [CCST2], [CoxM84].

A.3 The Kleinian singularities and the Du Val resolution

Consider the quotient variety C?/G, where G is a binary polyhedral group
G C SU(2) from Table A.2. According to (§C.6.4 and (C.44)) X = C?/G is
the orbit space given by the prime spectrum on the algebra of invariants R“:

X := Spec(R%), (A.7)

where R = C[z1, z2] (see eq.(2.28)) which coincides with the symmetric algebra
Sym((C?)*) (see §2.3.1; for more details, see [Sp77], [PV94], [SI180].)

F. Klein [K11884] observed that the algebra of invariants C[zy,22]¢ for
every binary polyhedral group G C SU(2) from Table A.2 can be considered
uniformly:

Theorem A.2 (F. Klein, [K11884]). The algebra of invariants Clz1, 29]%
s generated by 3 variables x,y, z, subject to one essential relation

R(x,y,z) =0, (A.8)

where R(x,y,z) is defined in Table A.3, col. 2. In other words, the algebra of
invariants C[z1, 22]¢ coincides with the coordinate algebra (see §C.6.3) of the
curve defined by the eq. (A.8), i.e.,

Clz1, 22)% ~ Clz,y, 2]/(R(x, y, 2)). (A.9)

The quotient X from (A.7) has no singularity except at the origin O € C3.
The quotient variety X is called a Kleinian singularity also known as a Du
Val singularity, a simple surface singularity or a rational double point. The
quotient variety X can be embedded as a surface X C C? with an isolated
singularity at the origin, see [SI83, §5].

Remark A.3. According to Theorem 2.19 (Shephard-Todd-Chevalley-Serre)
the algebra of invariants k[V] is isomorphic to a polynomial algebra in some
number of variables if the image of G in GL(V) is generated by reflections. Ev-
ery binary polyhedral group G is generated by reflections, see, e.g., [CoxM84],
therefore the algebra of invariants k[V]¢ for the binary polyhedral group is a
polynomial algebra.
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Table A.3. The relations R(z,y, z) describing the algebra of invariants C[z1, ZQ]G

Finite subgroup of SU(2)|Relation R(z,y, z)|Dynkin diagram
Z/nZ " +yz An_1
D "t 4+ my2 + 22 Do
T R T FEs
@ 2y + % + 22 E~
J 2° 4y 4 22 Ejg

Ezample A.4. Counsider the cyclic group G = Z/rZ of order r. The group G
acts on C[zq, 2] as follows:

(21,22) — (821,€T7122), (A.10)

where € = €2™/7_ and the polynomials

r=2z122, Y=—2{, Z=2 (A.11)
are invariant polynomials in Clz, y, z] which satisfy the following relation
" +yz =0, (A.12)
see Table A.3. We have
k[V]® = Clz12, 27, 25] ~ Clz, y, 2]/ (2" + y2).

see, e.g., [Sp77, pp.95-97], [PV94, p.143].

Du Val obtained the following description of the minimal resolution
X —X

of a Kleinian singularity X = C?/G, see [DuVal34], [SI80, §6.1, §6.2] [SI83,
§5]1. The exceptional divisor (the preimage of the singular point O) is a finite
union of complex projective lines:

7Y 0)=LU---UL,, Li~CP'fori=1,...,n.
The intersection L; N L; is empty or consists of exactly one point for i # j.

! For more details, see also [Gb02], [Rie02], [Hob02], [Cr01].
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To each complex projective line L; (which can be identified with the sphere
S? C R3, see §C.5) we assign a vertex i, and two vertices are connected by
an edge if the corresponding projective lines intersect. The corresponding
diagrams are Dynkin diagrams (this phenomenon was observed by Du Val in
[DuVal34] ), see Table A.3.

In the case of the binary dihedral group D; the real resolution of the real

variety
C*/R(z,y,z) NR3

gives a quite faithful picture of the complex situation, the minimal resolution
71 : X — X for X = Dy depicted in Fig. A.1. Here 771(0) consists of four
circles, the corresponding diagram is the Dynkin diagram Dy.

X = (x(z*+y% +2%)

D

2 ks

| ’
T D

Fig. A.1. The minimal resolution 7' : X — X for X = Do

A.4 The McKay correspondence

Let G be a finite subgroup of SU(2). Let {po,p1,-..,pn} be the set of all
distinct irreducible finite dimensional complex representations of G, of which
po is the trivial one. Let p : G — SU(2) be a faithful representation, then,
for each group G, we define a matrix A(G) = (a;;), by decomposing the tensor
products:
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PR p; = @ajkpk, j=0,1,...,rm (A.13)
k=0

where a;i, is the multiplicity of py in p ® p;. McKay [McK80] observed that

The matriz 21 — A(G) is the Cartan matriz of the extended Dynkin diagram
I'(G) associated to G. There is a one-to-one correspondence between finite
subgroups of SU(2) and simply-laced extended Dynkin diagrams.

This remarkable observation, called the McKay correspondence, was based
first on an explicit verification [McK80].

For the multiply-laced case, the McKay correspondence was extended by
D. Happel, U. Preiser, and C. M. Ringel in [HPR80], and by P. Slodowy in
[S180, App.I1I]. We counsider P. Slodowy’s approach in §A.5.

The systematic proof of the McKay correspondence based on the study of
affine Coxeter transformations was given by R. Steinberg in [Sth85].

Other proofs of the McKay correspondence were given by G. Gonzalez-
Sprinberg and J.-L. Verdier in [GV83], by H. Knorrer in [Kn85]. A nice review
is given by J. van Hoboken in [Hob02].

B. Kostant used the McKay matriz A(G) (or McKay operator) in [Kos84]
and showed that the multiplicities m;(n) in the decomposition

TG = mi(n)pi,
i=0

(see §5.4.1) come in an amazing way from the orbit structure of the Coxeter
transformation on the highest root of the corresponding Lie algebra g, see
85.5. To calculate these multiplicities, Kostant employed generating functions
and Poincaré series. We applied Kostant’s technique in §5.4 in order to show
a relation between Poincaré series and the ratio of characteristic polynomials
of the Coxeter transformations.

A.5 The Slodowy generalization of the McKay
correspondence

We consider here the Slodowy generalization [SI80] of the McKay correspon-
dence to the multiply-laced case and illustrate Slodowy’s approach with the
diagrams Fjy; and Fjys, see Fig. 2.6.

Slodowy’s approach is based on the consideration of restricted represen-
tations and induced representations instead of an original representation. Let
p: G — GL(V) be a representation of a group G. We denote the restricted
representation of p to a subgroup H C G by p |§, or, briefly, p! for fixed
G and H. Let 7 : H — GL(V) be a representation of a subgroup H. We
denote by 7 Tg the representation induced by T to a representation of the
group G containing H; we briefly write 7! for fixed G and H. For a detailed
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definition on restricted and induced representations, see, for example, [Kar92]
or [Bak04].

Let us consider pairs of groups H<G, where H and G are binary polyhedral
groups from Tables A.2 and A.3. See, e.g., [SI80, p.163], [Sp77, p.89], [Hob02,

p.25].

Table A.4. The pairs H <G of binary polyhedral groups
Subgroup Dynkin Group Dynkin Index
H diagram I'(H) G diagram I'(G) | [G : H]

Do Dy T Es 3

T Es O E- 2

Dy Dyt Dan—1) Doy, 2

Z/QTLZ A2n71 Dn Dn+2 2

A.5.1 The Slodowy correspondence

Let us fix a pair H <G from Table A.4. We formulate now the essence of the
Slodowy correspondence [S180, App.III].

1) Let p;, where ¢ = 1,...,n, be irreducible representations of G; let pf
be the corresponding restricted representations of the subgroup H. Let p be
a faithful representation of H, which may be considered as the restriction of
the fixed faithful representation ps of G. Then the following decomposition

formula makes sense
P& p; = @ajipﬁ (A.14)
J

and uniquely determines an n X n matrix A = (@i;) such that
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K=2I—A (A.15)

(see [S180, p.163]), where K is the Cartan matrix of the corresponding folded
extended Dynkin diagram given in Table A.5

2) Let 73, where ¢ = 1,...,n, be irreducible representations of the subgroup
H, let TJ be the induced representations of the group G. Then the following
decomposition formula makes sense

por = D)

i.e., the decomposition of the induced representation is described by the matrix
AV = A! which satisfies the relation

(A.16)

KY =21 — AY (A.17)

(see [S180, p.164]), where KV is the Cartan matrix of the dual folded extended
Dynkin diagram given in Table A.5.

We call matrices A and AV the Slodowy matrices, they are analogs of the
McKay matrix. The Slodowy correspondence is an analogue to the McKay cor-
respondence for the multiply-laced case, so one can speak about the McKay-
Slodowy correspondence.

Table A.5. The pairs H <G and folded extended Dynkin diagrams
Groups Dynkin diagram | Folded extended
H«G [(H) and T(G) Dynkin diagram
DQ < T D4 and EG é21 and 522
T <0 FEg and Er FV41 and FV42
D,_1<9Dap1y| Dupi1and Do, | DD, and CD,
Z)2r7.<D, | An_1 and Dyyo B, and C,,
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A.5.2 The binary tetrahedral group and the binary octahedral
group

Now we will illustrate the Slodowy correspondence for the binary tetrahedral
and octahedral groups, i.e., H is the binary tetrahedral group 7 and G is the
binary octahedral group O, T < O. These groups have orders |7| = 24 and
|O| = 48, see Table A.2.

We will use the Springer formula for elements of the group O from [Sp77,
§4.4.11]. Let

a(ég?l), b<%>, C\}§<€—_€1€;1) (A.18)

where ¢ = €™/, Then each of the 48 different elements = € © may be ex-

pressed as follows:
r=a"bd, 0<h<8 0<j<2 0<Il<3. (A.19)

The elements € O and their traces are collected in Table A.6. Observe
that every element u € SL(2,C) from Table A.6 is of the form

u= (_‘%g) (A.20)

see (5.36). We can now distinguish the elements of @ by their traces and by
means of the 1-dimensional representation p; such that

@)= -1, p®) =1, plc) =1 (A21)

Proposition A.5. There are 8 conjugacy classes in the binary octahedral
group O. Rows of Table A.7 constitute these conjugacy classes.

For the proof, see [St05, Prop. A.5]. O

Remark A.6. We denote by Cl(g) the conjugacy class containing the element
g € O. The union CI(b) U{1,—1} constitutes the 8-element subgroup

{1,a?,a* a5 b,a%b,a*y,a®b} = {1,a% -1, —a?,b,ab, —b, —a’b}.  (A.22)
Setting i = b, j = a?, k = a®b we see that

i2:j2:k2:_1,

g . T (A.23)
Ji=—ij=k, tk=—-ki=j, kj=—jk=1,

i.e., group (A.22) is the quaternion group Qs, see (A.3).
It is easy to check that Qg is a normal subgroup in O:

Qs 0. (A.24)
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Table A.6. The elements of the binary octahedral group

Elements Matrix Trace
z=aPtc form tr(zx)
0<p<8 u

e? 0
a? 2 cos P
0 &P 4
0 P
aPb 0
ie? 0

V2 \ _e~-1) ~-1) V2 \ gmpt5 —pl 4

aPbe

Sl

_iEerl iEp+1 _ L Epfl EP+3 \/§COS 7T(p _ 1)
je— @+ jo—(+1) V2 \ gmpHl —ptl 4

. p+1 . p—1 -3
e | L T T (e e )
aPbc 2 cos
V2 \ _jem -1 o~ (p+D) V2 \ gmp-1 —pt1 4

Now consider conjugacy classes in the binary tetrahedral group 7. Accord-
ing to the Springer formula [Sp77, §4.4.10], the elements of the group 7 are
given by (A.19) with even numbers h. In other words, each of the 24 different
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Table A.7. The conjugacy classes in the binary octahedral group
Trace|Representation Conjugacy class Class|Representative
tr(z) p1 Cl(g) order g

10
2 1 1 1
01
-10
-2 1 ¥=c=ad= 1 -1
0 —1
0 -1 ab, a®b, a’b,a’b,
a3be, abe, ac?, a®c?, 12 ab
a’c,a’c,a®bc?, a"be?
0 1 a?,a%,b,a%b, a*b, a®b 6 b
-1 1 a'c, abc, a*be, a’be,
c2,a%?, a*bc?, abbc? 8 ?
1 1 ¢, a’e, be, a’be,
a*c®,a%c?,bc?, a®bc? 8 c

V2 -1 a,a”, ac,abe, a®c?, abc? 6 a

V2 -1 a®,a®,a’c,a’be,a’c?, a’bc?| 6 a®
elements x € 7 may be given as follows:
z=ad"d, 0<h<4, 0<j<2 0<I[<3. (A.25)
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There are 24 elements of type (A.25). In the octahedral group O, the elements
(A.25) constitute 5 conjugacy classes:

{1}, {~1}, CI(b), Cl(c) and CI(c?),

see Table A.7. We will see now, that in the tetrahedral group 7, the elements
(A.25) constitute 7 conjugacy classes:

{1}, {1}, CI(b), Cl(c), Cl(a*c) and Cl(a*c?).

The elements x € 7 and their traces are collected in Table A.8. We can
now distinguish the elements of 7 by their traces and by means of two 1-
dimensional representations 7; and 75 such that

(A.26)

where ws = ¢27%/3,

Proposition A.7. There are 7 conjugacy classes in the binary tetrahedral
group T . The rows of Table A.8 constitute these conjugacy classes.

For the proof, see [St05, Prop. A.7]. O
A.5.3 Representations of the binary octahedral and tetrahedral
groups

Proposition A.8. The group O has the following 8 irreducible representa-
tions.
1) Two 1-dimensional representations:

po(a) = po(b) = po(c) (A.27)
pl(a) = _1a Pl(b) = Pl(c> = 17
2) Two faithful 2-dimensional representations:
po(a) =a, pa(b) = b, pale) = c o)

pa(a) = —a, pa(b) =b, pa(c) =c.

3) The 2-dimensional representation ps constructed by means of an epi-
morphism to the symmetric group Ss

O — 0/Qs ~ Ss, (A.29)

where Qg is the quaternion group.
4) Two 3-dimensional representations ps and pg constructed by means of
an epimorphism to the symmetric group Sy
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Table A.8. The conjugacy classes in the binary tetrahedral group

Trace|Repr.|Repr.| Conjugacy class |Class|Representative
tr(z)| T2 Cl(g) order g

10
2 1 1 1 1
01

0 1 1 |a?,a®b,a%b,a’b,ab| 6 b
-1 | ws w2 | a*e,a’ec, a*be, albe, | 4 atc=—c
—1 | w2 ws |c2,a%¢2, a*bc?, albc?| 4 c?
1 ws w? ¢, a%e, be, abe 4 c
1 w3 ws |a*c?, a®c?, bc?, a’be?| 4 a*c? = -2
O — 0/{1,-1} ~ S,. (A.30)

The representations ps and pg are related as follows

pe(a) = —ps(a), ps(b) = ps(a), ps(c) = ps(c)- (A.31)

5) The 4-dimensional representation py constructed as the tensor product
p2 ® p3 (it coincides with pa ® p4).
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Table A.9. The characters of the binary octahedral group

Character| Conjugacy class Cl(g) and its order |Cl(g)| under it | Note on
s Cl(1)|Cl(=1)|Cl(ab)|CL(b)|CUL(c*)|Cl(c)|Cl(a)|Cl(a®)| represent.
1 1 12 16| 8 | 8| 6| 6 pi
Yo 1 1 1 1 1 1 1 1 trivial
Y1 1 -1 1 1 1 -1 | =1 |pi(a) =—a
Vs 2 2 0 2 | -1 -1 o0 0 NoTra
s 2 -2 0 0| -1 1 | V2 | —v2 | faithful
1y 2 -2 0 0 | -1 1 |—v2| V2 | faithful
s 3 3 -1 -1 0 0 1 1 V5756
Pe 3 3 1 —1 0 0 -1 —1 Y656
Wr 4 | -4 0 | o0 1 | -1] o0 0 | p2®ps
The characters of representations p; for i =0,...,7 are collected in Table

A.9.

Proof. 1) and 2) are clear from constructions (A.27) and (A.28).
3) We construct the third 2-dimensional representation ps by using the
homomorphism

w1 O — O/Qs, (A.32)

see (A.24). The quotient group O/Qs is isomorphic to the symmetric group
S3 consisting of 6 elements. The cosets of O/Qg are

{Qs,cQs,*Qs, abQs, acQs, ac*Qs} =
{1}, {c}. {c*}. {ab}, {ac}, {ac®}}.
For more details about O/Qs, see [St05, Prop. A.8]. Further, we have

(A.33)

O/Qg = 537
{ab} ~ (12), {ac} ~ (13), {ac*} ~ (23), (A.34)
{c} ~(123), {c*} ~ (132).
The symmetric group S3 has a 2-dimensional representation 7, such that

tr 12(12) = tr y2(13) =tr 1(23) =0, ie,

tr yo{ab} = tr yo{ac} = tr yp{ac’} =0,

tr 12(123) = tr 12(132) = —1, ie., tr yo{c} = tr y{c’} = —1,

tr (1) =2,
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see, e.g., [CR62, §32]. We consider now the representation ps as the composi-
tion of epimorphism 79 and the representation s, i.e.,

P2 = YoTa. (A.35)
So, for all u € Cl(ab) U Cl(a) U Cl(a®), we see that
mao(u) € {ab} U {ac} U {ac®} and tr po(u) = 0.
For all u € Cl(c) U Cl(c?), we see that
mo(u) € {c} U{c?} and tr po(u) = —1.
Finally, for all uw € CI(1) U Cl(—1) U Cl(b) we see that
ma(u) € {1} and tr pa(u) = 2.

Thus we obtain the row of characters 5.

Table A.10. The 3-dimensional characters of S4

Character|Conjugacy class C; C S4 and

its order |C;| under it

Ci|Cy | Cs|Ca| Cs
16|86 3

Vs 3 (-1]0]1 -1

Yo 3|1 1]0]|-1| -1

4) We construct representations ps and pg by means of the epimorphism
T56 - 0 — O/{l, —1}. (A36)

The epimorphism 756 is well-defined because the subgroup {1, —1} is nor-
mal:

{1,-1}<0. (A.37)

The quotient group O/{1,—1} is the 24-element octahedral group coincid-
ing with the symmetric group Sy. By [CR62, §32] S4 has two 3-dimensional
representations, 75 and 7, with characters as in Table A.10.

In Table A.10 we give the conjugacy classes C; of the group S; together
with the number of elements of these classes:
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cy ={1},
Cy = {ab,ab,a’c, a’be, ac?, a®bc?},
Cs = {c, %, be, a’c, a®be, be?, a*c?, a®be?}, (A.38)

Cy ={a,a®, ac,abc, a®c?, abc?},
Cs = {a®,b,a’b}.

‘We have
P5 = V5756, P66 = V6T56- (A-39)
For any u € CI(1) U Cl(—1), we see that

ms6(u) =1 and tr ps(u) = 3.

For any u € Cl(ab), we see that

ms6(u) € C2 and tr ps(u) = —1.
For any u € CI(b), we see that

ms6(u) € C5 and tr ps(u) = —1.
For any u € Cl(c) U Cl(c?) , we see that

ms6(u) € C3 and tr ps(u) = 0.
Finally, for any u € Cl(a) U Cl(a®) we see that

ms6(u) € Cy and tr ps(u) = 1.

Thus we obtain the row of characters 5.
Note, that pg can be obtained from ps by the following relations:

ps(a) = —ps(a), ps(b) = ps(b), ps(c) = ps(c). (A.40)

5) Finally, the 4-dimensional representation p7 is constructed as either of
the tensor products ps ® p3 or ps ® pg. Observe that 1913 and 114 have the
same characters, see Table A.11.

Table A.11. The character of the 4-dimensional representation pr

H ‘Cl(l)‘Cl(fl)‘Cl(ab)‘Cl(b)‘Cl(cQ)‘C’l(c)‘C’l(a)‘C[(a?’)H
[or=vstwo A [ 4 [0 [o[ 1 [1]o] 0]

The irreducibility of ps ® ps follows from the fact that

16+16+8+8

1. O
48

(aths, Parhs) =
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Ezample A.9 (The McKay correspondence for the binary octahedral group).
Select ps as a faithful representation of O from the McKay correspondence.
All irreducible representations p; of O (see Proposition A.8 and Table A.9)
can be placed in vertices of the extended Dynkin diagram E7, see (A.41):

PO —P3 — P5 — P7T —— P6 —— P4 —— P1

P2

(A1)

Then, according to the McKay correspondence we have the following decom-
positions of the tensor products p3 ® p;:

pP3 & po = p3,
P3 Q p1 = pa,
p3 & p2 = p7,

P3 @ p3 = po + ps,
pP3 @ pa = p1+ ps,
p3 @ ps = p3 + pr,
P3 @ ps = pa + pr,

p3 ® p7 = p2 + p5 + Pe.

O

(A.42)

Table A.12. The characters of the binary tetrahedral group. Here, ws = €2™*/3.
Character|Conjugacy class Cl(g) and its order |Cl(g)| under it| Note on
Xi cl()|ci(=1)|ClUb)|Cl(c)|Cl(P)|Cl(=c)| Cl(=c?) Ti

1 1 6 4 4 4 4

X0 1 1 1 1 1 1 1 trivial
X1 1 1 w3 w2 w3 w3 T1(c) = w3
Y2 1 1 1 | w3 | ws w3 w3 72(c) = wi
X3 2 -2 0 1 -1 -1 1 faithful
X4 2 -2 0 w3 fwg —ws w§ T3 Q@ T1
X5 2 -2 0 w% —ws3 fwg w3 T3 ® To
X6 3 3 1 0 0 0 0 Y6T6

Proposition A.10.

tions:

The group T has the following 7 irreducible representa-
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1) Three 1-dimensional representations

T()(a) = To(b) = ’7'0(6) = ].,

mi(a) =71(b) =1, 71(c) = w3, (A.43)
1, TQ(C) = w%,

Representations 71 and 7o can be constructed by using an epimorphism onto
the alternating group Ay:

T —T/{1,-1} = A,. (A.44)
2) The faithful 2-dimensional representation
3(a) =a, T3(b)=0b, T3(c)=c, (A.45)

3) Two 2-dimensional representation 74 and 75 constructed as tensor prod-
ucts
T4 =T3QT1, T5=T3& T2 (A.46)

4) The 3-dimensional representation 1¢ constructed by using an epimor-
phism (A.44) onto the alternating group Ay.

The characters of representations ; for v =0,...,6 are collected in Table
A.12.

Proof. 1), 2) and 3) are easily checked.
4) Consider the 3-dimensional representation of the alternating group A4
with the character given in Table A.13, see, e.g., [CR62, §32]:

Table A.13. The 3-dimensional character of A4

Character|Conjugacy class C; C A4 and

its order |C;| under it

In Table A.13 we have Cy = {1}, Cy contains only elements of order 2,
and C3, C4 contain only elements of order 3, see (A.47).
cy = {1},
02 = {a27 ba a2b}7
Cs = {c,a’c,be, a*be},

Cy = {c%, a%c, bc?, a®bc?}.

(A.47)
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If 76 is an epimorphism (A.44), then

T6 = Y676,
and
76 : Cl(1) UCI(—-1) — Cq, tr
76 : Cl(b) — Oy, tr
76 : Cl(c) UCl(—c) — C3, tr
76 : Cl(c?) UCI(—c?) — Cy, tr

Thus we get the last row in Table A.12. O

A The McKay correspondence and the Slodowy correspondence

To(u) = 3,
T6(u) = —1,
T6(u) = 0,
T6(u) = 0.

(A.48)

(A.49)

Ezample A.11 (The McKay correspondence for the binary tetrahedral group).
Select 73 as a faithful representation of 7 from the McKay correspondence.
All irreducible representations 7; of 7 (see Proposition A.10 and Table A.12)

can be placed in vertices of the extended Dynkin diagram Eg, see (A.50):

T1 T4 T6 T5 T2

73

To

(A.50)

Then, according to the McKay correspondence, we have the following decom-

positions of the tensor products 73 ® 7;:

T3 & To = T3,
T3®7_1 = T4,
T3 & T2 = Ts,
T3 & T3 = To + Te,
T3 QT4 = T1 + T6,
T3 Q75 = T2 + Té,

T3 & Tg = T3+ T4 + T5.

O

A.5.4 The induced and restricted representations

(A.51)

Let us denote the characters of induced and restricted representations of 7°

and O as follows:
the irreducible representations 7 of 7 <=
the irreducible representations p of 0 <
the induced representations 7 T? of 0 «—

the restricted representations p |$ of T <=
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Table A.14. The restricted characters of the binary octahedral group

Character Conjugacy class Cl(g) and order of class |Cl(g)|
Yl |Clo(1)|[Clo(=1)|Clo(b) Clo(c?) Clo(c)
1 1 6 8 8
Clz(1)|Clr(—1)|Clr (b) |Clr (—c)|Clr (c®)|Clr (c)|Clr(—c?)
1 1 6 4 4 4 4
Yh=9f | 1 1 1 1 1 1 1
Vs 2 2 2 -1 -1 -1 -1
vi =i | 2 -2 0 -1 -1 1 1
Ye=wt| 3 3 ~1 0 0 0 0
i 4 —4 0 1 1 —1 -1

Consider the restriction of the binary octahedral group O onto the binary
tetrahedral subgroup 7. Then the conjugacy classes Cl(a), Cl(a®) and Cl(ab)
disappear, and the remaining 5 classes split into 7 conjugacy classes, see Table
A.14. We denote the conjugacy classes of O by Clp and conjugacy classes of
T by Clr.

Now consider the restricted representations ¢il from O onto 7. By Ta-
ble A.9 v (resp. 13 or 15) differs from vy (resp. 14 or 1)g) only on Cl(a),
Cl(a®), and Cl(ab), so we have the following coinciding pairs of restricted
representations:

e =01, WS =, vl = (A.53)

The values of the characters 1/1} for ¢ =0,2,3,5,7 are easily obtained from
the corresponding characters ;.

Observe that py = 73 is a faithful representation of 7 with character
d)§ = x3. All irreducible representations pll for i =0,2,3,5,7 can be placed in

vertices of the extended Dynkin diagram Fjo, see Fig. A.2. From Table A.14
we have
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' ' '
Ps Py Py
: 4,/ -
P, P, {f {f { E,
+ + +
\Pﬁ P, P,
: o L2y : + ~
pz 7 5 ps ph Fy
2,1)
+ + t ~
Ty Ts s Tz To L
T +
T T
2 5
{ ( >Su— g,
1 t
T Ty

Fig. A.2.  The induced and restricted representations of 7 <O

75 ® py = p3 ® Py = p3,
T3 ® ps = pi @ ps = pt,

] L] | (A54)
T3 & p3 = p3 & p3 = Pyt P5s :
s ® ps = p3 @ Py = p3 + pp,
T3 @ pr = py @ pt = p + 2pt.

Thus, the decompositions (A.54) constitute the following matrix

01000\ P
10200 | pt
A=]01010] pt (A.55)
00101 | pi
00010

P
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1

where the row associated with p; for i = 2,7,5,3,0 consists of the decom-

position coefficients (A.54) of 73 ® ,ozl . The matrix A satisfies the relation

A=2I-K, (A.56)

where K is the Cartan matrix for the extended Dynkin diagram ﬁ42, see
(2.22). We call the matrix A the Slodowy matriz; it is an analog of the McKay
matrix for the multiply-laced case.

Now we move on to the dual case and consider induced representations. To
obtain induced representations x T?, we use the Frobenius reciprocity formula
connecting restricted and induced representations, see, e.g., [JL2001, 21.16]

Wx19e = W15, X)n. (A.57)

By (A.57) we have the following expression for the characters of induced
representations

X9 = 3 Wox e = Y. @IS xX)rvi.  (A58)

P, €Irr(G) P, €lrr(G)

Thus, to calculate the characters x! = yx T?, we only need to calculate the
inner products

Whx)r = @12, %7 (A.59)

Table A.15. The inner products (¥, x)

vt = odwius = vilod = wifut

xo| 1 |o] o0 0 |o
xi| 0 |1] o0 0 |o
x2| 0 |1] 0 0 |o
xs| 0 |o] 1 0 |o
xa| 0 |0]| 0 0o |1
xs| 0 |0] o0 0o |1
xs| 0 0] 0 1 o

One can obtain the inner products (A.59) from Tables A.12 and A.14.
The results are given in Table A.15. Further, from Table A.15 and (A.58) we
deduce
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Xb =to + 1, 70 =po+ p1,
X1 = x3 =, T =15 =pa,

X4 =t + 1, 73 =p3 + pa, (A.60)
X = x4 =1, =1l =pr,

X =5 + Ve, a =ps + ps.

Let us find the tensor products py ® TZT =p3® TJ, where py means the
faithful representation of O. By (A.42) and (A.60) we have

P3®TJ =p3® (po + p1) = p3 @ po + p3 @ p1 = p3 + pa ZT:L
ps®T =psRT) =ps@py=pr=r1) =7,
ps ® T4 =p3 ® (p3 + pa) =
P3®P3+P3®P4Z(po+P5)+(pl+pﬁ)=ToT+TﬁT, (A.61)
p3®7-l :,03(8)75T = p3 ® p7 = p2 + p5 + Ps :71T4—7-6T :72T+7-6T,
ps ® 74 =p3 @ (ps + pe) = ps ® p5 + p3 @ pe =
(ps + p7) + (pa+ pr) = 74 + 2] = 7] +27].
Here p3 is the faithful representation of © with character 3. All irreducible
representations TZT ~for 1=0,2,3,5,6 can be placed in vertices of the extended
Dynkin diagram Fy;, see Fig. A.2. For other details, see [S180, App.III, p.

164].
The decompositions (A.61) constitute the following matrix

01000\ T3
10100 | 7
AV=102010 |7 (A.62)
00101 | ]
00010/ -1

where the row associated with 7'1-T for i = 2,5,6, 3,0 consists of the decompo-
sition coefficients (A.61) of ps ® 7). As in (A.56), the matrix AV satisfies the
relation

AV =2l - KV, (A.63)

where KV is the Cartan matrix for the extended Dynkin diagram ﬁ41, see
(2.20). We see that the matrices A and A" are mutually transposed:

At = AV, (A.64)

As in (A.56), we call the matrix AV the Slodowy matriz.
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A.6 The characters of the binary polyhedral groups

Representations of the binary octahedral and tetrahedral groups are con-
sidered in §A.5.3. For characters of the binary tetrahedral group, see Table
A.12; for characters of the binary octahedral group, see Table A.9. Below, we
give character tables of remaining three groups: cyclic groups, binary dihe-
dral groups and binary dihedral group, see [Blu06], [Mon07], [Brn01], [IN99],
[Hu75].

A.6.1 The cyclic groups
The irreducible representations are

7 Z/nZ — C*, a' — (&) = ¢, fori,j=0,1,...,n—1,

S _ (A.65)
where £ is a primitive n-th root of unity.
Table A.16. The characters of the cyclic group

Character Conjugacy class Cl(g) and its order under it Note on
Xi Cl(1)|Cl(a) | Cl(a?) |...| Cl(a"?) Cl(a™ ") |represent.

1 1 1 .. 1 1 T;

X0 1 1 1 e 1 1 T0

X1 1 3 & ... g2 gt 1

X2 1 52 54 o 52(71—2) €2(n—1) T

Xn—2 1 5(7172) §2><(n72) §(n72)><(n72) g(n72)><(n71) Th—a

Xn—1 1 é—(nfl) §2><(n71) £(n72)><(n71) é—(nfl)x(nfl)

Tn—1

A.6.2 The binary dihedral groups

The binary dihedral group D is also known as dicyclic group. The group D
has the following presentation:

D = {a,b|a" = b* = (ba)* = —1}. (A.66)

By setting
R:=b,5:=a,T := ba,

we deduce that presentation (A.66) is equivalent to



180

A The McKay correspondence and the Slodowy correspondence

Table A.17. The characters of the binary dihedral group, n even
Character Conjugacy class Cl(g) and its order under it
Xi Cl(1)| Cl(=1) |Cl(a*) for k=1,...,n — 1|CI(b)|Cl(ba)
1 1 2 n n
X1 1 1 1 1 1
X2 1 1 1 -1 -1
X3 1 -1 (—1)k i —i
Xa 1 —1 (—1)k —i |
x4 2 -2 I 0 0
X 9 9 g2k 4 g2k 0 0
Xoor | 2 (=277 gD ety 0 | 0
Table A.18. The characters of the binary dihedral group, n odd
Character Conjugacy class Cl(g) and its order under it
Xi Cl(1)| Cl(=1) |Cl(a*) for k=1,...,n — 1|CL(b)|Cl(ba)
1 1 2 n n
X1 1 1 1 1 1
Y2 1 1 1 -1 -1
X3 1 —1 (—1)k 1| -1
X4 1 -1 (—1)* -1 1
X4 2 -2 gh ek 0 0
Xb 2 2 g2k 4 g2k 0 0
Xoor | 2 (=T gD 4ty 0 | 0
R?>=8"=T? = RST = —1,

i.e., eq. (A.5) holds for (2,2,n).

(A.67)

The characters of the binary dihedral group D are given in Table A.17 (n
is even) and Table A.18 (n is odd). In these tables ¢ is a primitive 2n-th root

of unity.
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A.6.3 The binary icosahedral group
The binary icosahedral group J has the presentation:

J ={a,b|a® =b*= (ba)? = —1}. (A.68)

Table A.19. The characters of the binary icosahedral group

Character The conjugacy class Cl(g) and its order (under it)
Xi CI(1)|CI(=1)|Cl(a)|Cl(a®)|Cl(a®)|Cl(a*)|CL(b) |CL(b*) |Cl(ab)
1 1 12 12 12 12 20 20 30
X1 1 1 1 1 1 1 1 1 1
X2 2 | =2 |\t g || =10
X3 2 | =2 |p |t epm 1| -1 |0
X4 3 3 wr | + 0 0 -1
X5 3 3 wo oot - 0 0 -1
X6 4 —4 1 -1 1 -1 -1 1 0
X7 4 4 -1 -1 -1 -1 1 1 0
Xs 5 5 0] o 0 0o | -1 =1 ] 1
Yo 6 | -6 | -1 1 | -1 | 1 0] 0 0
By setting

R:=b,5:=a,T := ba,

we deduce that presentation (A.68) is equivalent to the following presentation:
R} =58%=T?%=RST = —1, (A.69)

i.e., eq. (A.5) holds for (2,3,5).
Let u*, p~ be as follows:

ut = %(1 +5), and p~ = %(1 —V5).

The characters of the binary icosahedral group J are given in Table A.19.
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Regularity conditions for representations of
quivers

B.1 The Coxeter functors and regularity conditions

Following Bernstein, Gelfand and Ponomarev [BGP73], given a quiver @ and
a field K, we define reflection functors and Coxeter functors. For details, see
[ASS06], [Pie82] or [Ser05].

A vertex a € Qo is said to be sink-admissible (resp. source-admissible) if
all arrows containing a have a as a target (resp. as a source). By 0,Q we
denote the quiver obtained from @ by inverting all arrows containing a.

For each sink-admissible vertex a, we define the reflection functor

F, :1epg(Q) — repg(04Q)

between the categories of finite dimensional K-linear representations of the
quivers @ and o0,Q, see §B.1.1, and for each source-admissible vertex a, we
define the reflection functor

Fy irepg(0aQ) — repg (Q)

between the categories of finite dimensional K-linear representations of the
quivers 0,Q and @, see §B.1.2. After that, in §B.1.3 we give the definition of
the Coxeter functors T and &~
The connection between the Coxeter functors and the Coxeter transfor-

mations is as follows: the action of the Coxeter functor on the objects of the
repy (Q) induces the action of the corresponding Coxeter transformation on
dimensions of these objects. An essential difference is that the Coxeter func-
tor is not always invertible, whereas the corresponding Coxeter is invertible.
There are simple objects V', W which are turned into 0 under the action the
Coxeter functors:

ot (V)=0, & (V)#0.

S~ (W)=0, &+(W)#£D0.
Only on the regular objects the behavior of the Coxeter functor is “more
agreeable” , and the regular representation never vanishes under the action of
the Coxeter functor, see §B.1.4.
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B.1.1 The reflection functor F;‘

Let
V= (Vvi’(sa)iEQo,OtEQl (Bl)

be an object of rep (Q). The object
F(;FV (V 6 )16 (6aQ)0,0€(0aQ)1

in repy (0,Q) is defined as follows.
We put V/ =V, for i # a. For i = a, we put V] = ker V, where

V=Y b @V(a Ve

a:s(a)—a

and s(«) is the source of the arrow a. The K-linear map V acts such that

V(viy...,0n) = Z 0o (Vs(a))

as(a)—a

for all collections {n1,...,m, | 7; € V;}, where the indices 1,...,n enumerate
all arrows ending with a.
We put 6, = d, for all arrows « whose sink ¢(«) differs from a. For

t(a)) = a, we define the map
8o V=V =V

to be the composition of the inclusion V] into @  Vj(4) with the projec-
a:s(a)—a
tion on the direct summand V;.
Following [ASS06, §VIL.5.5], we define the action of the reflection functor

F;F on the morphisms between representations in the category rep (Q). Let
f=(fi)ieg: VW

be a morphism in repg(Q), where V = (V;,d,) and W = (W, po). We define
the morphism

FiT =T = (Ficoqy: XV — EJW
as follows. For each i # a, we put f/ = f;. For i = a, we give the K-linear
map f!, such that the following diagram is commutative

0 —— (FiV)e — @D Vi o),

a:s(a)—a

Ve
o e
0 (FW)y —— @ Wiy % W,

a:s(a)—a
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B.1.2 The reflection functor F_-

Let
V= (V/ de )7/EO'QQ070460'<1Q1 (B-2)

be an object of repy (0,Q). The object

F;V/ (Vlv5 )26 (0aQ)o,€(0aQ)1

in repy (Q) is defined as follows.

We put V; = V/ for i # a. For i = a, weput Vo = @ V/,)/Imdy,
aa—t(a)
where
!
D Vi
aa—t(a)

and t(«) is the sink of the arrow a.
We put 6, = ¢, for all arrows a such that the source s(a) # a. For
s(a) = a, we define the map

bo i Vi=Vi=V,

to be the composition of the inclusion V;/ into @  V/

t(a) with the projection

aa—t(a)
onto V, = @ t’(a)/Imé’Q.

ata—t(a
We define the action of the reflection functor F, on the morphisms be-
tween representations in the category repy (0,@Q). Let

f = (f )zeoaQo Vi—w’

be a morphism in repg(0,Q), where V! = (V/,¢!) and W = (W/, ul,). We
define the morphism

Fof'=f=(fiicoqe : Fo VI = F, W'

as follows. For each i # a, we put f; = f/. For i = a, we give the K-linear
map f,, such that the following diagram is commutative

V. —— @ v L (peyn, 0

a t(a
aa—t(a) (@)

Lf; l@f@ Jfa

Wo — & W, Sale, (Fy W) —— 0

aa—t(a)
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B.1.3 The Coxeter functors &+, &~

The main property of the reflection functors is the fact that the reflection func-
tors preserve the indecomposability of representations, namely, the following
proposition takes place.

Proposition B.1 ([BGP73]). Let Q be a quiver without cycles and (V,0)
an indecomposable representation. Let i be a sink-admissible (resp. source-
admissible) representation. Then

(i) if (V,8) = (P;,0), where (P;,0) is the simple indecomposable represen-
tation, then

FF(V,8) = (0,0) (resp. F, (V.5) = (0,0)).

(ii) if (V,0) 2 (P;,0), then the representation F;(V,8) = (V',8) (resp.
F7(V,8) = (V',¢")) is indecomposable,

Fy F{(V,0) = (V,0) (resp. FF; (V.6)=(V,d))
and
dimg V; = dimg V; fori # a,
dimg V, = —dimg Vo + > dimg My(q).-

a:s(a)—a

For a proof, see, e.g., [Pie82, §8.8.7]. O

Every tree has a fully sink-admissible sequence S, see §2.2.6, and for every
sink-admissible sequence S, we define the Coxeter functors ®+ and &~ as
follows:

ot =F'F" _FIF"
P = FZFj_ F~ F~ (B:3)
117127 T ln 1T it
For every tree-shaped quiver @, every fully sink-admissible sequence gives
rise to the same Coxeter functor ¢T, and every fully source-admissible se-
quence gives rise to @7, thus the definition of the Coxeter functors do not
depend on the order of vertices in S.
The Coxeter functors &7, P~ are endofunctors, i.e.,

&t :repp L — repg L, &~ :repp L — repy L,

because every edge of the tree is twice reversed.
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B.1.4 The preprojective and preinjective representations

Let V be an object (representation) of the category repy (@), see (B.1). A
given representation V for which @V = 0 (resp. &~V = 0) is said to be
projective (resp. injective). For every indecomposable representation V', a new
indecomposable representation @V (resp. #~V) can be constructed, except
for the case where V' is projective (resp. injective).

By [GP79, Prop. 8,9] the projective indecomposable representations of any
quiver are naturally enumerated by the vertices of the graph and can be recov-
ered from the orientation of the graph.

If V is indecomposable and not projective, i.e., ®*V # 0, then V =
STV,

If V is indecomposable and not injective, i.e., ®~V # 0, then V = dTd~V .

If V is indecomposable and (¢1)*V # 0, then V = (&) (dH)FV.

If V is indecomposable and (@)*V # 0, then V = (&T)* (@~ )*V.

A representation V is called preprojective if, for some projective represen-
tation f/,

@V =V, (@HH Y =atV =0.

A representation V' is called preinjective if, for some injective representa-
tion V, B ~
@)V =V, @)V =s"V=0.

A representation V is called regular if

(gﬁ*)kV # 0 and (@*)kv # 0 for every k € Z. (B~4)

B.1.5 The regularity condition

The regularity condition given by the relation (B.4) can be reformulated in
terms of dimensions of representations as follows:

Lemma B.2 ([St75]). An indecomposable object V' € repk (Q) is regular if
and only if, for each k € Z, we have

C*dimV > 0. (B.5)

Proof. Note that the quiver @ is considered with some orientation 2, and in
the relation (B.5), we assume that C = Cq,.
1) Let V be indecomposable and regular. Suppose there exists k € Z such
that
CrdimV # 0. (B.6)

Let n be the number of vertices of the quiver @ and {i,,...,i1} be a
fully sink-admissible sequence corresponding to the orientation €2 as in §B.1.
Consider the sequence

{Brky-esi1} = {ikyeeeyity ey hy-onyi1})
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Then CF =55, ...55.
Since dim V' > 0, there exists i < kn such that

58, --.83,(dimV) >0 and sg,,, ...s, (dim V) # 0.
According to [BGP73], Corollary 3.1, we have
Fr.FH(V)=Lg,,,

where Lg,,, is the simplest object corresponding to the vertex 3;y1:

Lo = R!  for the vertex vg,,,,
o 0  for the other vertices.

Therefore, F[IHFJIFEE (V)=0,and &V =0.
2) Conversely, let, for each k € Z, we have

CkdimV > 0. (B.7)

Suppose there exists k& € Z such that TV = 0 or =V = 0. We consider
the case @7V = 0; the case &~V = 0 is similarly considered. The relation
&7V = 0 means that for some i < kn, we have

+ _
Fﬁi.”Fﬁl(V) =Lg,,,
and

dimV = sg, ...s5,(Bi+1),

where 341 is the simple root corresponding to the vertex vg,_, .
For some r € Z, we have

Bix1 =88, ...83,(dImV) = 54, ... 5, C"(dim V), 1<t <mn,
2 =58, (Bi+1) = Sa,s15a; - - 80, C" (dim V') <0, (B.8)
C"Hdim V) = sq,, - .- SayaSars: Say - - - Sa; CT(dim V) > 0.

The vector z has only one non-zero coordinate (z)s,,, < 0, where 8;11 = ay.
Since the reflections sq,,,. .., Sa,,, do not change this coordinate, we get a
contradiction with the last relation in (B.8). O

B.2 The necessary regularity conditions for diagrams
with indefinite Tits form

Now, consider the case where B is indefinite, i.e., I' is any tree which is neither
a Dynkin diagram nor an extended Dynkin diagram.
Let (af*, a5, af?,a%?,...) be coordinates of the vector Tz in the Jordan

basis of eigenvectors and adjoint vectors (3.22) — (3.24), where of* and o
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are coordinates corresponding to the eigenvectors z{* and z5*. The vectors z1*
and 25" correspond to the maximal eigenvalue ™ = ™% of DD and D'D,
respectively. Let us decompose the vector Tz as follows:

Tz=al"2]" +af z)" + a2 + af?25* + ... (B.9)

According to (3.25), (3.26), (3.27) we have

ChTz =
AP k_m_m ALm k_m_m AP2 k w2 _p2 & k w2 _p2 (BlO)
(AT™) ol 2" + (A™) ey 2y + (AT?) af?27% + (A\T?) 5?2572 + ...
and
Chz =T 'CRTz =\ ) a1 + A ) ka7 2+ (B.11)

(sz)]“oz“fQT*lzf2 + ()\“102)’“0452T*12§02 +...

It will be shown in Theorem B.7 that the transforming element 7" can be
modified so that its decomposition does not contain any given reflection o,,.
Since the coordinates of the eigenvectors 21", are all positive, see Corollary
3.8 and (3.25), we see that each vector T_lz{’fQ has at least one positive
coordinate. Besides,

X7 > AT > A5 (B.12)

because

m 1
S
M= 20" — 1+ 2¢/pm(p™m — 1) > 2p" — 1+ 24/¢i(pt — 1).

Thus, since Tflsz2 has at least one positive coordinate, we deduce from
(B.11) and (B.12) that

and

af™ >0, as™ > 0. (B.13)

As in §6.3.2, for the case B is non-negative definite, let us calculate
afg. The vector ZJ* conjugate to the vector z]* is orthogonal to the vec-
tors 252, Zi)’,z, .... Let us show that z]" is also orthogonal to z7*. Indeed, the

vectors 27" and 2] can be expressed as follows:

™ rm
m o _ R Zm — 5 B.14
A1 _ 2 Dtx’m 1 2)\1n Dtl‘m ( )
PV PV

where for brevity we designate A{™* by \7*, z{™** by z{", and z¥me= by
x™. Then,
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(1", 21") =
(x™, x )—mu}% ,Diz™) =
11 (B.15)
(™, ™) — (p—(axm,DDtxm> =

<xm7$m> - <xm7$m> =0.

The conjugate vector 27 is not orthogonal only to 25" in decomposition (B.9),
and similarly 27" is not orthogonal only to 2]". From (B.9) we get

(Tz,2") = a5’ (23", 21"),  (Tz,2") = o' (21", 25"). (B.16)

Let us find (23", 2{") and (27", Z5*). We have:

(20 2y = (@™, ™) — @%W@M,DD%M _
A O+ 172 . (B.17)
Similarly,
() = (a2 (1 — (A1), (B.18)
Thus, from (B.16), (B.17) and (B.18) we get
(72037 = o (7)1~ O 0
(Tz,23") = a" (@™, z™) (1 = (A3")7)

Theorem B.3 ([SuSt75], [SuSt78]). If z is a reqular vector for the graph
I’ with indefinite Tits form B in a given orientation ), then

(T22m) < 0, (T2 > o (B.20)

Proof. Since A\7* > 1 and A}* < 1, the theorem follows from (B.19) and (B.13).
O

We denote the linear form (T'z, zZ7") (resp. (T'z,Z5")) by pé (resp. pd).
Then, conditions (B.20) have the following form:

po(z) < 0, phlz) = O (B.21)

Similar results were obtained by Y. Zhang in [Zh89, Prop.1.5], and by
J. A. de la Pena, M. Takane in [PT90, Th.2.3].
For an application of (B.20) to the star graph, see §B.4.4.
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B.3 Transforming elements and sufficient regularity
conditions

In this section we consider only extended Dynkin diagrams. We will show in
Theorem B.10 that the necessary regularity condition of the vector z (6.53)
coincides with the sufficient condition (Proposition B.4) only if the vector z is
a positive root in the corresponding root system. For an arbitrary vector z, this
is not true. Since dimension dim V' of the indecomposable representation V' is
a positive root (Kac’s theorem for any diagrams, Th. 2.16), then for the inde-
composable representation V, the necessary reqularity condition of the vector
dim V' coincides with the sufficient condition. For an arbitrary decomposable
representation, this is not true.
We start from the bicolored orientation A.

B.3.1 The sufficient regularity conditions for the bicolored
orientation

Proposition B.4 ([St82]). Let ' be an extended Dynkin diagram, i.e., B is
non-negative definite. Let z be a root in the root system associated with I'. If
the A-defect of the vector z is zero:

pA<Z) =0, (B.22)
then z is reqular in the bicolored orientation A.

Proof. Let
H={z]|2>0, zis aroot, pp(z) =0}. (B.23)

It suffices to prove that

wiH CH and wyH C H. (B.24)
Indeed, if (B.24) holds, then

CikHCH forall keN,

hence Ck 2 > 0 if 2 is a positive root satisfying the condition (B.22).

So, let us prove, for example, that wiH C H. Note that z and wiz are
roots simultaneously. Thus, either w2z > 0 or wiz < 0. Suppose w1z < 0.
Together with z > 0, by (3.4) we have y = 0. Hence

pa(z) = (z,2") = (2,3").

The coordinates of #!V are positive, the coordinates of 2 are non-negative. If

pa(z) = 0, then z = 0; this contradicts to the condition z > 0. Therefore,
wiz > 0. It remains to show that

pa(wiz) = 0.
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Again, by (3.4), (3.6) and (3.23) we have
. —x — 2D ztY
(wlz,zlv>=(< y y>7(Fvl,1v)>:

- <.’17, xl\/> - 2<ya Dt%lv) + <y7 FV'/LJ\/) =

- <xax1v> - <yava1v> = _<Za21v> =0.

(B.25)

Thus, wyH C H. Similarly, woH C H. O
To prove the sufficient regularity condition for arbitrary orientation, we
need some properties of transforming elements 7.

B.3.2 A theorem on transforming elements

Proposition B.5 ([St82]). Let ', Q" be two arbitrary orientations of the
graph T that differ by the direction of k edges. Consider the chain of orienta-
tions, in which every two adjacent orientations differ by the direction of one
edge:

Q =Ag, A1, Ao, A1, A = Q. (B.26)
Then, in the Weyl group, there exist elements P; and S;, wherei =1,2,.... k,
such that

Ca, = P151,

CA1 =51P = PZSQa

N (B.27)
Chrpy = Sp—1Pp—1 = PSy,
Ca, = Si Py

In addition, for each reflection and each i = 1,2, ..., k, this reflection does not
occur in the decomposition of either P; or Si_l.

Proof. Tt suffices to consider the case k = 1. Let us consider the graph
LUy =T\l
The graph I' can be depicted as follows:

Q/ e —
Iy Iy
(B.28)

Q" e —

I Iy

The orientations 2 and €’ induce the same orientations on the graphs I'; and
I's, and therefore they induce the same Coxeter transformations on subgraphs
I'y and I'y. Denote the corresponding Coxeter transformations by Cr, and
C[*2 . Then
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Co =Cr,Cr,, Cqor = Cr,Cr,.
Here,

P1:CF2, 51:Cp1. O

Remark B.6. Observe, in particular, that Proposition B.5 gives a simple proof

of the fact that all the Coxeter transformations form one conjugacy class, cf.
[Bo, Ch.5, §6].

Theorem B.7 ([St82]). 1) Under the condition of Proposition B.5,
T 1CqoT = Cqr
for the following k + 1 transforming elements T := T;:

Ty =P PP3.Py 2P 1P,

Ty = PyPyPs...Py 2P, 1S} !,

Ty = Py P2Ps...Py_2S; ", S,

(B.29)
Tpo1 = PiP2S; .8 LS St
Ty = PSSy .S 8 syt
Ti+1 =Sy 8518 .8 18 Syt

In addition, for each reflection o, there exists a T; whose decomposition does

not contain this reflection.
2) The following relation holds:

T,T, ' = C&*. (B.30)
Proof. 1) There are altogether 2* transforming elements of the form
T = X1 X9.. X1 Xy, where X; € {P;,S;'}. (B.31)

By Proposition B.5, for each reflection o, and for each i, we can select X; =
Por X; =5, ! such that this reflection does not occur in 7. Taking the
product of all these elements X; we obtain the transforming element 7" whose
decomposition does not contain this reflection. It remains to show that every
transforming element from the list (B.31) containing 2* elements is of the
form (B.29). By (B.27) we have
Sy Py = PyS .
Thus, all symbols S;” 1 can be shifted to the right and all symbols P; can be
shifted to the left.
2) It suffices to show (B.30) for p < q. By (B.29) we have
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TT*l—
(P1Py...Py_py1S; o2 Sk YY) % (S Sk—gqi2 PP e P = (B32)

PPy Py i1 (Sk—pr1Sk—p--Sk—gi2) P lysyPr

Here, k—p+1> k—q+2. In order to simplify eq. (B.32), we use eq. (B.27):
Py pPri—p+1Sk—p+1Sk—p = Pk’—p(Sk—pPk—p)Sk—p = (Pk—psk—p)Zz

Pip1(Pr—pSk—p)*Sk—p—1 =
Prp-1(Sk-p-1Pe—p-1)*Sk—p-1 = (Pep-1Sk—p-1)°, (B.33)

Py—q2Pr—qt3---Pr—pt1Sk—pt1---Sk—g+2Sk—q+2 =

(Pr—q+25%—q+2)777.

Thus, from (B.32) and (B.33) we deduce:
TpT(Il = P1P2...Pk_q+1(Pk_q+25k_q+2) rp-1

g1 P (B.34)
Again, by (B.27) we have

PquJrl(PquqLZSqu%»Z) P]; q+1

Pk—q+1(Sk—q+1Pk—q+1) Pk_ q+1 — (Pk—q+ISk—q+l)q7p7

Pk—q(Pk—q-HSk—q-&-l)q_ppkilq = (B'35>
Pqu(squpqu)q_pplg—lq = (Pr—gSk-)" ",

Pi(PySy)I PPt = Py (S P)T PPt = (PySy)47P

Therefore,
T,T; = (PS)" " =C{ P =C,". O (B.36)

Remark B.8. Theorem B.7 allows us to select a transforming element 7' in
such a way that its decomposition does not contain any given refection ¢;, and
therefore T' does not change any given coordinate ¢. This fact was already used
once in §B.2 for the proof of the necessary regularity conditions for diagrams
with indefinite Tits form. Now, we will use Theorem B.7 to carry the sufficient
regularity condition from a bicolored orientation A in Proposition B.4 to an
arbitrary orientation ', see Definition 6.30.

B.3.3 The sufficient regularity conditions for an arbitrary
orientation

Proposition B.9 ([St82]). Let " be an extended Dynkin diagram. Let Q) =
Ao, Q' = Ay. If z is a positive root with zero Y -defect, then z is the Q' -reqular
vector.
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Proof. If z > 0, then there exists a positive coordinate z, > 0. Take a
transforming element 7; whose decomposition does not contain the reflection
0. Then (T;z)n > 0. Since T;z is the root, we have T;z > 0. The equality
par(z) = 0 means that po(T;z) = 0, see Definition 6.29. Since T;z > 0 and
T;z is the root, we see by Proposition B.4 that T;z is Q-regular and

CaTiz > 0 for all m € N. (B.37)

Suppose that
u="T 'CHT;z < 0 for some m = my.

Then by Theorem B.7 there exists a T} such that Tju <0, i.e.,
T;T;'CETiz < 0 for m = my. (B.38)

Again by Theorem B.7 we have T;T;' = Ci, 7 and by (B.38) the following
relation holds: o
C, ' CaTiz < 0 for m = myg (B.39)

that contradicts (B.37). Therefore,
u=Cpz="T 'CyT;z>0 for all m € N.

Thus, z is a '-regular vector. O
From Theorem 6.33 together with Proposition B.9 we get the following

Theorem B.10. The indecomposable representation V' of the graph T (which
is an extended Dynkin diagram) with orientation S is regqular in the orienta-
tion Q if and only if

pa(dimV) = 0.

Proof. Indeed, the dimensions of the indecomposable representations of the
extended Dynkin diagrams are roots, see [DR76], [Kac80]; however, there are
indecomposable representations whose dimensions are not usual (real) roots
but imaginary roots, see §2.2.1. They are vectors from the kernel of the Tits
form, and are proportional to vectors z! which are fixed points of the Weyl
group. In particular, Tz! = 2!, so (2!, 21V) = 0 directly implies (T'z!, V) = 0.
O

B.3.4 The invariance of the defect

We will show that the Q-defect pq is invariant under the Coxeter transforma-
tion Cq and pq does not depend on the choice of the transforming element
T; in the Weyl group, see Definition 6.29 and Theorem B.7. In other words,
the following proposition holds.
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Proposition B.11. 1) The Cozeter transformation Cq preserves the linear

form pq:
pa(Caz) = pa(z) for any vector z. (B.40)

2) If T, and T; are transforming elements defined by (B.29), i.e.,
T, 'CAT; = Cq and T; 'CAT; = Ca, (B.41)

then we have
(T2, 7YY = (Tjz, ") for any vector 2. (B.42)

Proof. First, observe that (B.42) does not hold for an arbitrary matrix T,
since the matrix kT, where k € R, also satisfies (B.41), but does not satisfy
(B.42).

In (B.25) we showed that

(wiz, 21V = — (2,22, (B.43)
By (B.43) we have
(z,2'Y) = (Cpz,2") for any vector z, (B.44)

i.e., (B.40) holds for any bicolored orientation A. Since z in (B.44) is an
arbitrary vector, we have

(Tz,2'V) = (CpTz,2Y) = (TCqz, '),

or
pa(z) = pa(Caz),
i.e., (B.40) holds for an arbitrary orientation €.
Further, from (B.44) we have
pa(2) = pa(Caz) = pa(Cy 7 2).
By (B.30)
pa(2) = pa(TiT; 1 2).

Substituting T;z instead of z we have
pa(Tiz) = pa(T;j2),

and (B.42) is proved. O
_ For examples of regularity conditions for extended Dynkin diagrams Dy,
Eg, G12, Gao and the star ,.1, see §B.4.
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B.4 Examples of regularity conditions

Definition B.12. Let I be a graph, xg € I' be a point of maximal branching
degree and let all arrows of I' be directed to the point xy. The corresponding
orientation is said to be the central orientation and denoted by Ag.

We will consider the necessary regularity conditions for some diagrams
in bicolored, central, and other orientations. If an orientation A’ is obtained
from another orientation A” by reversing of all arrows of a graph, then the
corresponding regularity conditions coincide:

par = par  if B is positive definite

and
P\ = phi, P = pis if Bis indefinite.

Let us introduce an equivalence relation R on the set of orientations of
the graph T'. Two orientations A’ and A” will be called equivalent, if one
orientation can be obtained from the other one by reversing all arrows or by
an automorphism of the diagram; for equivalent orientations, we write:

AN =A" modR.

Equivalent orientations have identical regularity conditions.

B.4.1 The three equivalence classes of orientations of 1~)4

Y2 ¥ ¥
>3 >
A Xy Y3 0% X Y3 ¥ ¥
¥y ¥y ¥,
i i
A A A
Fig. B.1. For 54, the bicolored and central orientations coincide

In the case of 54, the bicolored orientation A coincides with the central
orientation Ag. The orientations A, A’, and A” cover all possible equivalence
classes.

a) The bicolored orientation A, see Fig. B.1.

Here, T'= I and by Theorem 6.33 and Proposition B.4 we have
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2 To 2
1 (75 -1
d=11y, F=|-1], palz)=11+y2+ys+ys—2z0. (B.45)
1 Y3 —1
1 Yy -1

Originally, the linear form p(z) in (B.45) was obtained by I. M. Gelfand
and V. A. Ponomarev in the work devoted to classifications of quadruples of
linear subspaces of arbitrary dimension [GP72].

b) The orientation A’, see Fig. B.1. Here we have

Cir= Oys0y30ys0y1 0o Ca = O0ys0y30y1 0o Tyz>» T =o0y,.

Then, by Theorem 6.33 and Proposition B.9 we get the following condition of
the A’-regularity:

Zo
Tz = n Y1+ (v0 — y2) + Y3 +ys — 29 = 0, or
Z2=12o—Y2 |,
Y1 +ys +ys = y2 + To-
Y3
Ya

c) The orientation A", see Fig. B.1. Here, T = 0,0y, (or o,,0,,), and we
have the following condition of the A”-regularity:

Y1+ (o — y2) + (xo — y3) + ya — 229 =0, or

B.46
Y1+ Y4 = Y2 + Y3 ( )
B.4.2 The bicolored and central orientations of E’G
X1 W X ¥, X ST 1 X . X
* = = e
¥ ¥,
3 A X3 Ao

Fig. B.2. For E67 the bicolored and central orientations

We consider only the bicolored orientation A and the central orientation
Ay in Fig. B.2. The Coxeter transformations and transforming element 7" are:
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Ca= Oy30ys 0y O3 Oxy 0y Oy
Chrp = 02304, O0210y30y30y1 0z

T = 03302500, -

We have
3 i) 3 i)
1]z 1 Y1 — 1
1] x2 1 Y2 — T2
Jd=11 T3, 3t = 1 , Tz=1ys—z3 |,
2 Y1 —2 Y1
2 Y2 —2 Y2
2/ ys -2 Y3

and by Theorem 6.33 and Proposition B.4 a condition of A-regularity is
pA(Z) = 31’0 +x1 +x2 + 23 + 3170 - 2y1 — 2y2 — 2y3.

The choice of element T is ambiguous, but it was shown in Proposition
B.11 that the regularity condition does not depend on this choice.
So, a condition of Ag-regularity is

pAo(Z) =
3zo + (y1 — 1) + (Y2 — 22) + (y3 — 23) — 2(y1 + 2 +y3) =0,

or
pro(2) = 1 + T2 + 73 + Y1 + Y2 + Y3 — 370-

B.4.3 The multiply-laced case. The two orientations of éz]_ and
Ga2 = G;/l

We have
2 2 X1 2 2 x1
d=(1], =1y, N=|1],2V=[-1]wn. (B4
3 -3/ yo 1 -1/ v

Take vectors z! and z!Y from (B.47) and substitute them in (6.52). We
get the following regularity condition pa (resp. p)):

pa(z) =y1 +y2 — 221 for (~¥21,
px(2) =y1 +3ya — 2z, for Goo.

Now consider the orientation A’, Fig. B.3. The Coxeter transformations can
be expressed as follows:
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¥ Y,
HHE el
(1,3 1
¥ X ¥,
B0 ¢
A
Gy ~

Fig. B.3.

Cr= Oys0y1 0215

CA’ =0y, 0,0y,

Transforming elements T and TV are:

T= U?J’u
and
1
Tz = Y1 ;
3x1 — Y2

Finally, we have

par(z) =y1 — Y2 + 11
px(2) = y1 — 3y2 + 21

B Regularity conditions for representations of quivers

¥ Y,
B — )
(1,3 G 21
¥ Xy ¥ .
B —
(3,1) 2
!
A
¥
G2z

The two orientations of Ga1 and Gaz = GY;

CX:O'\/O'V \%

Y27 Y1z’
v o _ .V _V _V
Cy = Oy 021 0ys>
vV _ .V
Tt =o0,,.
T
TVz = U1
L1 — Y2
for G21,
for GQQ.

B.4.4 The case of indefinite B. The oriented star *,,

Consider the oriented star *,1 with a bicolored orientation.
According to Remark 3.7 the matrix DD! is a scalar. By (3.17) DD = g

and the maximal eigenvalue "™ = % By (3.16) we have

m.__
)‘1,2 =

n—24/n(n—4)

Let x,, = 1. Then

-2
— D'z
ATl +1

m

T, 1

2

-2
[1,1,...,1]%

(B.48)
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¥
a1

YE ? ¥n
H-MSUA D
/’ F.S;"""“u
Yoo ¥ol

Fig. B.4. A bicolored orientation of the star #,4+1

Thus, we have the following eigenvectors 21", 25", and their conjugate vectors
Z", Z' (see Definition 6.31 and Proposition 6.32):

AT+ 1 AD 4+ 1 2D+ 1 AT 41
1 1 -1 -1

2= 1 2 = 1 ar=| -1 |am=| -1
1 1 ~1 ~1

According to (B.20) we obtain the following condition of A-regularity:
AP+ Dzo =Y 5 <0, (AP +1D)ag— > i > 0. (B.49)

From (B.48) and (B.49) we deduce

n—\/T;(n—él)xO SZyi o nt 1;(n—4)x0 or

n=yn(n—1) \Wl—‘l)zyigxogﬂ— Vi S o
\xo——zyz|< V- 4) Zyz

T — 0 ) vi+ Zyz << Zyl ——Zyz
xg—xozyiﬁ—ﬁ(zyi)
x%—xoZyﬁnySZy?—%(Zy@f

Since the left hand side of the latter inequality is the Tits form B, we
obtain the following condition of A-regularity:

B < 3 (- u)

0<i<y



C

Miscellanea

C.1 The triangle groups and Hurwitz groups

The group generated by X,Y, Z that satisfy the relations (A.6)
XP=Yi=27"=XYZ=1

is said to be a triangle group. As it was mentioned in §A.2, the finite polyhedral
groups from Table A.1 are triangle groups. Set

1 1 1
w(p,q,r) = -+ -+ —.
p g

The triangle group is finite if and only if u(p, g,7) > 1. There are only three
triangle groups
(2,4,4), (2,3,6), (3,3,3),

for which p(p,q,r) = 1. These groups are infinite and soluble. For references,
see [Con90], [Mu01]. For all other triangle groups, we have

w(p,q,r) < 1.

These groups are infinite and insoluble. The value 1 — u(p, ¢, r) attains the
minimum value Y5 at (2,3,7). Thus, (2,3,7) is, in a sense, the minimal infi-
nite insoluble triangle group. The importance of the triangle group (2,3, 7) is

revealed by the following theorem due to Hurwitz.

Theorem C.1 (Hurwitz, [Hur1893]). If X is a compact Riemann surface
of genus g > 1, then |AutX| < 84(g — 1), and moreover, the upper bound
of this order is attained if an only if |AutX| is a homomorphic image of the
triangle group (2,3,7).

For further references, see [Con90], [Con03].
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A Hurwitz group is any finite nontrivial quotient of the triangle group
(2,3,7). In other words, the finite group G is the Hurwitz group if it has
generators X,Y, Z € G such that

X?=Y*=Z"=XYZ=1.
M. Conder writes that the significance of the Hurwitz groups “...is per-
haps best explained by referring to some aspects of the theory of Fuchsin
groups, hyperbolic geometry, Riemann surfaces...”, see [Con90, p.359] and a
bibliography cited there.

M. Conder [Con80] using the method of coset graphs developed by G. Hig-
man has shown that the alternating group A, is a Hurwitz group for all
n > 168.

Recently, A. Lucchini, M. C. Tamburini and J. S. Wilson showed that most
finite simple classical groups of sufficiently large rank are Hurwitz groups, see
[LuT99], [LuTWO00]. For example, the groups SL,(¢q) are Hurwitz, for all
n > 286 [LuTWO00], and the groups Sp2n(q), SUz2,(q) are Hurwitz, for all
n > 371 [LuT99]. (These mentioned groups act in the n-dimensional vector
space over the field F, of the prime characteristic g.)

The sporadic groups have been treated in a series of papers by Woldar and
others; for a survey and references, see [Wi01]. R. A. Wilson shows in [Wi01],
that the Monster is also a Hurwitz group.

C.2 The algebraic integers

If X\ is a root of the polynomial equation
Az + apx" P 4+ arx+ag =0, (C.1)

where a; for i = 0,1,...,n are integers and )\ satisfies no similar equation of
degree < n, then X is said to be an algebraic number of degree n. If X is an
algebraic number and a,, = 1, then A is called an algebraic integer.

A polynomial p(z) in which the coefficient of the highest order term is
equal to 1 is called the monic polynomial. The polynomial (C.1) with integer
coefficients and a,, = 1 is the monic integer polynomial.

The algebraic integers of degree 1 are the ordinary integers (elements of
Z). If « is an algebraic number of degree n satisfying the polynomial equation

(z —a)(z =)z —7)---=0,

then there are n — 1 other algebraic numbers 3, v, ... called the conjugates of
a. Furthermore, if « satisfies any other algebraic equation, then its conjugates
also satisfy the same equation.

Definition C.2. An algebraic integer A > 1 is said to be a Pisot number if
all its conjugates (other then A itself) satisfy |A | < 1.
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The smallest Pisot number,
Apisor /= 1.324717..., (C.2)

is a root of A* — XA — 1 = 0 (for details and references, see [McM02]). This
number appears in Proposition 4.16 as a limit of the spectral radius p(7% 3 ,)
as n — 00.

Definition C.3. Let p(x) be a monic integer polynomial, and define its

Mahler measure to be
Ip()ll =TT 18I, (C.3)
B

where 8 runs over all (complex) roots of p(x) outside the unit circle.

Remark C.4. 1) Thanks are due to C. J. Smyth who kindly informed me about
Siegel’s work [Si44]. It was Siegel who showed that two smallest Pisot number
were the positive zero 6; of 2 —x — 1, and the positive zero 85 of z% — 23 —1,
where

01 = 1.324717..., 0> = 1.380728....

Siegel also proved that any other Pisot number is larger than v/2.
2) In his thesis [Sm71], C. J. Smyth proved that among nonreciprocal inte-
ger polynomials, the polynomial 23 — 2 — 1 has the smallest Mahler measure.
3) The spectral radius p(T% 3,,,) as n — oo (4.18) was obtained by Y. Zhang
[Zh89] and used in the study of regular components of an Auslander-Reiten
quiver. The spectral radius (4.18) coincides with the smallest Pisot number

(C.2).

It is well known that ||p(z)|| = 1 if and only if all roots of p(z) are roots
of unity. In 1933, Lehmer [Leh33] asks whether, for each ¢ > 1, there exists
an algebraic integer such that

1<l|af<1l+e (C.4)

Lehmer found polynomials with smallest Mahler measure for small degrees
and stated in [Leh33, p.18] that the polynomial with minimal root « (in the
sense of C.4) he could find is the polynomial of degree 10:

T+o—a® -2 =2 — 2% — 27 + 2% + 29 (C.5)

see [Hir02], [McMO02]; cf. Remark 4.15. Outside the unit circle, the polynomial
(C.5) has only one root

ALehmer ~ 1.176281... (C.6)

The number (C.6) is called Lehmer’s number; see Proposition 4.16, Remark
4.15 and Table 4.4.
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Definition C.5. A Salem number is a real algebraic integer A > 1, whose
other conjugates all have modulus at most 1, with at least one having modulus
exactly 1.

It is known that every Pisot number is a limit of Salem numbers; for details
and references, see [MRS99], [MS05]. Conjecturally, Lehmer’s number (C.6)
is the smallest Salem number, [Leh33], [GHO1]. McKee and Smyth [MSO05]
introduced notions of a Salem graph and Pisot graph whose spectral radii are
respectively the Salem number and Pisot number, see Remark 4.21, heading
4).

The positive root of the quadratic equation A> — X\ — 1 = 0 is a well-known

constant
AGolden == 1.618034..., (C.7)

called the Golden mean or Divine proportion. This number appears in Propo-
sition 4.17 as a limit of the spectral radius p(753,,) as n — oc.
The smallest Mahler measure among reciprocal polynomials of degree at
most 6 is
Mg = ||2® — 2* + 2% — 2% + 1| ~ 1.401268..., (C.8)

see [Mos98, p.1700]. This number appears in Proposition 4.17 as a root of
X(Ts34) =2+ 27 —22° —32% — 223 + o+ 1.

This is the polynomial of minimal degree among polynomials X(T5 3, ), where
n =4,5,6,... with indefinite Tits form, see Proposition 4.17 and Table 4.5.

C.3 The Perron-Frobenius Theorem

We say that a matrix is positive (resp. non-negative) if all its entries are
positive (resp. non-negative). We use the notation A > 0 (resp. A > 0) for
positive (resp. non-negative) matrix. A square nxn matrix A is called reducible
if the indices 1, 2, ..., n can be divided into the disjoint union of two nonempty
sets {i1,12,...,4p} and {j1,72,...,Jq} (With p + ¢ = n) such that

ainj, =0, fora=1,....,pand B =1,...,q.

In other words, A is reducible if there exists a permutation matrix P, such
that
B0
t
par - (29)

where B and D are square matrices. A square matrix which is not reducible
is said to be irreducible.
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Theorem C.6 (Perron-Frobenius). Let A be an n X n non-negative irre-
ducible matriz. Then the following holds:
1) There exists a positive eigenvalue A such that

[Ail < A, wherei=1,2,...,n.
2) There is a positive eigenvector z corresponding to the eigenvalue \:
Az = Xz, where z = (21,...,2,)" and z; >0 fori=1,2,...,n.

Such an eigenvalue A is called the dominant eigenvalue of A.
3) The eigenvalue X is a simple oot of the characteristic equation of A.

The following important corollary from the Perron-Frobenius theorem
holds for the eigenvalue A:

T

A= max min — (z #0),
. (Az)z )

A= min max o (2 #0).

For details, see [MM64], [Ga90].

C.4 The Schwartz inequality

Let B be the quadratic Tits form associated with a tree graph (simply or
multiply laced), and let B be the matrix of B. Let B be positive definite or
non-negative definite, and

kerB = {z | Bz = 0}. (C.9)
Since (z,y) = (z,By) = (Bz, y), it follows that
kerB={z | (r,y)=0forally € &r} C {x|B(z)=0}. (C.10)

Let z,y € R™, where n is the number of vertices in I'g. Then the following
Schwartz inequality is true:

(z,y)? < B(x)B(y). (C.11)

To prove (C.11), it suffices to consider the inequality (z + ay,z + ay) > 0
which is true for all & € R. Then the discriminant of the polynomial

(z,2) + 2a(z, y) + *(y,y)

should be non-positive, whence (C.11).
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Over C, there exists ¢ ker B such that B(z) = 0. For example, the
eigenvectors of the Coxeter transformation with eigenvalues A # +1 satisfy
this condition because

B(z) = B(Cz) = \*B(xz).

If B(xz) =0 and « € R™, then from (C.11) we get (z,y) <0 and (z,—y) <0,
ie., (z,y) = 0 for all y € R™. In other words, z € ker B. Taking (C.10) into
account we see that if B is non-negative definite then

kerB = {z | B(z) = 0}. (C.12)

C.5 The complex projective line and stereographic
projection

The n-dimensional complex projective space CP™ is the set of all complex lines
in C"*! passing through the origin. Two points

o o 1 _2 n _ 0o _1 2 n n+1
21 = (Zlvzlazla”'azl)v z2 = (22’227227'“722) €C
lie on the same line, if

29 = wz; for some complex factor w € C\ {0}, i.e.

, , ) (C.13)
zg =wz fori=0,1,...,n.
The points (C.13) constitute an equivalence class denoted by [2% : 2% : -+ : 2]
Clearly, the complex projective line CP' is the set of all lines in C2. By
(C.13), the points of CP! are classes of complex pairs z = [20, 2] up to a
factor w € C.
The correspondence
[20: 2] 20/t (C.14)
sets the following bijection maps:
CPY\{[1:0]} <= C, and
Do) o)
CP" <= CU 0.
Let z1, 22 be two vectors from C2. Define a map
F:C* —R? (C.16)
by setting
Plo,m) = (D2 120125 AR 2515 M5 - %af) ()
2171 + Zozo i(21Z1 + Za22) 2121 + Zo29

(see, for example, [Alv02]).
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Let zo = wzy, then

W+ w wW—w 1—|w|2)
F(z1,20) = y = , . C.18
2= ({5 P T o) T o N
If w = u + v, then
2u 2v 1—u? —2?
F = . C.19
(21, 2) <1+u2—|—v2’1—|—u2+v2’1+u2+v2> ( )

It is easily to see that
(2u)? 4 (20)% 4+ (1 —u?® —v*)? = (1 +u?® + v%)?,

so F(z1, 22) maps every vector [21, 2] to a point (C.19) on the unit sphere S?

in R3. Another vector [z3, 24] defines the same line in the CP? if and only if
zZA zZ92
— = — =w,
z3 21

i.e., the map F (C.18) defines a bijection from the complex projective line
CP' and the unit sphere in R3:

F:CP' < S~ (C.20)

Let (x,y,2) be a point on S? distinct from the north pole N = {0,0,1}. The
stereographic projection is the map

S:S*\N —C (C.21)
defined by
Y
= . .22
Sy, 2) = il (C22)
see Fig. C.1. For details, see, for example, [Jen94, §2.9].
Consider the composition S(F(z1,22)). By (C.17), we have
oz
1—p=—22 (C.23)
2121 + Z222
and
T z1Za+Z122 _1 Z_1_|_§
1—=2 n 2?222 o 2 zZ9 2_2 ’
(C.24)

1—=2 212229 21

Yy 2’122—3122 1 z1 Z
2 &)

Let



210 C Miscellanea

Fig. C.1. The stereographic projection

21 .
— =w =u+w.
z2
Then
x 1 _ i 1 _
T 2(w—|—w) L e 2i(w W) =, (C.25)
and .
S(F(z1,2)) =u+iv=w = Z—l (C.26)
2

C.6 The prime spectrum, the coordinate ring, the orbit
space

C.6.1 Hilbert’s Nullstellensatz (Theorem of zeros)

From now on, we assume that R is a commutative ring with unit.

A proper ideal m of R is said to be mazximal if m is not a proper subset
of any other proper ideal of R. An ideal m C R is maximal if and only if the
quotient ring R/m is a field. For example, every ideal pZ is maximal in the
ring of integers Z if p is a prime number, and, in this case, the quotient ring
Z/pZ is a field.

A proper ideal p of a commutative ring R is called a prime ideal if the
following condition holds:

for any a,b € R, if a-b € p, then either a € por b € p. (C.27)

An ideal p C R is prime if and only if the quotient ring R/p is an integral
domain (i.e., the commutative ring which has no divisors of 0). Examples of

prime ideals (recall that (x1,...,2,) is the ideal generated by z1,...,x,):
the ideal (5,/6) in the ring Z[v/6],
the ideal () in the ring Z[z], (C.28)

the ideal (y + = + 1) in the ring C[z, y].
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The maximal ideals are prime since the fields are integral domains, but not

conversely:
| maximal ideals | C | prime ideals | . (C.29)

The ideal (x) € Z[z] is prime, but not maximal, since, for example:
() C (2,z) C Z[x]. (C.30)

Let k be an algebraically closed field (e.g., the complex field C), and let I
be an ideal in k[x1,...,2,]. Define Vi (I), the zero set of T , by

Vi(I) ={(a1,...,a,) € k| f(a1,....an,) =0 for all f e I}. (C.31)

Denote by A} (or just A™) the n-dimensional affine space over the field
k. The Zariski topology on A} is defined to be the topology whose closed sets
are the zero sets V. (I).

For any ideal I of the commutative ring R, the radical v/T of I is the set

{a € R| a"™ € I for some integer n > 0}. (C.32)

The radical of an ideal T is always an ideal of R. If I = /I, then I is called
a radical ideal. The prime ideals are radical:

prime ideals | C | radical ideals| . (C.33)

Theorem C.7. (Hilbert’s Nullstellensatz, [Re88, Ch.2], or [Mum88, pp.9-11])
Let k be an algebraically closed field.
1) The mazimal ideals in the ring A = k[z1,...,x,] are the ideals

mp = (1 —a1,...,Tn — ay) (C.34)

for some point P = (ai,...,a,). The ideal mp coincides with the ideal I(P)
of all functions which vanish at P.

2) If Vi,(I) =0, then I = k[xq,...,zy].

3) For any ideal J C A, we have

I(Vi(J) =V, (C.35)

The set X C A7 is called an affine variety if X = Vi (I) for some ideal
I C A, see (C.31). An affine variety X C A} is said to be irreducible if there
does not exist a decomposition into the disjoint union

X=x]]x,
where X7, X5 are two proper subsets of X. For example, the affine variety
X ={(z,y) C AZ | 2y = 0}
is decomposed into the sum of

X1 = {(z,y) CAZ | 2 =0} and X, = {(2,y) C AZ | y = 0}.
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Proposition C.8. Let X C A} be an affine variety and I = I(X) the corre-
sponding ideal, i.e., X = Vi(I), see (C.81). Then

X is irreducible <= I(X) is the prime ideal.

For a proof of this proposition, see, e.g., [Re88, §3.7].

One of the important corollaries of Hilbert’s Nullstellensatz is the following
one-to-one correspondence [Re88, §3.10] between subvarieties X C A7 and
ideals I C A:

{ radical ideals } <= { affine varieties }
U U
{ prime ideals } <= { irreducible affine varieties } (C.36)
U U
{ maximal ideals } <« { points }

C.6.2 The prime spectrum

The prime spectrum Spec(R) of a given commutative ring R is defined to be
the set of proper prime ideals of R:

{p C R | p is a prime ideal of R}. (C.37)

The ring R itself is not counted as a prime ideal, but (0), if prime, is counted.

A topology is imposed on Spec(R) by defining the sets of closed sets. For
any subset J of R, the closed set V(J) is defined to be the set of the prime
ideals containing J:

V(J):={p|p2J} CSpec(R). (C.38)

The closure P of the subset P is the intersection of all closed sets containing
P:
P= () V() (C.39)

Consider the closure of points of the topological space Spec(R). For a point
of Spec(R) which is the prime ideal p, we see that

p= () V)=V (C.40)

V(J)Dp

which consists of all prime ideals p’ D p. In particular, the closure p consists of
one point if and only if the ideal p is maximal. Any point which coincides with
its closure is called a closed point. Thus, closed points in Spec(R) correspond
one-to-one to maximal ideals.

In the conditions of Hilbert’s Nullstellensatz every maximal ideal J is
mp (C.34) defined by some point P = (aq,...,a,) € k. Thus, in the finitely
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generated ring A = k[xq,. .., x,] over an algebraically closed field k, the closed
points in Spec(A) correspond to the maximal ideals, hence to the points P =
(@1,...,an) € k™.

In the topological space Spec(R) there exist non-closed points . Let R have
no divisors of 0. Then the ideal (0) is prime and is contained in all other prime
ideals. Thus, the closure @ consists of all prime ideals, i.e., coincides with
the space Spec(R). The point (0) is an everywhere dense point in Spec(R).
Any everywhere dense point is called a generic point.

Definition C.9. Let P be an irreducible closed subset of Spec(R). A point
a € P is said to be a generic point of P if the closure @ coincides with P.

Proposition C.10. ([Mums88, p.126]) Ifz € Spec(R), then the closure {x} of
{z} is irreducible and x is a generic point ofm. Conversely, every irreducible
closed subset P C Spec(R) is equal to V(J) for some prime ideal J C R and
J is its unique generic point.

A distinguished open set of Spec(R) is defined to be an open set of the
form

Spec(R)y := {p € Spec(R) | f & p}. (C.41)
for any element f € R.

Ezample C.11. 1) If R is a field, then Spec(R) has just one point (0).

2) Let R = k[X] be a polynomial ring in one variable x. Then Spec(R)
is the affine line A} over k. There exist two types of prime ideals: (0) and
(f(X)), where f is an irreducible polynomial. For any algebraically closed k,
the closed points are all of the form (X — a). The point (0) is generic.

3) Spec(Z) consists of closed points for every prime ideal (p), plus the ideal

(0).

C.6.3 The coordinate ring

Let V' C A} be an affine variety and I(V') an ideal of V. The coordinate ring
of the affine variety V is defined to be:

kK[V] = k[zy, ..., 2] /I(V). (C.42)

A regular function on the affine variety V is the restriction to V of a
polynomial in 21, ...,2, modulo I(V) (i.e., modulo functions vanishing on
V). Thus, the regular functions on the affine variety V are elements of the
coordinate ring k[V].

Ezample C.12. 1) Let f(z,y) be a complex polynomial function on C2. The
coordinate ring of a plane curve defined by the polynomial equation f(z,y) =
0 in A% is

Cla, yl/(f(z,y))- (C.43)
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2) Consider two algebraic curves: y = 2", r € N, and y = 0. The coordinate
rings of these curves are isomorphic:

y =a" corresponds to Clz,y]/(y — ") ~ Clz,z"] ~ C[z],
y =0 corresponds to Clz,y]/(y) ~ Clz, z] ~ C|x].

Thus, in the sense of algebraic geometry, the curves y = 2" and y = 0 are
equivalent.
3) On the other hand,

Clz,y)/(y* — 2°) % Cla],

and the curves y? = 23 and y = 0 are not equivalent (in the sense of algebraic
geometry). Indeed, there exists the isomorphism

QL‘I—)TQ, y|—>T3,

and
Clz,y]/(y* — 2*) ~ C[T?,T?] C C[T].

The affine variety X = {(z,y) | y* = 23} is called Neile’s parabola, or the
semicubical parabola.

Remark C.13. Consider the coordinate ring R = k[V] of the affine variety V
over an algebraically closed k. Then,

the prime spectrum Spec(R) contains ezactly
the same information as the variety V.

Indeed, according to Hilbert’s Nullstellensatz, the maximal ideals of k[V] cor-
respond one-to-one to points of V:

veV<=m, CEk[V].

Besides, according to Proposition C.8 every other prime ideal p C k[V] is the
intersection of maximal ideals corresponding to the points of some irreducible
subvariety Y C V:

Yy = ﬂ my.

veY

C.6.4 The orbit space

Let G be a finite group acting on affine variety V and k[V'] the coordinate ring
of V. The problem here is that the quotient space V/G might not exist, even
for very trivial group actions, see Example C.14. To find how this problem is
resolved in geometric invariant theory (GIT), see [Dol03] or [Kr85].
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Ezxample C.1/. Consider the multiplicative group G = k* acting on the affine
line A}. The orbit space for this action consists of two orbits: {0} and A} \{0}.
The second orbit A}\{0} is not a closed subset in the Zariski topology, and
the first orbit {0} is contained in the closure of the orbit Aj\{0}. Thus, the
point {0} is the generic point (§C.6.2).

The following two definitions of the categorical quotient and the orbit space
can be found, e.g., in P. E. Newstead’s textbook [Newst78, p.39].

Definition C.15. Let G be an algebraic group acting on a variety V. A cat-
egorical quotient of V by G is a pair (Y, ), where Y is a variety and ¢ is a
morphism ¢ : V — Y such that

(i) ¢ is constant on the orbits of the action;

(i) for any variety ¥’ and morphism ¢ : V — Y which is constant on
orbits, there is a unique morphism ¢ : Y — Y’ such that Pop= gpl.

Definition C.16. A categorical quotient of V by G is called an orbit space if
¢~ Y(y) consists of a single orbit for all y € Y. The orbit space is denoted by
V/G.

The orbit space X = V/G is an affine variety whose points correspond one-
to-one to orbits of the group action.

Proposition C.17. Let G be a finite group of order n acting on an affine
variety V. Assume that the characteristic of k does not divide n. Set

X := Spec k[V]. (C.44)

Then X is an orbit space for the action of G on V.

For a proof of this theorem, see, e.g., [Shaf88, Ch.1 §2, Ex.11] or [Rom00,
Th.1.6].

C.7 Fixed and anti-fixed points of the Coxeter
transformation

C.7.1 The Chebyshev polynomials and the McKay-Slodowy matrix

We continue to use block arithmetic for (m + k) x (m + k) matrices as in
§3.1.3, namely:

2I 2D ~I 2D I 0
K<2F21>’ “’1(0 I)’ w2<—2F—I>' (C-45)

@:%K—I:(OD). (C.46)

Let
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1
The matrix © coincides (up to the factor —5) with the McKay matrix from

§A.4 or with the Slodowy matrix in the multiply-laced case, (A.56), (A.63).
Introduce two recurrent series f,(©) and g,(©) of polynomials in ©:

fo(©) =0,
f1(0) = K =20 + 21, (C.47)
Foi2(0) =20 f,.11(0) — £,(0) for p >0

and
go(@) = 2],
91(0) = K —2I =20, (C.48)

Ip+2 ©) = 2@9p+1(9) - gp(@) for p > 0.

For example,

f2(0) =20(20 +2I) = (K — 2I)K = 4 (DFF FDD> |

(C.49)
ADF —1 4DFD—-D
f3(@):(K—2[)(K—2I)K—K:2(4FDF_F AFD 1 )

n(©) =207 - =2(*PN71 0 ).
(C.50)

B 2 oo 0  8DFD-6D
93(0) = 46(262 — I) 2@_2(8FDF_6F 0 .

Remark C.18. Let us formally substitute @ = cost. Then
1) The polynomials g,(©) are Chebyshev polynomials of the first kind (up

1
to the factor 5)
gp(cost) = 2cospt.

Indeed,
g1(0) =20 = 2cost, g2(0) =2(20? —1) = 2cos2t,

and
Gp12(@) = 2(2costcos(p+ 1)t — cospt) = 2cos(p + 2)t.

2) The polynomials f,(©) are Chebyshev polynomials of the second kind
(up to the factor 260 + 2):
sin pt

t) =2 t+1 .
foleost) = 2feost +1) 220

Indeed,
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f1(@) =20 + 21 =2cost + 2, f2(0) =260(20 + 2I) = 4cost(cost + 1),
and

cost+1
sint

sin (p + 2)t

2 t si 1)t —sinpt) =2 t+1
(2costsin (p+ 1)t — sinpt) = 2(cost + 1) e

fp+2(@) =2

C.7.2 A theorem on fixed and anti-fixed points

The purpose of this section is to prove the following

Theorem C.19 ([SuSt82]). 1) The fized points of the powers of the Cozeter
transformation satisfy the following relations

Clz=2z <= f,(©)z=0.

2) The anti-fized points of the powers of the Cozeter transformation satisfy
the following relations

Clz=—z <= ¢p(0)z=0.

In the proof of Theorem C.19 we will need some properties of block ma-
trices. Define the involution o by setting

a:Az(];g) HAZ(PSQT). (C.51)

The map o is a linear operator because a3 A; + asAds = ag A1 +ag As.
The involution o does not preserve products:

AR # AR,

but

—_— — XY

AR = AR foranyR—(Uv), (C.52)
and

— - 0Y
R A =— RA for any R of the form Uol (C.53)
The following relations are easy to check:
Cc— _(4DF -1 2D
= wiwz = _9F 1)

(C.54)

I  —2D
—1 . .
c _“Wl_(zF 4FD—I)’
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w2C:<

wlcfl =

a2 2D _
w2 =% op  or )T

4DF — 1 2D
—8FDF +4F —4FD+1)°

—4DF +1 4D —-8DFD
2F 4FD — 1 ’

- K, w;+wy=—(K-2I),

w_,(DF D \_,(DF D
c-¢ _4(F FD>_4(F FD)’
. (2DF -1 0
c+C _2( 0 2FD—1)°

UJQC — w1071 =2 (_

(4FDF —F) —(4FD—1)

2

wo C + wlc_l = (

4DF -1  4DFD-D
AFDF - F 4FD -1 ’

0 —8DFD + 6D
—8FDF 4 6F 0

20w, + 1 =—-C, 20w, +1=-C7 L.

Proposition C.20. The following relations hold

wy —wy =£1(0),

C-C™ =,(6).

4DF —1T 4DFD—D>_

).

(C.55)

(C.56)

(C.57)

(C.58)

(C.59)

(C.60)

(C.61)

(C.62)
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wyC — w1 C~ =f3(6), (C.63)
wy + w1 = —g1(O), (C.64)
C+C ! =g0), (C.65)

woC +w C™ = —g3(0). (C.66)

Proof. The proposition follows from comparing relations (C.47)—(C.48) and
relations (C.57)—(C.59).

(C.61) follows from
(C.62) follows from
(C.63) follows from
(C.64) follows from
(C.65)
(

c.47 C.56).
C.49

)
)
C.49)
)
)

11
11

and
and
and
and (C.56).
C.57).

C.59). 0

C.48) an
C.50) and
C.50) and

)

).

C.58).

)

C.65) follows from )
C.66) follows from

e e i R L R
R e i R L R

Proposition C.21. The following relations hold:

f2m(@) - Cm - (jim'7 f2m+1(@): wQCm - wlcfm, (067)

ng(@) =Cm" + C_m, ngJrl(Q) = —(wQCm + wlc_m). (068)

Proof. 1) Relations (C.61)—(C.63) realize the basis of induction.
By (C.53), by the induction hypothesis, and by (C.60) we have

Jfom+2(0) = 20 fo,41(0) — fom(©) = =20 for41(O) — fom(O)=
— 2@(wQCm — wlcfm) — (Cm — Cfm) —
— 20wy + I)C™ + (20w, + [)C™™ = cmtl _ g (m+1)

In the same way we have

fom+3(0) = =20 fo,42(0) = fom11(O)=

_ 2@(c7rz+1 _ C—(m+1)) _ wzcm _ wlc—m —

— (ZQ’LUl + I)wng + (2@11)2 + I)wlc’m =
C'wyC™ — Cu C™™ = wC™ T — ;G (D,

2) Relations (C.64)—(C.66) realize the basis of induction. By the induction
hypothesis and by (C.60) we have
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Gom+2(0) = 2092,m,11(0) — gam(O) =
— 20w C™ + w C™™) — (C™+C™™) =
— (260wy + I)C™ — (20w, + I)C™™ = ¢+ 4 ¢~ (m+D),

By analogy, we have

92m+3(0) = 2092m+2(0) — gam+1(O) =
_ 2Q(Cm+1 + C—(m-‘rl)) — (wyC™ + w;C™™) =
— (20w + DwC™ — (20ws + w1 C™™ = wyC™ ! + =MD O

Theorem C.19 now follows from Proposition C.21.
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Sym™(C?) (symmetric algebra), 3
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C (Coxeter transformation), 4, 46

C, (affine Coxeter transformation), 4,
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Ca, Cq (Coxeter transformations
associated with orientations A, Q),
149

Spec(R) (prime spectrum), 212
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hY (dual space to b), 116

Pg (t) (generalized Kostant generating
functions), 108

v; (vertex of I'g), 38

|A| (number of roots in A), 1
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adjacency matrix, 121
affine Coxeter number, 68
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affine Lie algebra, 36, 70, 131

affine reflections, 130

affine space, 211

affine variety, 211
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affine Weyl group, 130

algebra of invariants, 48, 108, 158

algebraic integer, 204

algebraic number, 204

anti-fixed points, 8, 215

assembling vectors, 117, 121

Betti numbers, 49

bicolored Coxeter transformation, 52,
116

bicolored orientation, 19, 20, 51, 149,
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bicolored partition, 51, 53, 59

binary polyhedral group, 109, 156

bipartite graph, 51
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Cartan matrix
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Cartan subalgebra, 1, 51, 116, 117
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character ring, 109
characteristic polynomial of the Coxeter
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- extended Dynkin diagrams, 10, 103
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compact hyperbolic Weyl group, 38
complex projective line, 155, 159, 208
conjugate vector, 21, 151, 190
conjugates of an algebraic number, 204
connection by a multiple bond, 140

contragredient representation, 109
coordinate ring, 213
coroot, 132
coroot lattice, 132
Coxeter functor, 183
Coxeter number, 4, 68, 109, 149, 152
Coxeter transformation
- affine, 14, 16, 67, 68, 103, 136
- bicolored, 52, 116
- defined by orientation, 46
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cyclotomic polynomial, 80

defect, 4
defect of the vector, 18
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- Dynkin, 38
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dimension of the representation, 41
dimensions of finite type, 45
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Dlab-Ringel definition of defect, 18, 149
Dlab-Ringel formula, 152
dodecahedron, 155
dominant eigenvalue, 8, 63
Du Val singularity, 158
dual graphs, 54
dual vector, 18, 149
Dynkin diagrams, 38
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- hyperbolic, 38
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eigenvalues, 59

element of the maximal length, 138
EngineersToolbox, 88

exceptional divisor, 159

exponents of the Weyl group, 50
extended Dynkin diagrams, 38, 69, 70
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fixed points, 8, 41, 215
folded Dynkin diagrams, 102
folding operation, 102, 116
formula
- Dlab-Ringel, 152
- Frobenius reciprocity, 177
- Springer, 164
- Subbotin-Sumin, multiply-laced
case, 76
- Subbotin-Sumin, simply-laced case,
9, 74
Frame formula, 80, 98
Frobenius reciprocity formula, 177
fully sink-admissible sequence, 46
fully source-admissible sequence, 46
fundamental set, 40
fundamental Weyl chamber, 141

generalized branch point, 147
generalized branch point by Steinberg,
147
generalized Cartan matrix, 23
generalized Kostant generating
functions, 108
generalized Poincaré series, 108
generalized Poincaré series for induced
representations, 108
generalized Poincaré series for restricted
representations, 108
generic point, 212
geometric invariant theory(GIT), 214
golden pair of matrices, 6
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graded A-module, 47
graded k-algebra, 46
group
-(2,3,7), 203
- (p,q,7), 203
- (p,q,m), 157
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- Hurwitz, 203
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- Monster, 204

Index 237

- polyhedral, 157
- soluble, 203
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height ht(«), 134

hermitian inner product, 109

highest root, 2, 68, 106, 118, 124, 161
hyperbolic Cartan matrix, 38
hyperbolic diagrams, 13

hyperbolic Dynkin diagram, 38
hyperbolic Weyl group, 38
hyperplane, 68, 130, 132

imaginary roots, 124, 195

imaginary roots AY™, 38

indecomposable object, 42

indecomposable representations, 42

index of the conjugacy class, 73, 116

induced representation, 106, 161, 174

induced representation 7 1§, 4

injective representation, 187

inner product, 14, 106, 109

integral domain, 210

irreducible matrix, 206

irreducible non-cyclotomic factor, 72

irreducible representations p;, 3, 106,
109, 120, 121, 160, 167, 172

irreducible representations of SU(2), 3,
14, 105

isomorphism of representations, 41

Killing polynomials, 72

Kleinian singularity, 158
Kostant generating function, 105
Kostant numbers, 109
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length of element w € W, 138

Lie algebra, 38, 69, 70, 106, 116, 161

Lie group, 1, 50

linear part of the affine Coxeter
transformation, 136

long roots, 131

long simple root, 142
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- irreducible, 206
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McKay matrix, 111
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McKay-Slodowy correspondence, 111,
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monotonicity of the dominant
eigenvalue, 8, 63, 64
morphism of representations, 41
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sink-admissible sequence, 46

sink-admissible vertex, 45

Slodowy correspondence, 163, 177, 178

Slodowy matrix, 163, 177, 178

smallest Pisot number, 13

source-admissible sequence, 46

source-admissible vertex, 45

spectral radius, 13, 72, 81, 82, 88, 90

splitting along the edge, 9

splitting along the weighted edge, 10

strictly hyperbolic Dynkin diagram, 38

structure constants, 109

Subbotin-Sumin formula
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sufficient regularity conditions, arbitrary
orientation, 194

sufficient regularity conditions,
bicolored orientation, 191

symmetric algebra, 3, 14, 47, 108, 158

symmetric power, 3, 48

symmetrizable matrix, 23

tame quivers, 43, 150
technique of derivations, 45
tetrahedron, 155
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