THE MCKAY CORRESPONDENCE

YI SUN

ABSTRACT. The McKay correspondence gives a bijection between the finite subgroups of SU(2) and the
affine simply laced Dynkin diagrams. In particular, this bijection associates naturally to each finite di-
mensional representation of SU(2) a vertex of the corresponding diagram. The goal of this talk will be to
construct this correspondence and to discuss some proofs and generalizations.

1. INTRODUCTION

Let G be a finite group and V a faithful representation of G over C, that is, an injective map G — GL(V).
Knowledge of such a representation gives G as a group of matrices. Further, it is a classical fact that all
irreducible representations of G are contained in V® for some N. In some sense, the size of V is a measure
of the complexity of G.

One might therefore be led to consider which groups G have faithful representations in rank n, especially
when n is small. But recall that every finite dimensional representation of a finite group may be given a
unitary structure, meaning that it suffices to consider finite subgroups of U(n). Recall now that central
elements of U(n) are given by the diagonal embedding U(1) < U(n) and that the quotient U(n)/U(1) by
this center is SU(n). Therefore, if we restrict our attention to simple groups, it is enough to consider finite
subgroups of SU(n).

The purpose of this talk is to present an especially elegant classification of these subgroups for the case
n = 2. Of course, to obtain the classification, it is possible to simply consider the standard double cover

m: SU(2) - SO(3)

and note that the only element of even order in SU(2) is the generator —1 of the kernel of 7. Therefore, any
finite subgroup of SU(2) either has even order and is the preimage of a finite subgroup of SO(3) or has odd
order and is isomorphic to a finite subgroup of SO(3) of odd order, hence a cyclic group. From this and the
classical classification of finite subgroups of SO(3) as symmetry groups of regular polyhedra, we obtain the
following.

Proposition 1. Any finite subgroup of SU(2) is one of the following groups:

The cyclic group Z/nZ for n > 1.

The binary dihedral group BDs,, for n > 1, the preimage of the dihedral group Ds,, under 7.
The binary tetrahedral group BT, the preimage of the tetrahedral group T under 7.

The binary octahedral group BQ), the preimage of the octahedral group O under 7.

The binary dodecahedral group BD, the preimage of the dodecahedral group D under .

2. STATEMENT OF THE CORRESPONDENCE

Let G be a finite subgroup of SU(2), and let V be the faithful representation of G obtained from the
embedding G — SU(2). Let {V;} be the irreducible representations of G. Define the McKay quiver of G
to be the directed multi-graph with vertices V; and m;; edges from V; to V; if V; occurs m;; times in the
decomposition of V; ® V into irreducibles. In other words, we have

VioV =
J

The McKay correspondence classifies the possible groups G via their McKay quivers. More precisely, we
have the following.
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Theorem 1 (McKay 1980). Let G be a non-trivial finite subgroup of SU(2). Then, the McKay quiver of
SU(2) is an affine simply laced Dynkin diagram.

Before sketching the proof, we exhibit each case of this correspondence explicitly in Table 1.

TABLE 1. The explicit form of the McKay correspondence.

Finite subgroup of SU(2) Affine simply laced Dynkin diagram
1

RS W
Z/nZ | (x| a™=1) Ap_q
1
1 2 2 2 1
2
D 1
1
O—O—ZE—O—Q

BDyy, | (z,y,2 | 2® =y* =y" = ayz) | Dn_s

BT | (2,y,z|2?=y’=2"=uyz) | B

2
1 2 3 3 2 1
BO (w,y, 2| 2% =y = 2* = 2y2) E, 4
3
2 4 5 4 3 2 1
BD (x,y,2 | 22 = y® = 25 = zyz) | Es 6

3. PROOF OF THE CORRESPONDENCE

We give here a proof intended to minimize the number of necessary prerequisites, but we note that
there are other “deeper” proofs possible. Of course, it is also possible to give a proof based on case-by-case
verification (which is how this correspondence was first discovered), but we would like to give a more uniform
interpretation.

Proof of Theorem 1. We will slowly obtain more and more combinatorial properties of the McKay quiver G
until the affine simply laced Dynkin diagrams pop out as the only graphs satisfying these properties.

Claim 1: The McKay quiver of any G is an undirected graph, that is, m;; = m;;. For this, let x; be the
character of the representation V;, and notice that

my = (X xvXs) = o sz xv (9)x;(9) |G| > xi(@)xv(@)xi(9) = (xixv. x;) = mji,
geG geG
where we note that yy is real because each element of SU(2) has real trace.
Claim 2: The McKay quiver is connected. This follows from the fact that every irreducible representation
of G is contained in some tensor power of the faithful representation V.
Claim 3: The McKay quiver has no self-loops, that is, m;; = 0. For this, observe that

i = <XVXi7XZ |G| Z XV |Xz
geG

If G has even order, then it contains the element —1 € SU(2), so multiplication by —1 defines an involution
on G with xv(g9) = —xv(—g); hence we have

1
2m;; = €] Z xv(9)(1xi(9)1* = Ixi(—=9)*) = 0.

geG
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Otherwise, if G has odd order, then its image in SO(3) under 7 has odd order, hence G is a cyclic group Z/nZ
for some n. Let A € SU(2) generate G, where A # 1 satisfies A™ = 1, that is, (1+A+ A%+ - -+ A" 1)(1-A) =
0. But det(1 — A) #£ 0 if A # 1 because A € SU(2), so we see that

e IG|Z><V 9)lxils |G|Z><v Tr(1+ A4+ A = 0.

geG

Claim 4: The McKay quiver is a simple graph, that is, m;; € {0,1}. For this, notice that

mij = |G‘ Z xi(9)xv (g XJ |G‘ Z Ixi(9)*Ixv (g Z Ix; (g

geG geG geG

< |—Cl,| 13 @) [ (o) =2

geG geG

Remainder of proof: These four properties along with the definition of the McKay quiver will be enough for
us to characterize them as the affine simply laced Dynkin diagrams. Let d; = dim V; be the dimension of V;
and label vertex V; by d;. Then, notice that 2d; = ij d;, where j ~ i means 7 and j are neighbors.

Step 1: If the McKay quiver contains a cycle, then it is of type Zn_l.

If iy, ..., i, are vertices in a cycle, then we have 2d;, > d;,_, +d;, ., so summing these shows we must have
equality, meaning there are no other vertices in the graph. Further, the trivial representation has dimension
1, meaning that all d; are equal to 1. B
Step 2: Each vertex of the McKay quiver has degree at most 4, and if such a vertex exists, it is of type Dy.

Let j1,...,75 be neighbors of <. Then, we have that

5 1
Zdi < i[djl toee djs] < d;,
a contradiction, where the first inequality holds because d;, > %di. So vertices have degree at most 4. In

this case, for neighbors 71, ..., js of ¢, we have

1
d; < i[djl +"'+dj4] < d;,

so equality holds in all cases, which shows that we are in type 54.
Step 8: The McKay quiver has a vertex of degree at least 3 connected to a leaf with label 1.

If all vertices have degree 2 or less, then the quiver is a path, which is impossible. So there is at least one
vertex of degree 3. It remains to show that there is a leaf with label 1; but if not then all vertices in the
quiver will have label greater than 1, which is impossible. .

Step 4: If this vertex of degree 3 has label 2, then we are in type D,, or it is the only vertex of degree 3.

Let i and j be two vertices with degree 3 connected by a path, let x,y be the two neighbors of i not on
this path, and let z,w be the two neighbors of j not on this path. Then, we have by the conditions on the
path and the fact that 2d,,2d, > d; and 2d.,2d, > d; that

di+dj > dy +dy + d. + dy > d; + dj,

so we have equality. Therefore, there are no other vertices abutting the path and z,y, z,w are the only
neighbors of ¢ and j. This is D,,.
Step 5: If there is only one vertex of degree 3, then we are in type Eg, E;, or E;;.

This is clear by easy computation. O

4. OTHER INTERPRETATIONS AND GENERALIZATIONS

We have presented the McKay correspondence as only between finite subgroups of SU(2) and ADE-type
affine Dynkin diagrams. However, it extends also to a different context, which we will only sketch here.

Finite subgroups G of SU(2) ‘ > ’ simply laced affine Dynkin diagrams ‘ > ’ Resolution graphs of C?/G ‘

Because G C SU(2), it acts on C? and we may consider the quotient variety C2/G, which has a singularity
at 0. In this case, there is a minimal resolution of C?/G, i.e. smooth variety 7 : X — C?/G where the
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preimage 7~ 1(0) of 0 € C?/G is the union of irreducible components isomorphic to CP'. Then, the graph
with these components as vertices and an edge between two vertices if their components intersect is the
resolution graph of C?/G. Tt turns out that this graph is just the simply laced affine Dynkin diagram of
G! Further, the K-theory Ky(X) of X is simply the representation ring of G! And even further, this
isomorphism extends to an equivalence between the derived categories D’(Coh(C?)%) and D?(Coh(X)) of
G-equivariant coherent sheaves on C? and coherent sheaves on X!

SOURCES

The correspondence was first noticed by J. McKay in [4]. The proof we give here is based loosely on one
suggested in [1] together with an exercise assigned by A. Postnikov (Problem 5 in [5]). The connection to
the K-theory of Kleinian singularities was given in [2], and its extension to a derived equivalence in [3].
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