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1 Counting formulas

2 Someold and beloved ones

3 They'rehiding some new tricks

aboutcounting with cyclic symmetry I

4 Brute force versus linearalgebraexplanations
































































1 Counting formulas

Enumerative combinatories often seeks

exactformulas an Xn

counting families of combinatorialsets Xn

indexed by n 1 2,3

Welikethem bestwhen

anhas a productformula

with no summations involved
































































EXAMPLE Xn permutations of 1,2 n

bijectivemaps 1,2_in 1,2 in

an Xn mln 1 n 2 3.2.1 n factorial

3
2 93 3

3 2

i 12 3 2 1
































































Whypreferproduct formulas

easier asymptotic growthanalysis

EXAMPLE An r Var Stirling's
appreciation

useful in algorithmiccomplexity
probabilityestimation

easier forchecking divisibilities
vanishingmoduloprimes p

EXAMPLE An n n n 1 3 2.1 0 modp if pen
o modp if p n
































































2 Someold and belovedcountingformulas

EXAMPLE Xp k element subsetsof 1,2 n

binomial

Xn k 1 k coefficient

7 2 4,2
2 elementsubsetsof 1,2 3,4

91,23 2,3 3,4 1,4 11,33 92,4

2
4 32 4 2 4 2 4 2 4 2 4

1 4,2 1 22 141 43 6
































































Slightly miraculous that 1 IIa lies in I

Lessmiraculous if you know
Pascal's recurrence

1 Ei E for kinze

2 1

k o

g
7
11
1 2 1
13 3 1

is
s
































































EXAMPLE

Xn triangulationsof an n 2 sidedpolygon

have Xu 2n 4 2 n 3 an 1 an Catalan
number2 3 n t N
EulerSegner
Goldbach1750s

ii ii 6
4

5
s

s
s s 3

6 2
5
4

in
5
4
3

11 4 9 259 5
1 41 4 B 14
































































Actually theCatalan number 2 countsmanythings
some with apparentcyclicsymmetry some not

setpartitionsof31,2 n

n
rootedplanebinarytrees arounda circlewhose
with n nodes blocks are noncrossing

4 2

4 4 a 4 2 4 2 4 2 4 2 432

4 2 4 2 4 2 4 2 4 2 4 2

000 050 050 000

4 a

1 41 8 14 sytimery Either 1 4 8 14
































































EXAMPLE

Xn non alternating signmatrices

nxn matrices of 0 1 1 entries
0 on 00

alternating 1 1,47 1 1 1 7 in eachrow column

if one ignores the O entries

131 Rumsey1982as utility.inai i t Ii
mis.Eiiiis

Éetiinter9992
Kuperberg1995

m 3
18

O

x.tt tia I
4 FOLDSYMMETRY
































































superberg's proof used statisticalphysics resultswhere

alternatingsignmatrices were
counted in theguiseof

square ice
configurations

0 1 O O O
H O H O H H HQ

H

1 1 0 1 0 bijection H
H
H H H

q
H H

o 10 1 1
H H O H O H H

O 0 0 1 0
H It H H O H o t0 0 7 0 Q

H it
Hot it not t

square ice packs 6
orientationsofH2O

I at it o n
































































3 Hiding counts with cyclic symmetry

sometimes theset X has a natural
cyclicsymmetry operation c of order m acting on it

that is X X with cm identityonX
IX

EXAMPLE
1

X triangulations
of 6 gon
ex

ii
thank n

1131543 a
m G 3
































































És tn what is the c orbit structure that is
Number o d oforbits ofsizedforea.chddividingm

Cardinalities Xc of X xeX cᵈ x x

d fixedsetforeach
d dividing m

EXAMPLE d old IXm 6

in 6 1 14

3 a 6

p 2 1 2

1
































































Actually old ddividingm are equivalentdata
1 1 adividingm

2 PART
XERCISE a Ʃ e o e

e dividingd Million
b d old Ʃ m 1 4

e dividingd

Our old friends are hiding the

11 1 adividing
data in their g analogues
































































These
ganalogues

of X are polynomialsX g in avariableq
all with 1 1 XC

aim q

n n
g

1 8883 q If qnumber

n n
q

11812191378 n
q q

factorial

q
Cn q1 qbinomialk lqlu k q Ets

2 121 qCatalan
MacMahon
1915

site

IT
3in q

io nil utillq
































































How do these g hide the 1 11 data

DEFINITION Say a polynomial X g in q and a

1ˢᵗ.ttite2004 symmetry X is X of order m exhibit a

cyclicsievingphenomenon
CSP

if 1 1 q q gd
foralld

whereG e2ʰ a complex primitive mthrootofunity

m 5 m 4
a

920 09 89 1

630
p o go
































































THEOREM Xn.FR elementsubsets of 1,2 n

RSW2004 c rotating init modulo n

Xnik
and Xn.ieq 11g exhibits a CSP

EXAMPLE 4,218 Dq 112
4,2

I
a cp I 18 938 1482

2

3
4 a 1 q 2q q 84

31 Stig55
inm 4 5 2 1 Icymi
































































REMARK alsohasmeaningwhen q pl
for a primep so

q 1Fg forafinitefieldFg

g
k dimensional IqlinearsubspacesofFg

EXAMPLE
counts linesin F

9 3 131 11th
2

hushed

iiiii is ii iii iii
slope 0 slope slope2 slope N
































































g
Catalanpolynomials perform doubleduty

THEOREM Usingthe polynomial Xnq gRSW2004

one obtains a CSP for both

X triangulations of n 2 sidedpolygon
c rotatingby

2
2 of order m nt2

4

Xn AND
n 4

Xn setpartitions of 31121 in whose

blocks are circularly noncrossing

c rotatingby
2 of order mn

g
Xn
































































EXAMPLE 7 4
6 q 7181818

Xulq F q q 21813381418

2 q q32q 8 296 87 288 99 810 82
m G

9 746
qg

g 55 95 1 330 1 4 I14 1 1
6 1 3

89
1

Xy triangulationsofhexagon of 1yd
p a 6 14

in it i ii 3 6

it 2 2

i I 0
































































EXAMPLE 7 4
6 q 7181818 same

Xulq F q q 21813381418

2 q q32q q 2q 87 288 99 818 g.MEt
qiq5g 242 1 4

14 1 1 61 4 8s

É og g

is
ncrossingpartitionsott d1xcd

g
4 2 4 14

2 6
I t.FI t.i.sc

94 24 7 2
7 11
































































FÉEREN Xn nxn alternating and Xng
3in

signmatricesStanton
Cloninger c 4 foldrotation

i o nti q

step fwitz
Xn exhibits aCSP

2 3 X3g
11814118171

2381339
7 84839488188

1381411,1511

6781778

g 55 45 1 tv
7 1 1 3 1 4 1 14

d 1 1
4 7 11 i I

1 1
































































4 Brute force versus conceptual explanations

Everyexampleshown above was provableby

METHOD 1 BRUTE FORCE

Compute aformulafor somehow

Usetheformula for Xnq toevaluate

Xn q q gd
wheregeim

easierforproducts

eg joy

f
Comparethe answers
































































We wouldmuch preferproving allCSP's with

METHOD 2 LINEAR ALGEBRA PARADIGM

a vectorspace V IN where N 1X

AND

a linearmap VIV
AND

Find
two bases Vx xex and Wxex for V

a statistic 0,1 2
stat x

havingthefollowing Ugical properties
































































1st V V permutes the basis Vx
xey

by X X permutingthesubscripts

Vx Verx

This implies 8ᵈ Vx Vcd x d

and hence ydacts in the Vx basis

by a permutation matrix P
with

X 7273 XN

Trace P sum ofdiagonalentries 8,0388853

xeX c x x
































































2ⁿᵈ g qˢᵗᵗ AND

Wx is a 8 eigenvector basis for

witheigenvalues 5ᵗʰ Nx 5th w

This implies 8ᵈ wx g
stth

and

hence 8 actsby adiagonalmatrixD inthe Wx basis with

Trace D sum ofdiagonalentries ptata
XN

Ix'd O

q q gd
X O a
































































CONCLUSION Since D and P are both

matrices for the same Is expressed in

different bases for V

one has D B PB for somechange of basis
matrix B

Trace D Trace B'PB Tr B BP Tr P

ATREE BA
q qgd
































































Wehave LINEARALGEBRAproofs

only for some of
our examples

YES
and to subsets of 11,2_ng

q 2 q
andnoncrossing

set partitions

lg 2 g
and triangulations

NO

ITiiifs and alternating sign
matrices
































































I hopemaybesomeday you
will remedy this

sad state ofaffairs

Meanwhile

thanks for your attention

and THANK YOU SUMS


