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of his.-is}
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THEOREM (Hurwitz 1891)
Inside the symmetric group Gn a fixed n

- cycle , say c-- Cha, - - - on)
has exactly

N
"-2
factorizations e -- t ,

- ta - - - th , into n-I transpositions the link)
→

EXAMPLES n=4 = (23×137134)
N=3 C= (1,2,3,4) = (14) (23703)

= 124) (14)(23)

( = (1,2,3) = (
"223 ?) = 427123) (34) = 1347124364)

÷÷÷÷÷¥.fi#:i::i::i:.ti::i:::ii::i::f.actorizations = (24×23744)

C. = t ,t2 442=161--4+12 ) = (12×24×23)
factorizations = (34×12×24)
c = titty = (13×34342)



Why count this
? Riemann & Hurwitz wanted to count
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Equivalence classes parametrized by choice of
monodromy permutations (9,02 .

. . . , ok) above lyn, Yao- -s
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SPECIAL CASE : Here f- generically has
n- I non-a branch points

Z'=£=Qk} es off 'Cz))

t""::*:÷÷÷÷:÷.
amnion

• •-
-Yu YEN

has monodromy permutation
£.-Gula} ann-eydec-t-cn.int , -→am)

t.tj.tn#memsc=tt---tn. ,
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How did Hurwitz prove it ?

-Roughly.generatingfunction-ology.at
te solves amore general problem, replacing

c by any o e Gn .

- Hefinds a recurrence based on cycle sizes
of o

.

- He shows how the recurrence
leads to a functional equation

for a generating function .

- He sketches how to solve it [ Strehl 1996 completes the sketch]



How didn't Hurwitz prove it ? [see Lando azronkinssi]

V.I.AM#lhod:Setpwopwametwspaces
- Q
"" for degree npolynomials Az) -- Etan.eu?...tai2-ia.

- G
""
for unordered sets sign,.,yn..} of ~¥:÷÷÷l

and a homogeneous polynomial map G
"# In'

Hz) '→ zeroes fy,..,yn,} off
'G)

= branchpointsforf

so the LLmap has generic fiber size giving Hurwitz's count .
Then do a degree calculation showing deg LLL) = 2n

- 3h - - - en- in n-2
= n



Howdsedidritlturwitzprore.it?-
The beautiful combinatorial proof ofDeines 59) using . . .
⑧

THEOREM (Borqhggodtffayfqy) n"2= # {trees,%.ge?liggs}
⑧

I-2-3-4
II} I- 2-4-3

n=3 M=4 to, i - 3-2-4
I-3-Y-2

am""

I ÷: ÷÷÷÷÷÷÷÷÷:*.2- 3-I 4

412
→



To show #Ifaf.to??ItigYfpz.-tn..3=nn-2=#ftreesonli3--.n3 } ,
Deines shows instead

Int) ! #{factorizations
c-fk.sn) -t.tj.tn, }

= (n-D ! # ltreesonll.z.mg}
X

x
#ledge - orderedtrees

# {factorizations of # on {1,2, - -int }
alln-oydeso-titj.tn- i ) via a bijection and

4 2-5

Vt 3rd
Isth

y - 6

4th6¥37



But Denes's bijection is now easy :

{ edge - orderedtrees {factorizations of
outer, - -int ) # alln-oydeso-titj.tn)

2nd
4 2-5

3rd
Isth # t

, tztztytstb
I -6 44) (251467477126/136)

4th 6*3 tpecij)
7 ⇒ = (17-63524)=0

kthedge labeled i-j
-

KEY POINT : 6. lij) has either iifewerorimore cycle depending on whether
( i. j ) are indifferent or same cycle of a
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Let's introduce some g
-analogues of . . .

. positive integers n snuff trig
: -- kgtgk.iq ! Ifi

our count n
"-2 arm finny,

° 8--1 [21g 131g - - - In- Dg
= In]qzCn]p - - - [n]gn-I
③

EXAMPLES : h=3 : [3)gz
= Itg't g

" E's 3'=3
f- I

n=4 : L4Igz - fig, -_ ftp.g#g6)ftg'tg6tg9) ms 4716



Why introduce these g-analogues ?#
They miraculously predict orbit structure

for this

cyclic action on {factorizations Etta
- - -- tnztn-if :

(tests . . . ..tn-a.tn ,) ( ctm' , ti,tz , ....tn..)
-
.
I Ctheir product is ,
EXAMPLE : c = (1,2,3) = ( I2) (23) ft, --- tn-ECtn. ,

n=3 UI f WI
(23) ( 13) ( 13) (12)
-

UI



EXAMPLE > (23×137134)
n=4 KUI>1=3 -4=12 (23×13)

1¥

f- (1,213,4) -- 427123) (34)
1241141123)

)V

( WI (347124364) &

(237/34)/14) ('4) (127123) (121134×24) d

%¥¥
' !*.int/i:isi:iii:!7:f:e(23×14×13) orbit

-

d
In general # generates acyclic group

124363744)

(UI> of order In-1)n, / ( 12×24×2374
( 34742×24)d

because ft,, ...fm ) Gtf's . - ictnti) ( 13×34×141



TheuepreditµbQafollows
.

THEOREM (TDOU"ropoulos , CONT.by IV.Williams)20/8 2013

For any DELIUS
,
letting S :=e*%n- 'in

#{factories.at?eodnsbgtyftan-D7=GIgCnIgs---lnIgn-i/ d

E 's
EXAMPLE ( 12) (23) { = @ 6n⇒

# f WI 3 it d=o

cases '3) "⇒ (3)get' F'841g.fi/3oiiitfdd??pj,to



EXAMPLE > Casks)C34) 2%2
(4) (23×13)

1¥ § = @
n=4 I

1247141123)
(347124164) &

427123) (34) (121134×24) d

1 IF context [4]q2l4)q3=(Hq4q4 Gtgftqbtg)
"""""

"

"""""
"
""
"""' Ii:÷:÷i÷÷i:÷:/ ÷÷÷÷÷:

o if d-1,5,7,11
- i-
EXERCISE : These numbers recover

theft) -orbit sizes



ASIDE : D
.
Stanton

,

D
.
White and I called this situation

a cyclic sieving phenomenon (CSP)
:

.am/oermutesafiniteset#
a X(g) is a g-analogue of #X meaning#X = XCg)Iq ,

and more generally , if f :=£#
HIT

them any Utd has #fxeX : 4%7-- x ) -- X(g) I
g. gd
#

It happens a lot !



Dourropoulos 's proof ?

uAppliestoamoregeneralconjeeturebyN.mil/ia#
notjust factoring n-cycles in Q into transpositions,
but factoring Coxeterelements in reflectiongroups

into reflections
.

. Uses Lyashko - Looijengageneralizationof Arnold's
E-

'

tic
"'

via invarianttheory of reflectiongroups

✓ Uses D.Bess is 's beautiful analysis offibers of LL
via factorizations into reflections
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Adifferentwell-establishedarenneofq.de/ormation...-
a n

Gn-_ symmetricgroup GLNUFQ) -- general lineargroup
e. {invertiblemaps }

←t
.
- finveftgnbkyyfginnearmaps}11,2,-in] -711,2.sn)
⑧

{transpositions TEC ink } gum {reflections tinGLnfFg))
i.e. fixed space Eff.ge#gn:tH--YisCn-D-dimensiIa/1n-oydesliiiz---in)inGn} turn fsingercydescincslnftfg) }

i.e. generators for =tgT→GLnCFg)
-

reorder otann-cycle gum qnt -_ order of a Singer cycle



REMARK : Singer cycles ein Glnffg) are
the conjugacy classes of the companion matrices 1! ? jf÷÷)

for aprimitive irreduciblepolynomial
fcxt-xhtan.int . . -ta.xta.info/xJE#LEnGLFz)8ngwydeswemjugatesothe

companion matrices
for x'txtl

,
x'4×3+1 in EG]

%÷÷il::÷
InGLEE) , Singer cycles are conjugates ofthe

x't ,
XIX-it in Fzfx]

companion matrices
for

go, Lqy)



Bearing that analogy in mind . . .

THEOREM(Lewis-RiStanton2
Inside thegeneral lineargroup GWEN , afixed Singercycle

c

has exactly (grey
"

factorizations c = t
,
- ta - - - tu into n reflections th

- { "g- i-
THEOREM (Hurwitz 1891)
Inside the symmetric group Gn a fixed n- cycle c

'
n-2

has exactly N
factorizations e -- t , - ta - - - th , into n-I transpositions th



How didn't we prove it ( but wish we could ) ?

Viaasimple.combinatorialDEnes-s.ly#
overcounting proof, GLEE) -analogized .
-

PROBLEM :

Find suchaproof !



So how did we prove it
2
#

Atried- and-true method of Frobenius 4896) [Lando atronkin

lets one count forging any finitegroup (B)
AppendixAt]

andany choice of G- conjugacy
stable subsets Cn

,
Ca
,
.. .,Ce CG

#ffactorizationsg-titj-tewithtkinckfork-i.sn. . .,l}
via a sum over irreducible complex G- characters

H#g,butitwrkedorGGF
g-Singercycle
CE reflections



PROBLEM : Formulate andprove a

Douropoulos/Williams CONJECTURE for the af> -orbits
⇐t,ta- - - tn.tn#sctE'.tti--tn.,

when c is aSingercycle in Glnffg) .
⑧

What is the appropriate t- analogue of GED
"'

t -- Gd for f- eating'D 2to plugin .
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