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DEFINITION Brentithesis 2
2

Given a real sequence ai in a 11
an 92 93

consider its generating function Act Ii ait ERAandthe infinite Toeplitzmatrix

i at at at I whosetransposeexpresses
multiplication by Alt
IRECE LAH IR CtIf in the IRbasis it t

Say ai is a Polyafrequency PF sequence

if everysquaresubdeterminantoftheToeplitzmatrix is 20
































































PI ie 7 1 minors 20
ai PF

ai o ti

PF PE in 2 2 minors 20

detfajig.to
i e Aia I Aitraj r

ij rn

9 Ait ai a log concave

PI alsoimplies
ai has no internalzeroes BYE

7197921 Eam2am unimodal

d
































































ai PF also generalizes a polynomial Act Eiait

in IR Lt havingonly nonpositive realroots

THEOREM
Aissen Edrei
SchoenbergWhitney

ai is PF g

1951

prentithesis Alt ett IÉ4.5

in

with
di B so

Idi co

Epico
































































COROLLARY PF sequences come in dualpairs

ai ions G Act Eiait ert

Catilions A'et Fiat ert.IE I
Me It

DIII
fBrenginthesis

Al t A E I
































































EXAMPLE

ai 7 ions
G Act Ii ti int

at ions A t Eff It n

t
































































EXAMPLE Alt
Itt Hat Hst ith Dt

ai cen n tDiana in
Ch k signless Stirlingnumberof

1stkind

permutationsof 1,2 in with kcycles

1at Scritti n
Att

i t G atGSt CiCn it

Stn k Stirlingnumberof2ndkind
partitionsof 1,2 in with k blocks

Brentigth
is
































































EXAMPLE Thepreviousexamples are subsumedby

Act IIe at I txtai 0,12

with age Xuxa Xn
elementarysymmetricfunction

in Xn Xz XnERzo

ai ons
Act I.in IE IIfT

with a h xuxa Xn
completehomogeneoussymmetricfunction

in Xn Xz XnERzo
Prentithesis

7.4
































































Koszul algebras

DEFINITION A standardgraded Ik algebra is a ring

tE
I

2 sidedhomogeneous

algebra on n letters
ideal i.e

over112 I gIg
where Id In Ike

KID ÉÉdotmonomials
ofdegreed

DEFINITION Hilbertfunction ai 0,12
where 9i dimikAi

Hilbertseries Alt Eiait
































































EXAMPLES

Iggy
1k in xix Xxi eigen

Act 711 DE Ifi Dti Inpolynomialring
over Ik

Miya yn
11269ns Mn Diy ty Yi isingen

yiDeinTxtrorskew commutative
polynomialring

over 1k

Alt II ti int
































































EXAMPLE relatedtoBrentithesis Chap 7 PFdigraphs

Given a directedgraph D on vertices 1,2 in
digraph

let Ap Ikon Mn Xix x

i j ÉotinD
notinD

EXAMPLE A 112 x xax37 xp X3X 3 21

D rant
I2 73

on a s

anti gg
1 3 5 7
































































Ap i ftofwalks v ua vi of length i in D that is

allsteps Vj g have Vj Up in D

QUESTION WhichdigraphsD have afi 0,12 PF

Pentathlete CallthemPolyaFrequencydigraphs

MOTIVATION Berti showsthe Neggers StanleyPosetConjecture

157.2 for a naturallylabeledposetP isequivalent

tothedistributivelattice D JCP giving a PF digraph

13
P it m Ja

fi
mo D f
































































REMARK The Neggers StanleyConjecture was

resolvednegatively

by Brenden a labeledposet2004 counterexamples

Stembridge a naturally2007 labeledposet
counterexamples

but ledto other interestingopenquestions
































































THEOREM
Brenti97.5

PF digraphs come in dual pairs D D

where D complementarydigraphofD

Agt Aft andbothhavesimple
that is rationalexpressions inQft

usingTransferring

EXAMPLE

1
Af 12 x xa 37 1 1 3,4371 43 2 XD fly

o o

D
If Ap KY 92,437 972,4299243,42343
































































DEFINITION The standardgraded1kalgebraA is Koszul

if the field k Alan xn has an A freeresolutionthat

is linear

o e k A IAG at Afa statsBÉAfy k
in a n

o s h

allmatrix
entries in di
are linear
i e lie in A
































































MOTIVATINGEXAMPLE

The Koszul complex resolving
it over A lklx.mn

of 1k At AN AGH In Afs
o t Y

11

o f xn ANY Tn A Tgi Yu Hotty Yu
x I Y

Yn yn

Tig x y Ying

Xilinyn c Yingnyk
Xjyingk

xnying
































































THEOREM Kosalalgebras come in pairs A A that are
SPriddy
1970 bothquadraticalgebras andquadratic duals

A Ikki _xn I where I IT F In 1kg

A key yn J where J EI Jr keys

where I Jatwith respecttothe bilinearparing
Kx x Ik Lyk Ik

that makes Xix genand
MY

is in
dual bases
































































Furthermore Alt Aft I i e Att Att
because Priddy's complex on AoA
canonically resolves IK over A

Oelke AoA A A A A c

EXAMPLE A KCXi Xu HerePriddy'scomplex

A Alky yn
Kosal complex

of 1k A Ati AID In Afs
O ti Xi 11 11

o f In ANY in A My Yu Hotty syn
































































THEOREM ForanydigraphD Apisakoszualgebra
Froberg1975
Kobayashi 992 with Ap Ap itsquadraticdual
BumsHerzogVetter9947

EXAMPLE

D My Ask s

Kenyao o

D YI AE 4.4 7
9143 15

AD
































































QUESTION Which Koszulalgebras A have
R Welker theirHilbert functions ai i o 1,2 PF
2005

We were motivatedpartlybythe case

where A kex yay I with I generatedbymonomialsXiXi XE

i e Brentsquestion thesis Chap 7

WhichAphave Capli i0,12 PF
































































FURTHER MOTIVATION Parallel constructions

presenting PF preservingKoszulity

fail bi to ri CigEibk A B AaB
tensorproduct

ai adi A A Ad
CaoAdAadAsd athVeron subalgebra

A B A Be

j I.int
taibi

bothfinite Hadamard
product ETA Bi

Segresubalgebra

ai
defining

bi A to Akeydefining
Act i t Act Iditigrofdegl
































































VEMOREANALOGY

Proposition For a KoszulalgebraA withHilbertfunction ai

2023 those corresponding tofBrentithesis
ribbonskewSchurfunctions7.4

Say def anim it

EXAMPLE
rowsizes

HE deff
a Iii so

n an actribbon 8 o n
































































Why

deff II
9

as a ay ayay
93929,94 asta ay atas

970

a taas ajay
interprets kend in this exact sequence

As0A An AxAy
o t Kerd As0A A Ay Az0A An A A A o

A AtA30A As
































































Stirling numbers Kostalalgebras

joint withAyahAlmonsa and SheilaSundaram

Recall our Stirling number dual pair of PF sequences

ai Alt
Min Digia in

itt hat hast fit inDt

Stirling sof istkind

Altat
Sfa ti n n ons i t G atGSt CiCn it

Stirling sof2ndkind
































































There are important Kosel algebras A n interpreting

Aft Itt hat ist fat a 1 t or Clark

configurationspaceof

jiff gg gaaElabeleddistinctpoints

p pPapa sp
in Rd

Xxii Xijtik xijxiktxikxjh
if d even
typeA OrlikSolomon

Énen tis 5 ate Aos
1972 k Xi Xi xijxik xijxiktxikxjb.lif dodd

typeAgraded
Varchentio Gelfand

algebra

QUESTION Whatabout the Kosal Avala
dualalgebras Aten and Stn k
































































AsGu representations both All Aosta Avan
are well studied but not completelyunderstood

n 4 at at t Gt total repin
Ao A Az A ungraded

Sp Sp
Arch spy

sp
sp sp
SASA sp

RE
regularrep

2copiesof

Aoki
SD

SD
SD spy

spy

MEG.gg
sp Sp
Sa sp
































































THEOREM As Gu representations
Sundaram
Welker É II chaldnut1997

ME

tl I him lie Ill pm
m

forAvala

plethysm
gentennadenfunctions

formulas
amtt

Img tl hmftjl.TemjG Itaipu fortosh

odd
even

when amettgmld
t d

PROBLEM Findsuchformulasforthe Koszuldhals A n
































































Stirlingtriangle recursions

Chik shik

n I 2 3 45 n I 2 3 45
I 1 I 1
2 1 1 2 7 1

3 2 3 7 3 7 3 7

4 6 QQ I 4 7 7006 1

5 24 5030510 1 5 1 15 010 1

Chik In i cen t b sin 1,121 Sluk k Scatb Slutsky
































































lift to branching rules

THEOREM Both Ala Aos n Augen satisfy

a AG X'd's AlnDi Alnii
Sundaram
1824 in k n n cen t k t sin 1 k i

b AGILE X'd's AM to Ali
Almonsa

R Sundaram G l
2023 Stnk k Sint k Stark

where XIE defining Gi rep as permutationmatrices
































































Shikk
2 3 45

4 1 76 I
5 1 152510 1

05 I 2 3 4 5 VG 1 2 3 4 5
7 B 7 B

2 B TO 2 A TD

3 B FI TH z B B TH
F

4 BYE FI To 4 ATE É Te

5 a É EÉ FIFTH 5 BITE TÉ II te

Host AoshiAkuAkilAda Ada full Ajay ArchArin
































































Boundary cases of Aln

05 I 2 3 4 5 VG 1 2 3 4 5
a D a D

2 BTW 2 A TD

3 D FI TH z D 1

4 17É II to4 DEEPI TH
a É FIFTH so É II

Host AostaAostaAokiAoki AjaAjaAjaAdelAria

Stat n 1 p my chAGH sp

chaos 2 it soSfm n

Chang2 it
so i even

Sp iodd
































































05 1 2 3 4 5 YG I 2
3 4 5

a B

2 BB 2 A TD

3 B FI TH 3 D E
4
AYEEIF my4 BYEFI TH

s a É FEITH 5 ITFÉ II
Host AoshiAkuAkilAosta AjaAjaAjaAdelAria

Stint 1 my chaffy stasis forOs
Sy spy forVG

sin 271
42 24 2

2
Aos X XBOX XBoxBox ppg
































































The G rephs Ala a
forfixed i are known

to be representation stable in the sense ofCharlieErb

s

2005

for
Aln I pecht

certain
7 AH

Hoy a a

COROLLARY AM forfixed i are

also representation stable

page induct using virtualeggs II Acn Alll
































































Most mysterious

CONJECTURE Aof is always

an G permutation representation I
i O

in Os s a 3 4 5 Verified for n 2 3,4
7 B

2 B B I 0,7

3 B FI TH
4 DEE PI TH
a É III'd not allparabolicsubgroups

AoshiAoshiAoshi Agata.io

the Gorbitstabilizers are

Gap xGay
































































Thanks to SLC
and

HappyBirthday

Mpg


