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o Hochster's Formula

or colorful generalization
° CONJECTURE on canonical

parameters
(tf time permits . . .

0 CONJECTURE on depth sensitivity )



o Hochster's Formula
⑧

I a simplicial complex on vertices 11,2... ..n)
un> Stanley-Reisner ring
kLa] : = klxi, -→Xn)/II
I G -

ideal generated by X :
= !!qxi

for G ¢I



EXAMPLE E-
a

4

He] .-klxiia.x3.mil/(x.x4,XzXsXD.-kfxI/Ix



Regarding k la) as a k le) - module , can

write down aminimalfree resolution

of Ho]←He]←F,←E← .. .
←E←o

which is IN
"
- graded :

Fi EHHoy
Ria

where pi,a = dime Tor? (Ho] ,b)a



EXAMPLE 't;⇒,
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Toro Tor
,

Torz



THEOREM ( HochSter 1975)
Tor ⇒ ( KCI] , k) a vanishes unless

¥9 = IS is squaretree, in which case

Tori
"" (teal ,k} = II

1St-i - ' fats , k)
T
A restrictedto
vertices inS



EXAMPLE #£÷¥. (HTE¥uH=k10

° Kfa] key←
ktxlfxixy)

" o

9 k¥4, k¥4554)eo
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It gives an IN
"
-graded Hilbert series calculation
-

EXAMPLE
ofHayek ←

" ""4)
e- klxlfxixx,xD←o

kLx]f-Xzxzxy)
Hr

Hills( klo], I) = l-xixy-xaxzxy-xis.kz#
(I-X,Ki-Xz)( t-Xz )( t-Xu)



.. .
which one can specialize , e.g.ba IN-grading,
via Xi↳t for i

-
- I, ..,n

Hills(KH], I) = l-xixy-xzxzxy-xis.kz#
(I-X,)ll-Xz)( I-Xz )( I-Xu)

H
i

Hilbfkei,f) = I-t
'
-t't t" I= go
¥4 2¥03

=
Itt-t' 04

¥3



One issue :

The KEI - resolution ofkkl) has length
n- depth KLA) z n -dinko]
→

EXAMPLE ±
o.

oekiakkfxte.IT#fI!Y?fkHKxisx.xDeo y

° 1 2 = n- depthklo) -
- 4 - 2



ocolortulgeneralization.la/hatifIhasapwperd-coloring of
7 (no two endpointsits vertices . otanedgeget

Same color

⇒ dinklage den
-

EXAMPLE

I=zµ⇒, d:3 colors %o¥aenge



Then kLo] is finitely generated as a module over
A= Kfz , its, ..,Zd) via Zi t Oi : = I

Xj

Xj of

by the squarefree monomials
color i

⑧

EXAMPLE 10
A =

2# X,Xz Xz -- X,Xjxg . O, 020,:÷÷¥¥/ :: ÷:
"

X
,
X4
= 42×4 ' § Oy



KII] is an IND - graded A- module,
with a minimal free A - resolution .

EXAMPLE

o← KLA] ← ← Afz,-37)← o

A- jo
AC-Z,)

20¥3 Toro Tory
04

Z
,
1-7 O

,
-
- X
,-1×4

Zz 1-7 02=1/2
Zz 1-7 Oz = Xz



THEOREM ( colorful Hochsterformula)
(Adams -R.)

For* IN
d
,
Tor ( KCI] ,k), vanishes unless

⇐ = ES for some sell,2,..,d}, in which case

Tori't flaky,Hs= It!
"-i' ' (Als , k)
T
A restrictedto
vertices whose color lies inS



EXAMPLE
'

✓
""¥¥"
"

o← KLA]← ← Afzfhz,)←o

>

Ath) fr
H" (Isu , 2,33 ,k¥kftp.kt-k -

÷
.

÷÷.



It gives an IND-graded Hilbert series calculation
EXAMp#
±: of HH ← II.⇒←Attests)

← o

H
Hills(KIIT

,
E) = ltzi-Z.KZ# IN?graded

(t-Z,)(I-Zz)(t-Zz)

H H

Hills( kco)
,
t) =t IN-graded

( I -t)3



THEOREM ( colorful HochSterformula)
Tor ( KLA] ,k), vanishes unless⇐ = IS for some sell,2...,d3,

in which case ToriA flaky ,Hs= It!
"-i- ' (Als , k)
⑧

proof sketch : compute Tor via Koszul complex

for k overA tenscored with KCI] .
O Strands Eat Es are acyclic via chain

- contract-on .

O Strand Ea-- ES is isomorphic to E.(Alg ,k). I



Twoissu#
o One can't always properly color I with only
dim KID] colors ; such I are

called balanced .

balanced o / batted
⑧

0 Even abalanced coloring canfail tobe fixed by
symmetries ofI , so resolution lacks equivariance.

O

E#O



IONJECTUREoncanoni.ca/parameters
PROPOSITION
①i :-. Ii

XF for i -- 1,2, . .. ,dimkH]
( ith - faces
FEI

are always a system of parameters
for KLA]
#

EXAMPLE
,

O
,
-_X.tn/ztXgtXyI--/ 02=4×2-1X,Xz+XzXz-1×2×4 -1×3×420¥'s

03=4×2×3
04



PROPOSITION
⑦i :-. Ii

XF area system of parameters
for KLA]

( ith - faces

FEI

proof: Elementary symmetricfunctions
@y =

X,-1 Xzt ..-tXu

Ez= X,Xz+X,Xzt ...
+Xn-ith

-

\

In= X.Xj--Xm
areasystem ofparameters for

klx.,x2,-→Xu],
and 01,02, . --, Odimkco] are their (nonzero) images
late]→> KIA] =NIKI,

yei 1- Oi



Let A=klZ , ,-22, -→Zd] for D= dimkco] , deg (Zi) :=i
Then 2-its Oi makes kkyafin.g.eu'd IN -graded
A-module

,
so it has aminimal free resolution .

#

EXAMPLE A Af4)④
3 ④

o← HI]← Afl) ← Afs)2← 0

i

④ 4 ④
⇐ y Atb Atb)20-103 ④ 2
11 Afs)
04



This again gives the IN
-graded Hilbert series

(but can also be done equivariantly).
⑧

EXAMPLE

"
" ""÷¥i÷÷÷¥÷÷÷i.
I

1+31-+47+27-tI2tEtb + t - t3Hillock#f)= - =
-1

G-f) (t-t')(t-t') q -f)
3



CONJECTURE: Inthis setting , for all JEIN,(Adams -R.)

Tor!YkkY,Hj
e- ④ it!"gdIIs,k)
¥gs=j
Sell,2, ..,d) : garycentric

subdivision off

± . Is.



EXAMPLE sd%.
"" sdha.sg.tt?I

.

If:*, ,H= a
°

° o ④ J

o
s 3 Af-4)Atl) ④

o← HE] ← ④ 4
←

Afs)2← °
→AfD ④tTGd4k)=k
"

④ 2/14-6)-2° ° Af-3)
O

° ° A weak.is ,H=k
'

sa

d'

H'fsdokiiktk
'

II a.m,



CONJECTURE

Tori't flaky ,Hj I ⑦ it!"-i- ' ( SdIls ,
k)

S E {1,2, ..,d) :
Es =j
SES

PARAPHRA.SE#JfCTURE:
IN- gradedBetti numbers for Kla] as HQ,...Od]

-mod

{ specialize IN! "Y

IND-graded Betti numbers for k (
SdI]

with balanced system of parameters,
as in colorful HochSter formula .



EVIDENCE FOR THE CONJECTURE

One can present KEIJI HYftp.fea/JsklsdIJ-kLYFI*fea/IsdI
with Isda an initial ideal for JI .
0 correct as upper bound on Tor?(kla] ,k)

{o correctly predicts Hilbertseries
0 correct when I is Cohen -Macaulay



EVIDENCE FOR THE CONJECTURE

0 correct as upper bound on Tor?(kla] ,k)
o correctly predicts Hilbertseries

twhenA is Cohen -Macaulay

. . .
and also checked correct for dimklo) =L°

i.e . I a graph o[lo



OWNJECTUREondepthsensitivity-CONJE.CIURE

Letting Qi : = Ii
XF for i -- 1,2, . .. ,dimKCI]

( it1) - faces
F C- I

as before, one
has

depth KLA]-mails :(QQ , . . . ,Og) are a
KID]- regular sequence)



1

EXAMPLE 1=2%-103
¥

HAI -- khakis,xik×,×,,×z§×,)
has depth2

and 19,02)
x,tx£¥x,

"

XXI4×51×2×51Xzxytxzxy as a regular sequence,

but 05×1×2×3 is already a Zero -divisor :

Xy - X,xzxs -
- o



CONJECTURE

depth KLA] = maxfs : (O, 02 ,. . . ,Og) are akey
- regular sequence}
→

EVIDENCE

o Proven by D.E.Smith4990) when I is pure .

0 Empirically tight for these I
with dim klo]=D
depth kCol =S

Cdt t) -§¥#r(Stl)-simplexsimplex ⑥gluedalong a S-simplex

which seem to have (O,,Q ,...,Og) a klo] -regular sequence
but Os+i,Os+2 , . ... On all zero -divisors on

klol
.



Thanks for your
attention !


