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1 Review invarianttheoryoffinitegroups
ref RStanley Invarianttheoryoffinitegroupsand

1979BullAMS their applications to combinatorics

tame
2 EXAMPLE SymmetricgroupGn

reflectiongroups

3 TESTCASE Cyclicpermutations Cn

4 Conjectures Theorems andQuestions
































































1 Review invarianttheoryoffinitegroups
S k xn Xn polynomialring over k a field

u
Gluck acts via linearsubstitutions

ofvariables

g fi f g

For a subgroup G SG G invariantsubring
f e S i g f f AgeG

ÉÉÉ ions Structure ofSG as a ring

Structure of S as anSEmodule
































































GL k G G
11 11

e 1237,1132 x 742

is ii
is

Tx

583 so

Kleeeases
e XtXatx A xx xx z

E XXXXX 42 3
exists

elementary
symmetricpolynomials

E pleases
ie 4ej4epez27ejtlse.se

algebraicallyindependent asingledegree6syzygy
































































GENERALFACTS for G finite

REGI SG G S klxi.mn is an integralringextension

s is a fin gen'd SEmodule and

Kull din SG n f Kall din s

THM SG isfingen'das a k algebra 1926
ENoether byelements ofdegrees G it chalk o 1915

THM S is gen'd as SEmodule byelements
Stanley ofdegrees G if char k o

1977

THM If G E K SG is a CohenMacaulayring and
Hochster S is a Cohen Macaulay SEmodule
Eagon1971
































































Why aretheyCM rings modules

One can splitthe f moduleinclusion SEES
8 80 0 Ker F

Egg
where Tig f gIg f

Reynoldsoperator
faverageing

Any h.s.o.jo On Onfor SG
is also an hsoupfor S
is an S regularsequence klx xn is a GMring

so anSGregularsequence via thesplitting
































































Infact S splitsfurther always assuming Ge k

DEF N For each irreducible G repn X over k

let SXbe the X isolypiccomponentof S ESd
e g for X trivial repin

G Glick E
S n

then SX SG

Each SX is a C M SEmodule and one has an

8 module decomposition S
irreducible
GrepinsX
































































COMPUTATIONAL AID

Alltheserings and
modules are INgraded Me Md

so one can askfor their Hilbertseries

Hills M t if dim Ma t
d

Mo lien's Theorem Any G iwed repn X has

traceofg
Hilt Stt d

gig ÉY É5 acting
in X
































































EXAMPLE For S ktx tax
where583 k en es es

Molien'sThin predicts

Hilb 58 t IG IG detesto

I Ip stay 2 I
we

way3
w Y3

1 1 1
3
































































EXAMPLERecall Cj le
1237,11321 A had

withdeg
fees kl and one relationof degree 6

8 peneses

Molien'sThin predicts

Hilb 58 t Ic Ic detesto

Lets a

we we IE ieieied

gIfttta i e rt i E t t

e e e 8
































































2 EXAMPLE SymmetricgroupGn

Gn has ined repins X indexedbypartitions A of n

EXAMPLE G has three ined repins

XD trivial repin Ez Gla k k
o to a tag

ME sign repin G GL k k

o 1 sguo I

XP reflectionrepin G Glack

as linear symmetries a
it
a

1123

ofa regular 2 simplex
































































xxx

S S SX where

Hilbert series

gxtg83 sk eneaezJ free module
ftp t3withbasis In

SX Ggantiinvariants AKleene

free S modulewithbasis o TtÉÉt3

SKI g x x 4x 059173,153 EÉÉ t
freeSEmodulewithbasisinredshown
































































Thesesimplestbehaviors are hallmarksofreflectiongroups

THEOREM
ShephardTodd195

Forfinitesubgroups G Gluck Cf kex an

TASpringer1977
with GE k the following are equivalentCheralley1955

SG is a polynomialsubalgebra SG Klf
f tu

S andeach S are freeSEmodules

G is generatedby pseudo
reflections re G

rhasfixedspacent
a hyperplane

e r diagonalizesto ftp.g
forsomeGek

Weknowtonsabout HilbStt forreflectiongroupsG
































































3 TESTCASE Cyclicpermutations Cn

Ring structure for SC gets outof
controlquickly

n 2 klxn.rs klxnXaT klene2 a polynomialring
degrees 1 2

N 3 k x xa x k eneses o

Kla b c d d pla.be ahypersurface

quotient
degrees 7 2 3,3 6

N 4 k x xzXyXy
C k enesese4fatsfy

I k a b c d e f g six relations

degrees I 2 3 4 23 4 6 66 778

noteven a completeintersection
































































SUPPRESSED STORY

Onecansay a
bit about S as a freemodule over

8

klenesisen

knowhowtopredictdegreesof basiselements

via some reflectiongrouptheory
because

n cycle i a n is a regularelement ofGu
in a sense definedbySpringer1974

findingthebasis elements is harder

but a 2 stepmethodofGarsiaStanton was conjectured1984 R White
toapplyatleastfor n p a prime
STEP I confirmedby theREM2021

students
GargLuRenSun

STEP 2 stillmissing
































































118ÉA Crisabelian so takeadvantage of IN grading ons
bychangingvariables xis in to aneigenbasis yoyo Yu

Cni Cci as n Y CS klara in

yoy yn I

y
85.4

5 klyo.gssyn

where f e e k

Then shekspanof yfyit.gl iONotta 2Gt n 1an IOmodn
































































yo Y Y2
EXAMPLE

03 1 1 Sealy y gs É

SG 0 yoy y yy A span yfy.ly o.aotl.at2 g omod3

Ola b c d Abc
N degrees 1 3 32 6

92g o o

ti lb S yay yz

qybifYI li y.gs00 00
y O O

assistd YO
g
O

Q b
0 9 an affinesemigroup

ring
































































YoY 9293

EXAMPLE CF I 5 0 yoy Yay

SEXY9,493,934,993,442,4295
Q a b c d e f g etbd boggedfg.ee efbgegdf

Y degrees 1424 2 33 8 6 6 6 7 7

y
D 0 0 9Oy

amore
complicated

O
affine
semigroupYnys

ring
































































What about S and S as SE modules

IrreducibleCurepins are X'd Cn Glace I
do s in it II gd g É

and SXM 0 spanotfyfyit.yi.it Iiiaiedmodn

EXAMPLE G has SX g y Sy
92

o o with a 2periodicresolution
0 O O

by work of Eisenbud198000 00 onmaximal C Mmodules
yO O O

O O over hypersurfacerings0 9 and matrixfactorizationsy
































































RED RttRt
o s o o

RHF.IR I IResE j
Y

e

I e where Reg Elyoy 43,492

la b c d Abc

Poincaréseries calculation

een II
ti gyiy Bye

Points yoy y t
2

wherepie dim Tor sik YtgI Y
NPgraded

YELEY

Poings y t
9 5,1151 INgraded
































































What about Cn for n 24

Even minimal k algebragenerators for SG are

not completely understood
multi subsets

min genera gig E an Kuk
yay yah summing t

o with
no subsums o

for San

EASY Theylive in degrees
0 b n

HARDER Simpledescription
in degrees 2 72

contofElasHifi THM ofPjfan

NOT KNOWN in degrees K
































































Similarly one has

min generators multi subsets

1 yes g it
on

summing to d with
for gX

d

asSenmodule

EASY Theylive in degrees
0 b on l

THEOREM Simpledescription
in degrees 2 72

REV2021 usingtheprevious results
Garg Lu Ren

Sun

NOT KNOWN in degrees K
































































Resolutions of SX over son

X
S over SG

n 3
SX gx12

over S over S

2 periodic n 4
frombefore
































































SX over SE SX over 56
n 5 4 6
































































4 Conjectures Theorems andQuestions

CONJECTURE G L R S For SX d 1,3 in i
REM2021

Bij 0 ziti s j s nitn i

dimator Stk

THEOREM E holds in theabove

G L R S conjecture for SX
REV2021

CONJECTURE holds for n 2 trivially
n 3 from2 periodicresolution
n 4 from this next
































































THEOREM Hare an explicitminimal free resolution
G L R S of Sgx s

x
as SEmodulesREV2021

MFRstructure is 2 recursive in the sense that

J for SX'd is block upper triangular
with blocks coming from J

i
2
i 2
for SX'd

COROLLARY

Poinsuls y D piggitigggd
Eys

Pongo s y t factually recursive
































































Conjecturewould also followfor n s if one couldshow

CONJECTURE G L R S REM2021

Poinsett's.tt Ii IgItgi
for d 1,23,4

Denominator is again quadratic int suggesting
2 recursive MFR

QUESTION Does the MFR for SX'd as gon

always have a 2 recursive
structure
































































Should the n 4 explicit MFR for

SX over54 generalize f yally
cyclicgroups one 0 say says

p
2Tim

Harris Inlehlan atleastpresentresolvethering Scm

whenthecyclicgroupCm as Sly 1 i.e at btcmodm

Should weexpect 2 recursive structurefor

the MFR of S over SG whenG is abelian
































































Thanks for your
attention


