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1 What is invarianttheory

Classically it asks for asubgroup G
C Gluck

acting on S kl xi xn by linearsubstitutions

g Xj IigigXi

Structureof the G invariants

SG fixes f ga fix IgeG as a ring

Generators relations

Structure of the wholering S as an SEmodule
and simultaneously as a G representation
































































Simplest answersforfinite reflectiongroups Gc Gln Q

SE alfa fa fn is also a polynomialalgebra
in generators O relations

eg G En permuting
variables in ECxi xn

has Ala xp in
8 Gifted elementary

sypoffthials

S Ala Xn is a free 8 module

SGX each X isotypiccomponent is5 0
G irreducible a freeSGmodule withXPbasis
charactersX elements in knowndegrees
































































2 What is a leftregularband
LRB

A monoid M F semigroupwith 1 in which

xyx yx Fx y EM

y p

X2 x Axe M defines a band idempotentmonoid

studiedby Bidigare Bidigare HanlonRockmore

Brown Brown Diaconis
Salida Margolis Saliola Steinberg

Aguiar Mahajan
































































EXAMPLE Thefree LRB In on letters ayaz san

Fu injective words on the letters withmultiplication
Ino repeatedletters nor means

a g al bib but a g qb b bm remove2ndoccurrence's
concatenation

of letters

e g n 3 Onletters aiba attempted

53 11 g
ab abc with

a a a
ac acb

c ba bat ac as ae

bi begg ac ab acb

É iba bac ab bac

ab bas abc
































































EXAMPLE Fil q analogueof thefree LRB In
flags VnV2 ve ofsubspaces

V Kc are in Ig withdimIfi
line plane dsubspace

with VYa Ve Wawa Wm

V1 V2 Ve Vetwn Vetus Vetwm
Femme

any
subspace
thatappears
earlierinthe
list
































































MOTIVATINGEXAMPLE

Tits'sfacesemigroup
ofahyperptantearrangement Acir

Fft faces F ofA with Fog fareFperturbed
Ichambers towardfareG
andall their
subfacecones

FOG

t I in FCA

G is theOdimensionalface

atthe origin a
L

a G G tfaresG
L u

v
































































MOTIVATION

Inside themonoidalgebra KM I am omek

MEM

one can model card shuffling Markov chains

and use representation theory of KM to analyze

eigenvalues and mixing times

EXAMPLE
Random to topshuffing

on Gulpermutationsof ay an

Rat abc I abc t bac t cab
































































RIT on can bemodeled inside QFT
free LRB

as left multiplication by f x where a apart tan

e g n 3 I att abc flab bait cab

Or inside QF In as leftmultiplicationby tix where
braddangement 7 123 n 2134 ht th 12 n t

USA x
Kiajen
e g n 3

Italbtbfastarabolalble t blatblaktalalb

r blat n xa xbox Ib atblake
Hola alble

o
albleAG bolas alba a tabe

clbla alalb
at clatt us galas clalb
































































THEOREM Bidigare 1997 WhenGnacts on k F tn
the G invariantsubalgebra

k FA n I Stgjomonis
descentalgebra
forGr

la non semisimplealgebra

Heapplied this to Rat onGnandothersymmetricrandomwalks

Furtherwork on KFA as G repand kF t Emoduleby
Garsia Reutenaner 1989
UyemuraReyes2002
Commins2022 ongoingthesiswork
































































3 Theinvariant ring for the freeLRB

PROFESHON Thefree LRB In has G invariant subalgebra

Ktn Onwith k basisof orbit sums
NOTE X X frombefore

latant tan
havingRIT L x

X alastga 9,9 t tanan 1

Xn 9,9 ant an ga

EXAMPLE KI G has k basis Xo l

Xp at btc

Xj abt bat art cat bit ab

X abc acb bastbeatcab cba
































































PRESTON
x X apast tan left multiplies in thisbasistriangularly

x Xp l Xet Yet

easy
COROLLARY Thepowers 1,4 3 X expand

unitriangularly in theorbit
sum k basis 1,4 x an fork

with StirlingnumbersStik as
coefficients Xm I Simh x

Stirlingnumberssink
EXAMPLE

n o I 2 3 4

1XoYi atbtc 1.41
x2fatback 1 x t 142
x3 fatb 113 1 x t 3 2 143 SG.la ofsetpartitionsof

1,2 in BWBawwBr
withkblocks

SGk Shik1 ksln.sk
































































COROLLARY X anant tan generates Kfa
38h1mins and one has a ring isomorphism
R 2022

k x x x a x 2 X n KE
sending X i x

Inparticular when n e k theinvariantringCefn is

commutativeandsemisimple and x actswith

eigenvalues o b n infinitedimensional btn modules

conclusion Todescribe kin as kfn module and G rep

onlyneed to describeGnreponeacheigenspare kerfX
m on Ktn

M O I 2 i n
































































and same storyfor the q analogueInto
withthe actionof GlnFg

x s x 8 Egg
4 4 t Laz

where n
q itqtp.iq

Stirlingnumbers Stuk m q Stirlingnumbers
Milne1982

kentGu's I k x xx 1 x 121 x Mol

Yn is commutative semisimple and X

ants with eigenvalues folg f g n on modules
































































4 ThederangementrepresentationofGn

Recallthe derangement numbers

du n It fit's fit tnf
count permutations

0 19,9 _on in Gn

with no fixedpoints fi derangement

T having evenfirstascentposition i with Gitadesarrangements
n da

2 1

3 2

4 9
































































But dy are also dimensions of an G repDnwhoseassociated

symmetricfunctiondm was introducedbyDésannenienWachs 1993

EQUIVALENTDEFINITIONS

In I Saia explicit Gu irreducible
decompositionofDnstandard

YoungtableauxQ
whose1stascenti iseven

dnt kin enkiniteshpateshing
thien

han dnthndnythadn.at had thn

Due ker R2T ka kn k

Dnt sgng.no
tophomologyofthe
ell complex kn of
injectivewords on anas an

at X
































































symmetri derangement
a

standard
functionYoungtableaux Q number

withistascentieven du du

o 0 1 7

7 O 0

2 I SA 1

3 13 Sty 2

Sf spy
4

34 134

Sets
































































5 The wholeringfor thefreeLRB

Filter In byword length

Fse k spanofinjectivewordsoflength al

Fi JI I 3522 2 Fan In

Semisimplicity of KI
G andof KG

sufficient todescribe the G rep on

each x eigenspale Ker lx
m for m o b in

acting on eachfiltrationfactor Fae Ee
































































THEOREM Brauner Commins R 2022 In Ken

the x eigenspale Ker lx
m for m o b in

when x acts on Fae Eet for l on in

carries G rep with symmetric function

h n e hm de m

that is the induction qq.gg
py.mggfderangermepentGn

exGmxGe.m

and same for q analogue k
8

Gn irreducibles m Glatt unipotentirredulibles
inductionGaxG toEats my parindictionGlatGhbtoGlab
































































Proofideas
In bottomoffiltration Kf KG regularrep

and can construct m eigenvectorsfor x on KG

byinducing1169 Pg g null
vectors for X on kGn m

Then use han dath dnythadn.at had thn
toshownullspace must carry In

m eigenspace must carryhmdm m

j eigenspacefor x on Fae Ee is G isomorphicto

En
m hm dem h ej eigenspacefor

Gue GetGneon kGe
































































Thanks for

your
attention

and thank you

Ed Theo and Yasu


