
 

EXERCISE SESSION 2

Problem5 Let A taxi xD

a Show Hilb At Int
b Explain why A is Koszul

c what is A here and Hilb A t

Problem 6 Recall that the Birman
Ko Lee

dualpresentationof the braid group
Bru

uses the generators g ijen

Explain why 9394 62493 in Bry
and hencewhy their presentationonly

includes commutation relations gone one

for i j k I distinct when
the arcs ij kt

9
006k

are noncrossing on the circle q

g
fi



Problem7

The goal here is to
illustrate a bit

of the subtletyofquadraticalgebras

Koszulityand Grobner
bases even when

working with principal
ideals but

over exterior algebras

Consider the exterior and polynomialalgebras

A A x 2,73 Xu

S 1k xn Xa Xa Xy

a show Hilb s t 4

and Hilbat Hills S x1x2 x p t

Ht 1 44 64 47 4



Definethese quadratically generated ideals

I xixa.it x xicSJixixa cAIz fmxsXxIxEx xi cS
52 42 43 4 CA

Is Xia CS

14 mt Xy CS

b ShowHilb S InD Hilb A J t 1 4 5727

Hilb 812,4 Hilb X J t 1 4 5
2

Hilb 5 13,4 Hilb 5 14,4

Hint for the lastpart
can you show for any homogeneous

polynomial f x ofdegreed in 1kt in

that Hilb lklx.mx t t



Ji xis CA

Ja xxxx an

XP cg

Is MYX XPx2 x a CS

Is xx2 as

14 MAX CS

a show that the listedgenerators for

In Is Iy I are quadratic Gribner bases

forthoseideals and hence

S In S Is 5 14 NJ are all Koszul

d Show that regardless of thechoiceof
monomial order α on S or A the ideals

Is I have no quadratic Grabner
bases

e Check e g in WolframAlpha that

14 512
1 4 1 22443 414 441529 f

and explainwhythis shows 8 12 NJ are notKostul



Problem 8 Recall the reflectionarrangements

TypeAny Hj Kiajan whereHj xi xj

TypeBn Hj Hj Eigen whereHij j

U Hi Kien Hi Hi 0

TypeDn Hj Hj ki jen

Alsorecall an arrangement is supersolvable if it
has an ordereddecomposition 71 74 w Hd
suchthat H H e Ifj with H H

H E H w Hj with H H H a circuit

each initialsegment7Cw.HN W7j
is a flat ws

lies in no

otherhyperplanes from 71 W WHd

a ShowAn_ is supersolvable via decomposition

t.int IotiY.u w i i



b Show Bn is supersolvable via decomposition

t.in i H K Yii
I

Hi n

c Explainwhythis decomposition forDn

iii t.it fEiIE

fails the conditionsforsupersolvability

d Find adecomposition 71 71WH WH
for

Dg His HisHisHis His His

whichshows that it is supersolvable



Problem9

a Given a chaincomplex C Lof abeliangroups

I C Ci Ci_

so d 0 that is in die c Ker di

show that if one hasbackward maps

Citi EC Ci i

satisfying dD Dd Ic

called a chaincontration
or contrastinghomotopy

then C is exact i e.im dit Kerld

b For a graded1kalgebra A Ad

recall the bar complex B resolving 1k is

A A A AoA A 1k O

E E



with Fi A

tffff.tt
and d Fi Fi_ defined A linearly via

d anaf la anas tail

5 117
Can ajlajaj.nl9 a ai

Show that the backwardmaps D Fi Fix

defined 1k linearly but not A linearly by

Dfafa as a Ladan as ai if a At

if aof lk Ao

satisfy dD Dd IE
and hence the bar complex B is exact


