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1 Motivation definitionof Koszualgebras
themonomial case

Motivation Roughly Kosal algebras
are

certain special associative

INgraded 1kalgebras A Ad

defined by quadratic relations

always traveling in pairs with their

Koszul dual algebra A

satisfying nice generatingfunctionology

for their Hilbert series

Hilbft t If dmkAd td
1

namely Hilb A t
Hilb A t



and they give us an excuse todiscuss

resolutions

quadratic Grobnerbases

Lotsof fun combinatorial rings

Stanley Reisner rings offlag complexes

Orlik Solomonalgebrasof supersolvaffoids

Affine semigrouprings
whoseposet is

Cohen Macaulay

Marloid Chow rings with
maxieldingset

Matroid polymatoid basis rings maybeall

Dual braidmonoidalgebras

Veronese and Segrerings



EXAMPLES Rings from walks in digraphs

D C In In
a binaryrelation or a

digraph on vertices
a 21,2 in

2 sided

jᵈ dby
algebraAD if it is

not in D

algek.IE

spank Xi Xi Xie
walks it in ie
along arcs in D

Let's examine their

IN gradedHilbert series

Hilblad t Idimir AD
td

I f
verticesvisitedbyw

D



emptywalk

EXAMPLES

P As i m I i
Hilb AD t n t t t

Thecomplement

digraphtoD

D Apr 14 f span 1 x

Hills Apst at

H A t



We could even keep traik of an IN graded

Hilb AD t q I
stops

q
stopsat n

q
w.at

EXAMPLES
D

Aj kx.AT Cx x2

span 1 X1 Ma Xiak axik

Xan Xa Xa Xy Xa

Hilb AD t 9,92

tlq.gs 2tq.q2
t3qq2q.qi

2t4qiq

1 49191 4192

T
alitalgebra



D of

Apr 1442 7 4 2,24

spank
I 7
x2 x2

HilbAd 49,94

It tg Eq
t q

tq t q Pq

it ftp.t tq

I a
tiiiaita.int

alkalgebra

HIbA t q.gs



ASIDE

inhywere HilbAD t EQ't
Hilb AD t g EQ ta

EXERCISE 1 recalls Transfer MatrixMethod

to show

HilbApt It t.hn In IT th

8 1

Hilb AD t g 1 t.iq ign In Tplf

where TDTplf are Transfer Matrices for D

example
THE

D

tilblap tg
It taiga ftp.t 1

detftq.tt

I



1

PROPOSITION HilbAp't q HilbAD t q

that is HilbAps t q
HilbADt.ge 1

proof Left side equals q.fi fie

119
8

2,4111Σ
words Xj Xjm words 4 Yi Yie
onlyallowing
ix adjacent

if ytf Eff.at
isjinD

Ic 1 111 11 q q
x y

Xixj
adjacent i jmD

Yiyadjacent
i jinD

2
massivecancellation

1 YES



CTEEATION GLITTERING

1 111 11 81 q 1

x y
Xixj

adjacent i j inD

Yiyadjacent
i j inDC

because one can cancel terms via
this involution

XjXj XjmXjm Xi Yiz TieTie
if jun 7 i inDi

XjXj XjmYim Yin
Yi TieTie
it jm i in D

It really is an involution andmatches terms

withoppositesigns f 191 so it caniels down

to the pair x y 0 giving 1



In fact this sign reversing involution hides an
IN graded free left Ap module resolutionof

the trivial module 1k AD x _in

AD AD

which is linear in the sense that all the

maps have onlydegree
one entries

EXAMPLE

D Aj 14112 XP x2

AD x x2

AD k
X D o

0



EXAMPLE

D Aj lkx.AT x x2

AD 1 2

ADV ic

Ey AD I o

y
o

yz 7 421 1 0

x y xp o

Y O



EXAMPLE

D Aj lksx.AT x x2

y y AD 1 11 2

Apy Apy ic

A y
As I o

y
o

yz 7 421 1 O

y x y xp o

y y EO

x y xpy o

19 2292 0



EXAMPLE

D Aj 14112 XP x2

yp y yi yi
Ap Ma

A
a

y x y xp o

y y XFO

y x y xiyro

y 19 y2 o



EXAMPLE

D Aj 14112 x x2

This resolution

yp y y y
Ap 14,2

A A 1 A o

ADY

y x y

y 292

y x y

y 1g yes
1 1 4 929,9

hasEgged x ̅ xfm.xjm.yipia yie.ie XinYi I
bijeitingwiththe terms canceled inthe

involution

boundaries cycles

iyjmyi.ITIximYinInon
bom
dcnroiEcyclesIximYi

I xim i I



EXAMPLE D of Apr 1442 xxxx

ADM
Y 42

AY A k o

ADY

y
o

y
421 0



EXAMPLE D of Api lkx.at xixz x2x

929 4142 ADYA

Apy Apy fi
A y

As I
AD9192

y
o

y
421 o

9,9 4291 YO

YH 92 NEO



EXAMPLE D of Apr 1442 xxxx

9,429 429192 yay 4.42

AMI
am A

AsADD
19192

424,92

4429 4 91 0

724192 72142 0

This resolution also has monomial 1kbasis
e g X X X 429,92

m IN k basis
either As elementofAD

bijecting with terms
canieled via involution

But now the roles of X Y are swapped



Thesedigraphalgebras Ap are examples of

DEF N Priddy 1970 A Koszulalgebra A
is an

associative 1k algebra 1k a field

finitelygenerated A
dedidealsome

standard IN graded connected

A A A Azo
1k span Ix in

so deg x 1 i

DEFINE
and I homogeneous I I2 Is I4

standardgradedalgebra

with some linear free left A module
resolution of the trivial module IE f

At t.BE AÉ A
its 0

Atm A with1 indegree m



MORE EXAMPLES NON EXAMPLES

Kostulity implies A is a

quadratic algebra
i e

A taxi in I

with I generatedby Iz as 2 sided ideal

NON EXAMPLE EXERCISE 4

A 1k x x has a simpleperiodic

gradedfree A resolutionof 1k startinglike
this

F1
e
to

Fz

An At p AfD A k
O

e

thecubic
relatt s x e

3 0

point
leadsto e ie o

syzygy
degree F



EXAMPLE Koszul algebrasget their name from

the Koszul resolution of 1k A A over

A karma n

polynomialring

4 3
ypyny 9,14291939293 phasisY92,93

fi in
ANE A 1 K

yay ay X y
yny Y 143

9219 3924243

YMAY 5 39,192
291193

4142193

So A lklxi xn is a Kosalalgebra



Priddy'sResolution

Heproved somethingamazing and
beautiful

about the structure of these linear
A resolutionsof1kwhen A is Koszul

At3 At2 Ati A 1k so

i

They can always be built with F CA

where A is the quadratic dual algebratoA

DEF N If A kx.mn I
is aquadratic algebra

then A 1k4g yn It
quadratic
dualofA

whereperp I
m It iswithrespectto 1kbilinearpairing

1k 1k y 1k

ixj yay
1 if ij 1ke

0 otherwisei j Kel



THEOREM ForanyKoszul algebra A KIKI
Priddy1970

one has an explicit linear free A
resolution of

Afs AC2 I AM A 1k 0

A AT A A AHA A

built on A A where

At149 II

with a differential

di Ao Ai A A
a 4 ax 9y

s
4y b Ply

b



COROLLARIES to Priddy's Theorem resolution

COROLLARY 1 Taking1kduals turns the

linear
A freeresolution A A of 1k

1kdual i e Homfik
linear degreebydegree

into an A freeresolution At A of 1k

so A Koszul At Koszul

COROLLARY 2 Exactness of AoA
EXERCISES213 resolving k

Hilb A t Hilb A t 1

for A Koszul



That's amouthful but one can check

EXAMPLE
For a digraph D

A HE ink notind

has

Ab Ap
12 91 Yn yiy ij notind

III
D If Ap lkcx.is x X

D of Aps 1491,92 y.gs Yay

and before we were essentially writing down

Priddy's resolution of 1k over Ap and Aps



EXAMPLE

A Ikly in 1k Xxix xp kij n
commutative
polynomialalgebra

has

A 1,491 y7 lkCyn yn gig ty yi Eigen

y Kien
extegfra

and Priddy's resolution built
on 1kW 1

Koszul complex resolving 1k over lkle

dividedpower
REMARK Taking duals gives the algebra

Cartan complex built on AKy 1k

resolving 1k over exterioralgebra 1 97



EXAMPLE Froberg 1975 essentiallywrote down

Priddy's resolution and checkeditsexatnessforthese

partial ask.cat itionlgqadratcalgebras
annihilation

A Ikea NYI
where I x ieg

swap.us S

it G X Xi o for a if
p

for each
or

if norelatoionxixj.xixD.it

xÉj O
xjÉ o

SEPA

AlsostudiedbyCartier Foate1969
Kobayashi 1990



COROLLARY Froberg1975

All partial www.ifeng f gtonfalgebrasarekosznl

In particular

all quadraticmonomial ideal quotients

1k1 1 in J of commutative polynomials

AKY Xn J of exterioralgebras

are Kostal

titindquadratic Grobnerdeformations


