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Methods forprovingKoszulity and more examples

The best math conceptshavemanydefinitions

THEOREM For a standard graded 1kalgebra

A ÉAd 1kW I

the following are equivalentdefinitions
ofKoszuling

a There exists a linearAfree resolutionof1k AAt
At3 β A 2 β AGβ A 1k 0

b Priddy's complex on A A is exact

c Backelin1981 do inside 1k47g the1k subspace

1201k d 2

1447 I 1k generate a
distributivesublatticex I 1k Id 4

under A
KID 20 Is

d To kik o for jti.fm MOREMETHODS
FOR KOSZULITY



Asmethods forproving A is Koszul this one

a There exists a linearAfreeresolutionof1k AA
At3 β A 2 β AGβ A 0

may be the hardest
to implement

Nevertheless it's amethod that workedfor

digraphalgebras AD lkx.in lxiYE j
Iklxy yXn Aken in

computterials exteriors

Moregenerally

the partial kitttilation algebras
annihilation Froberg1975

Dual braid monoid algebras
via positiveclustercomplexes

JosuatVerge's Nadeau2021



EXAMPLE Dual braid monoid algebras

E Artin 1925 gave a simple presentation

for the braid group on n strands By as

Brn 49,02 you 99 go if i 5122

iii iii quadrat
I 2 i ith n

6
2 i it

i i inn

I

2 i ith

whichhas both quadratic and cubic relations

And it generalizes to braid groups Brw

forrealreflectiongroups w



Onthe other hand BirmanKOLee 998 introduced

what is now called the dual braid presentation

9 are ok a
if ijkldist.netBrn Gj and ij ke arekicjenkij.lk I

hope noncrossing
Tj

g

n ke eji dojk
8

g
i

99k 9k9g 9h9m if leighen

withonlyMfadraticrelations

And Brady Watt 2002 Bessis 2003

generalized it to braid groups Brw
forrealreflectiongroups W
using Garsidetheory1969



THEOREM
JosuatVerge's

The dual braid

Nadeau2021
monoidalgebra

A if
is re ke ij.be noncrossing

ijJk if Ik k

kicjcken.isKoszul

with an explicit linear A resolutionof 1k

built on the positivepart

oftheclustercomplex

generalizing to allreal reflectiongroups w̅



EXAMPLE
AN

A 14912,913 5237 912,913,423,923912 912913,9131

4124234913912 423413

Span 1 412,913,923 913912 923913

positiveroot say23
0 913p 7055

my
cluster 913912

complex 912
42

gΔ 0 223 positivepart
413912 923913

912 13 O L

413 412 723 Ay 2 412413923
1 12 13723AyYr

Ayrs A 1 1k 10

AYzY13
A923



What about a Barkelin's criterion

THEOREM
Backelin1981 A 1k Xn I is Koszul

d o inside 1k47g the1k subspaces

If 1k d 2

KEY I 1k generate a
distributivesublatticex IN 1k d4

under t n
12 4 20 12

It getsusedmainlytodevelop more theory e.g

COROLLARY If A B are Koszul then so are

the 8ᵗʰVeronese subalgebraofA

A 1k Ar A2r Azr Adr

their Segreproduct

A B 1k A B A B APB

proofs omitted see Polishchuck Positselski Ch 3



Tor

d AKoszul Tort1k1k o for j i

Let's recallwhat Tor M N is

relate it to resolutions

see how it gives more methods

to prove Kostulity

Kosal filtrations

quadratic Grobner
bases

Bar complex and topology
in Lecture 3



What was Torf M N again
for a fght A module M pleft A module N

Pick any resolution F
of M

by projective e g free right A modules

E F Fo M so

remove M
tensor AN
compute homology

EEN F N FAN 0

That is Tor M N H F N



If A M N are IN graded then one can choose

F tobe IN graded with homogeneousmaps di

F E F Fo M so

f Afj βij
so that F N is also IN graded

as is Tor M N Tor M N

Choosing di in F to hitminimalgeneratorsofkerdi
ensures thedihaveallentries in At

EXAMPLE A 1k xn X2 1kCx 27 1 12 24

2112
M

912 E redundant

11agiti Ay A toAz
Ayn Aya

912 7427291
9112 Xyzxi2Y1



PROPOSITION For a graded 1k algebra A
andgraded A freeresolution ofM

if all entries of di lie in At then

Torf M 1k
1kβ thatis β ij dimp.fr

M1k

proof
F F F M so

At remove M then 1k

1kt 3 Ktj 5 1kfj O

Allmaps becomes
0 after tensoring with KAA

since all di hadentries in At.DE

COROLLARY A is Kostal

1k has a linear A free resolution

that is with βij o j i

Tort 1k 1k o for j i



Howmight Torf 1k 1k o for j i help

One usual homological story
M M M 0 shortexact

To 1M 1k Tor m k Tor m k
se t

METHOD Koszu filtration ConcaTring Valla 2001

Want Tor 1k 1k o for j l

A C in

know Tor A 1k
j
o for j i

A o
it's 0 for it

PROPOSITION Suppose I 10 and I x xn lie in a

family I I where IE I 10 JF I

with I J l l a linearform

II at A aI J is also in I

ThenA isKostal becauseall IE I haveTor AI
1k 0

j i



proofby EXAMPLE for quadrati monomialquotients

A 1k x y z x2 yz
x x y

J I

Pick I o cyl e
99 2

J Z
y Z

Induct on i and inclusion JCI toshowTor AI.lk ojf
I J Ats ACI

x z z A E A x z 0

where cx.EE a to

J I
x y z ker Ati x z

1 L

longexact sequence
Tor ATÉ lk To AT z 1k Torifx ED.lk
b 2UPSHOT Tori Alexy 1k j

byintuit on J I mnstfmj.is byington



Koszul filtration is the method that has
worked toproveKoszulity in the

hard cases where quadraticGrobner
bases

are notknown

e 9

THEOREM Maestroni McCullough2022

For any simple
matroidM the Chowring AM

withrespect to themaximalbuilding set

is Kostal
Chowring

Am 1k Xp Hats F In
fuzhiksky2004

where

Im EXG F G GEF Ext affine
latticeof
flats

quadratic
linear

REMARK
Am is theChowringfortheBergmanfanofM finelysubdivided



Theusualmethod forprovingKostulity is
Quadratic Grobnerbases

FIRST Recall Grobnerbases
in

1kW 1kt xD

1k 1k1 1 Xn

MII Max Yn

with respect to amonomial order that is

atotalorder on the
monomials

with no 0 descending chains and

ma m amb am'b

DEF N in f largestmonomial
m with

nonzero coefficientinf

ie f
sify seein

with onto

Given an ideal

ICR 1k ankle or 1K

its initial ideal in I inf ft I



DEF N A subset 9 19 CI

is called a Grobnerbasis GB for I withrespectto

ifanyofthe following
equivalent conditions

hold

a in I ing geG in G

b the G standard
monomials

monogg's geG indg
doesnotdivide m

havetheir images in in R I giving a
1k basis

high.us
c Hilb R I t Hilb R ing t

PROPOSITION

AnyGrobnerbasisG for I
generates I as an ideal



Warning Although ideals IC Ikle or ARE

alwayshave finite GB's computable
in Macaulay

ideals I clk Cx often have no finite GB

CAUTIONARY EXAMPLES

In 1k x Xu a principal ideal I A

always has g fk as a GB forany α

Ik 2,3711 4 2 3 Eisenbud
Peeva

1998n.IEEEaaa
state's

Akita XsXn xXzt Xu

t.IN aisiaKxEEEEIEJ



Replacing A R I mins R indI
initial ideal

is often called a Grobner deformation

FOLKLORE THEOREM

Let I be ahomogeneous ideal

in R lkE 1 or 1k

and anymonomial ordering
on R

Then dimfor 1k1k dimfor Ik Ik

Why Folklore

For R 1k Xu itgoesback to results by
Robbiano Anick Kempf
1982 1986 1990

fullproof inPeeva'sbookGradedSyzygies Thm22.9

For R Apex Xn theproof is similar but

seems written down nowhere as far as weknow

For R 1k4 1 Mn it is proven for certainkinds
ofmonomial orders byPriddy JollenbeckWelker

1970 2005

generalproof written out recentlyby Backelin



TYARYLet I be a homogeneous
ideal

in R lkE 1 or 14 7

Ifthereexists a monomial order for which

I has a quadratic Gribner
basisG

then A RII is Koszul

roof dimfor lk k j

dimfor
in 1k lk j

dim for f

8 kik

go
if j i

since

R in g is Koszul

Fadrati by
monomials Froberg's

Theorem
I



EXAMPLE 1 Hibi rings Ap
1985

P mn JCP my
attfgrouphoric

ring
aposet distributive Apelkftotn.tn
on In 11,2 in lattice ofall

orderideals
IEP k t.IE

YI ᵈde sI X X In Ivy I J J I

EXAMPLE

1ÉPI msn.am
Apalto

totytota
1 2

11 totitztotty
P JCP N totittstotitty

1k17g
totittty

41 40 12
11 2

12,24 7 24 70 124
Xyz Xm 42 24 2 124

1234 724 123 72 1234
124 123 12 1234



THEOREM The presentation
Hibi 1985

Ap 1k XI
ᵈ
I XIII ns Ivy I J J I

hasthegenerators show as quadraticGB

foranymonomial order that makes the

underlined term XIX ina III XINXIUS

e.g a lexicographic order with X X for JOI

COROLLARY Hibi ringsAp always Koszul

REMARK These are special cases of
homogeneous ASL's definedby Deconcini

algebraswith 76491982
straighteninglaw

motivatedby coordinate rings of Grassmannians

ASL's will have similar looking quadraticGB

presentations and hence all are Koszul

dd



EXAMPLE s Orlik
graded

Solomon 1980 and VarchenkoGelfand11987
algebras rings

Ha Ha Hu and dirangement
of linear
hyperplanes

with.EEitosfa aa dn

Hy

7
Hz HzOrlikSolomonalgebra

OS2C Api xn 2X circuits C

gradedVarchenko Gelfandring

V9 H lkfxm.int Cxis x 2 circuitsC

wherecircuits in in index inclusion minimal

linearlydependentsets c aint 142 Chain Q

and Xc Xi Xii Xik
2 Xc c is Xi dig Xin

Xc If anti Xi ij Xin



EXAMPLE

If typeAnd reflectionarrangement
symmetricgroup

G

Hijax X Eigen CR

h its age ej iajen
positive roots

circuits C
12 23,31 Tf

n 4
12,2441 IT
13,34141

23134,42

423 12,2334,47
It intersectedwith 41

unitsphere
2 inside IR4

12,24143131

If
14,42123131



EXAMPLE If His His 414 Has 424 134
52 fits erey eyes Een es ly

i
OSCH V9

ME I A
modulo modulo

T 12 13 12 23 13 23 712 13 12 23 13 23

17 712 19 12 29 44 2 712 19 122GtYutzy

3 13 14 13 34 14 34 713 14 13 34 14 34

723 24 423 34 429 34 723 24 423 34 429 34

41223 34 1223 14I 4223 35 12 23 14
12 34 14 XzzXzy 12 34 19 2334 14

11229 34 XXX 1 1229 34 XaXzyXm

Yakutia X2n n Yakutia X2n nY

142423 14 24 13If 142423 14 24 13
14 23 134 24 23 13

14 23 13 24 23 13



THEOREM For anymonomialorder
on

OrlikSolomon
VarihenkoGelfand Mix _in or lkfxy in

assuming xk Xu thenthe abovegeneratorsG
are Grobner bases for their ideals

with L initial terms underlined
here

if thecircuit C i c in then

2 c Xiii Xin IF XiiXi Xin inARX
mum

e Efficient firki Xii Iii Xin

ALSO TheGstandard
monomialbases are

the NBC monomials XI I contains no
nobuckenait brokencircuit

C ii3 112 1in
withinside in



In fact in the Grobnerbases one

really only needs the 2 c or 2 Xe

whose broken circuits C i are

inclusion minimal

EXAMPLE If has 12434Xin4234244

then you can omit

31 12 23 34 12 23 14 12 34 14 ELSE

fromtheGribnerbasisG
fdivides

since you have

413 14 3 34 14h34
4 3

So it would be nice to know when all
inclusion minimal brokencircuits are size 2

so 212 21 x are quadratic



THEOREM Bjorner Ziegler1991

The hyperplanearrangement has all

minimal brokencircuitsof size 2 for An

H
H is supersolvable

DEFY
one can decompose

71 71 w H2 w W Aj wtf u Hd

such that H α Hat Hd
each initialsegment7Cw.HN 47J
is a flat ws

lies in no

otherhyperplanes from 71 W WHd

H H eHj H EH v wHj 1
with H H H a circuit

One calls the sequence we an Mchain for 1

H W72W737



COROLLARY For supersolvable 7C
Shelton Yuzungky
Peeva 2003
DopalenBanya

05171 and UGA
have quadratic GB

presentations

and hence are Koszul algebras

QUESTION Does the converse hold

Yuzvinsky

that is does OS 7 Koszul

imply H is supersolvable



EXAMPLES
Among reflectionhyperplanearrangements

the supersolvables are rare

Type An
i xj Eigen

E
Type Bn xi xj kijen

Kien

Dihedral
type Icm

Those not supersolvable include

type Dn xj kijen
for n 4


