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Lectures

1 Motivation definitionof Koszualgebras
themonomial case

2 Methods forproving Koszulity
and more examples

3 Barcomplex topology
and inequalities

4 Group actions



3 Barcomplex topology and inequalities

Recall A is Koszul Tort k k o forj i

There is anotherwaytocompute
Tor lk.lk

via the Bar complex resolution B of 1k

E
AOAEAEA.tt IA AiA

a a aa

a A 092 to Aa 92

a 9192

a a 092093 99 92093
a 9,9203
a a 993



It's more traditional to write a typicalelement

of F A A ÉÉ A

a an ago 9

as a a as Iai

so the differential becomes theA linearmap

Fi Fi l
fan a as fail an as as tail

ang as ai

Can929 ai

C1 a 921 lai ai.fi

alfala fail
C15 all 9991921 la

Probem9 showswhythis complex B is exact



Then Tor lk.lk H 1k B

and notethat since k A A

lk AB

has INgraded 1k linear differentials

HoaFi

KOAFi.IEfistt
a ad fail ÉfD a aj.lajajtla.is lai

j 1

which looks very topological

and combinatorial

COROLLARY A Kosel

Hillk B 0 for j i



It becomes topological for

affinesemigroup toric rings
k A

1k subalgebras of 1kt

generatedbyfinitelymany
monomials

EXAMPLES

Hilbi rings Ap k to Ii order Ga's

A A KCA

ist
k s st st

i 7 5 2
5

7

AEklAal.stu2
IkIsstu stu stu

s
stu stu 1k x x2 Xs Xy xi X



These A 1k A naturallyhave a A grading

Elk with I It I

and same for A resolutionsof 1k and

Tor 11k1k Tor K1k

A

THEOREM Landal Stetsige 1985
reduced homology

Toril 1k1k Hi Δx 1k

where Δ ordercomplex of the open
interval 0 A in the

semigroup poset onA
X M if 7ME A



THEOREM Landal Stetsige 1985

Tor 1k1k Hi Δx 1k

proof Tor 1k 1k Hi 1k B

and

Kara B C a x

via an al Ai



EXAMPLE

A IKEA

lkfs.st.sk

ist 5ᵗʰ 1k

ySt

s

534 7 52 sat 542
I

52 sat 5ᵗʰ As
s st st

l
s st st s s 5ᵗʰ st

st St
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Tori lk.lksya iIi 4e
if 3

K'ifi 3



PROPOSITION lk A is standard IN graded

the generatorsforA lie
on

some affinehyperplane
in 2d

making A a ranked poset

rank

it
2 s sat

i i
st

s

COROLLARY Peeva R Sturmfels 1998

When1k A is IN graded

1kW is Koszul theposetA is Cohen Macaulay

i e all order complexes Dx
for openintervals 10 A ofrank i have

onlytop reducedhomology i 4



EXAMPLE 7 5443

A AERIAL
Iklsstu stu stu

lklx.xz.is 47 4
star is IN_graded

s sin sea but not quadratic so not Koszu

542 5445425433

Éu X ΔsPu
stu s stu stut

542 5445465443
stu

542

Stu s stu stud
g

5th 573m

stu5

546

To k.lk s IIi 4
if 2,3

1k if i 2 Ffp
K ifi 3



Inequalities from Kostulity barcomplexes

When A is Kosal
if it

Hi lk B Tor k k
Torf k k if i j

Note KOAB AIEIf.tt
with A A At

so k Bi o unless i j

Fixing j then
this is exact

Torf k k 1k01g 1k B Kobo

What exactly does thisjstrand look like



EXAMPLE 5 4

Tor 1414 A A0A A A A A

AXA A

or more concretely

AoA A
Tor 1414 ANANA0A

ANA A

ANA A2

Azoan

Azotz Ay 0

A A



Letting ai dim Ai vanishing of Euler

characteristic from exactness gives an inequality

9999 f ay dim.to fk1k

4EEEtaiaiE

1 04 2 ie

COROLLARY A Kosal

jzo Ʃ c 1 ai ai ai 20
compositions

in is ie

ofj



UsingBackelin'scriterion Polishchuk Positselski 2005

proved more generally

THEOREM A Koszul

forall compositions j j ja jm
the

subcomplex of lk B that starts with

Aj Aj 0 Ajm

is exact except at the left end

EXAMPLE For AKosal and any b c d e

this is exact

Kerld AWAEA.ae
AbQAd Ae

Ab Acid Ae

Ab Aco

AdtedAbted Ae d

Abt Adte Aatsted 0

Ab Actate



Eulercharacteristic

COROLLARY A Kosal and ai dimpAi

forall compositions je ja jm

Ʃ c 17 ai ai air dinkeram
compositions
I in in ie 0
that coarsen

EXAMPLE

a a ifAbAcAdte

These inequalities are amongthosethat

appear in theory
of unimodality log concavity

and totallypositivity Polyafrequency sequences



EXAMPLES compare withProbem 3 for1 11,1 n

bic apac abc def 99 20

1 16,9d abacad faff abted

def if
a

1 b c d e
A Adde Abrade

999 9949 b 9 Gade

AbAcAdte

bctdte.net
a ii

1 a ii



These are all minor subdeterminantsofthe

infiniteToeplitzmatrix T a Than 92,9
for the Hilbertfunction a dim Ai of A

T a
1 9 92 93 94
0 2 An 92 93 Ay
0 0 1 A 92 9310
0 0 1 a 92

In fact the minors that are 0 from

Koszulity are exactlythose corresponding

to Jacobi Trudi matrices
for

ribbon skew Schur functions say

i
THE has

THE III YI's
hj hjtizhj.it

meat



EXAMPLE I jnja.jo j 4 13

III
det iii if I

DEF N 9 1 91 92 93 E R is a

Polyafrequencysequence of
order r

Ptr sequence if

all rxr minors of That Have 70

PF alla 20

PF all def 20

i e Aia Aitraj r
Ej r 1

a ait ai log concave

PE also implies no internal zeroes
Inimodal



DEF N 9 1,91 92 ER is a

PF or PF or Polyafrequency sequence

if it is PF r 1 soall minors ofTfa are20

It generalizes polynomials with roots
in Rso

THEOREM Aissen Edrei SchoenbergWhitney1951

9 7,91 92 is Pto

ACH it ert II Hit

II 1 Bit

with 54 β 20

Ex
so

β co



COROLLARY PF sequences 9

come in pairs a ans at definedby

Alt Etait and A t Edit
satisfying A f

or A t Aft 1

proof

9 is PFo Act ert II
Hit

II 1 Bit

with 54 β 20

Ex so

β o

A f est Il Hit
Iii ait

Ed



GENERAL QUESTIONS

Which Koszulalgebras A have

their Hilbertfunctions 9 119,92

where ai dimpA a PE sequence

We know some of theirToeplitz
matrix minors are 0

Weknowtheywill come in

Koszuldual pairs A A

Is there some natural
homological

strengthening of Kostulity
forA

thatimplies a is PFo



SOMEMORE SPECIFIC QUESTIONS

QUESTION Which digraphs
D In In

Brenti
Thesis988

have the Hilbert function a

of the Koszul algebra

Ap Rax Xn Xi

forming
a PFs sequence

Hecalled them PF digraphs

CONJECTURE For simplematroids M
Ferroni withmaximalbuildingsetSchroter

the Chowrings AM2022

have PFo Hilbert
Kosant algebras functions
Maestroni McCullough

2022



Koszul StanleyReisner rings
DEF N For a simplicialcomplex

Δ on vertex set In

the Stanley Reisner ring is

KLO 1kEur in Eti
EXAMPLES

Δ boundary of
Δ boundaryof bipyramidoctahedron

1

11
40

03
40_

03

16 2
02

16102 lklx.is s Xu
1kW lkfx.isYXyY

YX2 XzXuY
x X2 XXa XY



Since one has

Kostal quadratic

quadratic
monomialquotients

lkfx.nu I are Koszu

byFroberg1975

one concludes
for Stanley Reisnerrings 1kW

that

1kW Kosal
1k o quadratic
Δ is a flag cliquecomplex

Δ is determinedby its 1 skeleton

vertices F E In

form a faceof Δ
pairwisetheyspan

edgesof Δ



Questions on the

Hilbert function series for A 1k Δ

Hilb 140 E at at

are equivalent to questions
about the

f rector f o f to fin fin

or h vector h a ho hi ha hd

where fi.PE
N of i dimensional facesof Δ

EASY PROPOSITION

Hilb 1kcal t Effi Et

Take this
as DEFINITION

hit

of hk i t



COROLLARY

Flag complexes Δ have 1kW Koszul

interesting inequalities

on f a hla

from the Toeplitz minors

det
19

affairs 0

aim

for Hilb 1k 0 t it at at



BETTER UNDERSTOOD

Simplicial d 1 spheres Δ

e g boundaries of d polytopes
6 1

11Δ

40
03

40 45 03

2 2

f D f yfo.fi.fr f 2 f to f f
1 6 12,8 7 5,9 6

h a Chohi ha ha h 2 Chohiha h

1 3 3,1 72,2 1

It to

Dehn
hot hi hd i Sommerville

equations
are known to give all equations

satisfied by f o or hla



In fact all inequalities
satisfied by to or h A

for d 1 spheres are also known

part of the celebrated

g THEOREM
of

P McMullen 1971

Billera Lee 1980

Stanley 1980

Adiprasito 2018

Adiprasito
Papadakis 2020
Petroton

that completely characterizes

their flo ha P



We are much farther from characterizing
o hw for flag simplicial spheres

CONJECTURE For Δ a flagsimplicial d sphere

CharneyDavis 1995 the 8 vector
Gal2005

86 to to 81 1
has8 20 forall i

where
hothtthztf.xhatd.IE8itiCi t

d 2i

tof t
d

Ft nt
ᵈ 2

ITCH
ᵈ 4

aflag nota
sphere 40 5

03 flag
sphere

hD1 Chohnha.bz h 2 Chohihah
1 3 3,1 722,1

86 to K 802 toK

11,0 1 1



PROPOSITION whenever 1h10 has
Gal 2005 PF Hilbert function

then 86 has ri o fi

But some flag simplicial spheres

fail to have PF Hilbert
function for16103

QUESTIONS
a Whichflag complexes Δ havePFo

Hilbertfunctions for 1k 0

b Whichflag spheres Δ havePFo
Hilbertfunctions for 1k 0

a Does Kostulityof 1kW haveanyroleto

play in provingChameyDavis Gal
CONJECTURE 8 20 for flagspheres

WARNING Kostal Gorenstein rings can Ihave 8 so Ali Vesture110


