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Lectures

1 Motivation definitionof Koszualgebras
themonomial case

2 Methods forproving Koszulity
and more examples

3 Barcomplex topology
and inequalities

4 Group actions



Group actions on Koszulalgebras

Manyof our favorite Koszalalgebres

A Kx n I with I I

naturally have symmetries
some subgroup G Gln k

acts 1k linearly on V span ix in

preserving Is
setwise

so preserving I Ia and

acting via graded 1k algebra
automorphisms on A

Each gradedcomponentAd in A Ad

becomes a representation of G
or a 1kG module

How to keep track of them



For simplicity assume G is finite and lk

Then a KGmodule U with dimplefinite

is determined up to isomorphism by
its

character Xu G 1k

g Trace g a

which is a classfunction Xn high Xulg

Xu lives in a ring Rep
G ofall such

class functions f G 1k

with pointwise and

corresponding to U U and 4,042

for KG modules

Xn u Xu 42

Xu Us Xu Us



EXAMPLE
G Gg has irreduciblefsimple

1k6g modules Xp
indexed by partitions A of

3

character table
conjugacy classes

e ij ijk

1 11

2 0 1

IF 1 1 1

EXAMPLE KRONECKERPRODUCT CALCULATION

XP XD 4 0 1

Xp XP
XD XD A



Introduce for a Koszul algebra A
with G symmetry its

DEF N G equivariant Hilbert series

Hilba A t XAjtᵈ RepG t

PROPOSITION A Kosal

Hilbo A t Hilbo A t 1

where A graded dual Ad
withMEcontragredient KG module

where g 9 a Y g u
and Xp g Xulg

In other words d 21 one has

A'd AiiXA XA.dzXA XA 0

defining XA recursively in termsofXA Xad



PROPOSITION A Kosal

Hilbo A t Hilbo A t 1

proof Recall Priddy's resolution
of 1k

AHA A A A A A 1k

It turns out to be G equivariant

Its dthgradedcomponent ford21 is

A'd A Ad AdPCA Ad 0

Exactness forthiscomplexof IKG modulesgives

Xii Xa Xiii XaniXii I Ad

Xun Xi

XA XÉXa'a AIXA XI O

TE



EXAMPLE Reflection arrangement
for Gs is H

Has and has symmetryofGz

His
permuting indices

Hip Handj
HB

OSH NKXA.MX E EEIEmVGGt

Klx.ms VE.IE f f an
degree 1 2

spank 1

Hibelosh t X Xp t Xp I

Hilbelosh t X a t Xp I



Let's compute the first few A'd for A OSCH

knowing A Ao A Az
XENA XD

Xa XA XII Xia

a XÉ XI XÉ Xa

XA XI XA XA X X X XD
AT 2 XFX XD

2 5 XD Xy XB
2X 2X

XA 1
similar calculation

3X 5
13

2



PROBLEM Thrall 19427

For A VG H or 05171

with It the Gn reflection arrangement

decompose each Ad explicitly into

irreducible KG modules

Generatingfunction and plethysm
formulas are known but

no explicit decomposition

PROBLEM Almousa R Sundaram2024

Do the same for each A'd

when A UGCH or OS 7 as above

The Ad and Ad share some

interestingfeatures



Representation Stability

DEFN A sequence of Ifi
modules

92 3 Vn 1,23 are called

representation stable if some N

and partitions 1 71
t

and multiplicities on Ca et such that

n N

Xvi



EXAMPLE Fixing do and letting
Church

offs Aln OS A or Uga
for H the Gn reflectionarrangement

And is representation stable

PROPOSITION mousa R Sundaram 2024

For any sequenceof
Kosal algebras

A n my having G symmetry

if d o ACula a 1,2 _is representation
stable

then d o Acn up is also representationstable

Consequently this holds for the

Gn reflectionarrangements H
and Alu 0512C UGA



PROPOSITION

For any sequenceof
Kosal agebras

AG n n having G symmetry

if d o ACh
a 1,2 _is representation

stable

then d o Acn nap is also representationstable

proof Induct on d
d

ANY
Atn Andi
Epstableftp.stablekoszulbyChurch byinduction

and

recurrence IFarby
forA'd rep stableby

Murnaghan's stabilityTheorem
7938

Em Emil

W E
stabilizes for large n FX



Branching rules

Both algebras

Aln OSCH or 2917C

for the G reflectionarrangements

have the same Hilbert series

Hilb Acn t att CHat f 3t fixin Dt

stirring
numbers of the 1stkind

c n k permutations
inGn withkcycles

EXAMPLE

A 3 spank 1
12 712 13
13 12 23

723
2 3 123

7 2 3 13712 132
123711

3,37 1 3,27 3 3 1 2



Consequently

Hilb Acn t Hitb t

1

1 71241 31 I In Dt

a
the 2nd kind

S n b of setpartitions
of In into k blocks

Recall the Stirling number recurrences

Clunk c n n b n a 1 In 1 k

S n k Scn 1 k 1 k Sin 1 k

It turns out that they are hiding

Koszel dual branching rules



Let Acn OS H or V9 7
for the Gn reflectionarrangement H

THEOREM Sundaram19942020

The recurrence clunk a n n k i n n In 1 k

lifts to a branching rule for restrictingfrom

Gn to Gni representations

Aim Audit def Xan ii

definingGuirepresentation
via Cn 1 In 1 permutationmatrices

THEOREM Almonsa R Sundaram 2024

The recurrence Sln k Senn k 1 k Sin 1 k

lifts to this Koszu dualbranching rule

an É Xan Xdet Xam t



Interestingly these two branching rules

for A n and A n

can be shown formallyequivalent

as a consequence of the

inclusion of Koszul algebras
A n n c Ain

E

both generalize to branching
rules

for A 05171 or UGA
and their Koszul duals A

whenever 7C is supersolvable
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