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KOSZUL RESOLUTIONS
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Abstract. Resolutions, which generalize the classical Koszul resolutions, are
constructed for a large class of augmented algebras including the Steenrod algebra
and the universal enveloping algebras. For each such algebra A, an explicit differen-
tial algebra K*(A) is described such that (1) K*(A4) is a small quotient algebra of the
cobar complex and (2) the homology of K*(A) is the cohomology algebra H*(A). The
resolution of May for restricted Lie algebras in characteristic 2 is retrieved and a
simple derivation of the resolution of Kan et al. of the Steenrod algebra is given.

The purpose of this paper is to construct resolutions for a large class of algebras
which includes the Steenrod algebra and the universal enveloping algebras.

It is a basic problem of homological algebra to compute the cohomology
algebras of various augmented algebras. Unfortunately, the canonical tool for
attacking this problem—the bar resolution—is often intractable. In some instances,
however, one is able to find a simpler resolution. For example, a classical result
states that the cohomology algebra of a Lie algebra L may be computed using the
Koszul resolution=U(L) ® E(L), with an appropriate differential, where U(L) is
the universal enveloping algebra of L and E(L) is the exterior algebra of L [2,
Chapter 8, §7]. This resolution is particularly nice because (1) it is a subcomplex
of the bar resolution, and (2) it is much smaller than the bar resolution (i.e., has
fewer generators). Our resolutions are conceptually analogous and so we call them
Koszul resolutions and the algebras for which they are defined Koszul algebras.
Our theory subsumes May’s generalization of the classical Koszul resolution and
his resolution for a restricted Lie algebra in characteristic 2 [4]. In the (motivating)
case of the Steenrod algebra we also retrieve the resolution of Kan et al. [1].

The paper is divided into 10 sections, the first of which introduces notation and
terminology. In §2 we define the notion of a Koszul algebra. The principal examples
of the paper are given here along with an explicit determination of the cohomology
algebras of homogeneous Koszul algebras. §3 is devoted to constructing resolutions
for Koszul algebras. Dual complexes are studied in §4. In particular, given a set of
generators and relations for a Koszul algebra A4 we give a set of generators and
relations for a differential algebra whose homology algebra is H*A. §5 introduces
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the concept of a Poincaré-Birkhoff-Witt algebra and shows that any such algebra
is a Koszul algebra. In §§6 and 7 we retrieve the results of May and Kan et al.
mentioned above. The role of matric Massey products in the theory is briefly
examined in §8. For certain Koszul algebras A4 there is a natural identification of 4
and H*H*A. §9 studies this duality and its relation to a dual Adams spectral
sequence. The last section is devoted to the proof of the main result of §3.

The principal results of this paper were announced in [9]. The author wishes to
thank D. M. Kan for several conversations and to especially thank J. P. May whose
suggestions have improved the definitional structure and organization of the paper.
Also, the author thanks A. F. Lawrence and M. E. Mahowald for fruitful dis-
cussions which prompted the analysis of 7.1(1).

Finally, while the results of this paper are intended for application to the graded
algebras arising from algebraic topology, it is also possible to obtain the classical
Koszul resolutions used by the algebraists; e.g., the resolution of a cyclic group [2]
and Tate’s resolutions for noetherian and local rings [11]. We leave this for the
interested reader.

1. Preliminaries. The purpose of this section is to give a reasonably complete
account of the notions of homological algebra necessary for this paper—for more
complete details the reader is referred to MacLane [3] and May [4].

All modules M ={M,} are Z-graded (or multigraded) of finite type over a field F.
In addition all modules have a positive (or negative) gradation; i.e., M,=0 for
p<0 (or M,=0 for p>0). If M has a negative gradation we shall reindex M using
upper indices M™"= M _,. The elements m € M, are said to have degree p (deg m=p).
In case M is multigraded the degree is the total degree (e.g., if me M, , then
deg m=p+q). We shall adhere to the standard sign convention: if objects a and b
are permuted then the sign (— 1)d¢& @98 ? g introduced.

Let M* denote the graded F-dual of M given by M*?=Hom (M,, F). Recall the
following identification isomorphisms:

(1.1) ¢: M — M**
given by g(m)(f)=(—1)%€’ %€ "f(m) and

(1.2) 0: M* Q N* - (M ® N)*
given by 6(f ® g)(m @ n)=(— 1) € "f(m)g(n).

By an algebra A we shall always mean a positively graded F-algebra with unit
n: F— A4 and augmentation ¢: 4 — F. Let I(4)=Xker ¢ denote the augmentation
ideal.

For L aleft and R aright A-module we shall need the following adjoint associativity
isomorphisms :

(1.3) «: (R ®,L)*— Hom, (R, L¥)
given by [«(N]()D)=/(r @ ).

(1.49) B: (R ®,L)*— Hom, (L, R*)
given by [B(N)I)(r)=(—1)%*E" = f(r ® I).
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If M is a complex (differential module) with differential @ then M * has differential
8 given by

(1.5) 8()(m)=(—1)8"*1fo(m), fe M* me M.

(1.6) We now summarize some familiar facts concerning the two sided bar
construction B(A4, A). Recall that B(4, A)=A ® T(I(A)) ® A, where T denotes the
tensor algebra. Hence B(4, A) is generated by elements of the formaea ® a;, Q - - -
® a; ® a’ where a,a’ € A and aq; € I(4). Such elements are written simply as
ala,|- - -|as]a’ and are assigned bidegree (s, t) where s is the homological degree and
t is the internal degree. The total degree is s+¢, i.e.

degala,| - -|aJa’ = s+deg a+ Z deg a;+dega’.
i=1

Let By(A, A), denote the submodule generated by elements of bidegree (s, ). A
differential for B(4, A4) is given by

oalay|- - -|asla’) = (—1)oaay[a,|- - - |a,)a’
s—1
(1.7) +2 (—Dealay] @ |- - |ala
i=1
—(_ l)e"la[all et ’as-I]asal9
where e,=deg a, e;=deg a[a,]|- - - |a].

Let B(4)=F ®, B(4, A) ®, F and for L a left and R a right 4-module let
B(R,A,L)=R ®, B(A4, A) ®4 L. Then B(R, A, A) is a resolution of R by free
right A-modules and B(4, 4, L) is a resolution of L by free left A-modules. Hence

Torg (R, L) = H(B(R, 4, L)),
Ext¥ (R, L*) = H,(Hom, (B(R, 4, A), L*)),
Ext¥ (L, R*) = H,(Hom, (B(4, A, L), R*)).
The homology and cohomology modules of 4 are
H,(A) = Tori (F, F), H*(A) = Ext¥ (F, F).
By the adjunction isomorphisms « and B of (1.3), (1.4)
Ext¥ (R, L*) = Hy(B(R, A4, L)*), Ext¥ (L, R*) = H.(B(R, 4, L)*).

Hence the cobar construction C(R, A, L)=B(R, A, L)* is a suitable complex for
computing Ext,. We shall need an explicit expression for C(F, 4, L)=T(I(A)*) Q L*.
Let u¥: A*— A* ® A* be dual to the multiplication map of 4 and let u}: L*— A* ® L*
be dual to the structure map of L as a left 4-module. If p¥(x)=>, oy ® o« and
pFQ)=>, o, ® A; then by (1.5) the differential of C(F, 4, L) dual to (1.7) with
R=Fis given by

8(fea] - - - |en]d) = — Z (= 1)furfay|- - - o pled | - - - on]A
(1.8) 1sisSmr

—(=1)Fnrrr D fog] - - fomler]Ay

where ¢, =deg [«;]- - - | ,] and e, 4, =deg [e;]- - - es] A
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The complex B(A) has the structure of a differential coalgebra with diagonal:

D: [y la] = Z [as] - -|a] ® [asss]- - -las].

The dual complex C(A)=B(A)* is thus a differential algebra with (cup) product U:

[og] - laad U [Ba] -~ -|B] = [ea] - - el Ba] - - - Bic)-

Formula (1.8) shows C(F, A, L) to be a differential left C(4)-module.

(1.9) If M is a module let sM denote a bigraded copy of M in which each
element is given an extra degree, the homological degree, of one; i.e., if xe M,
then the bidegree of sx is (1, n).

2. Koszul algebras. In this section we define Koszul algebras, give various
examples, and explicitly compute the cohomology algebras of certain Koszul
algebras.

Let T{x;} denote the free associative or tensor algebra generated by the F-module
with basis {x;} indexed over some totally ordered countable set I, usually thought
of as the positive integers. Then T{x;}=>,., T{x;} where To{x;}=F and T{x;}
=@’ {x;} for j>0; the augmentation of T{x;} is given by the natural projection
e: T{x;} — To{x;}=F. A presentation of an algebra A4 is an epimorphism of aug-
mented algebras «: T{x;} — 4. Let R=ker (), then A~ T{x;}/R. Now A is said to
be a pre-Koszul algebra if it admits a presentation o« such that R is the two sided
ideal generated by elements of the form 3 fix;+ >,  f;.xx;x, Where f; and f;, are
in F. Let o(x;)=a; and observe that a; € I(A). If {a;} are linearly independent then
{a;} is called a pre-Koszul set of generators for A and « is called a pre-Koszul presenta-
tion. Note that A is defined by relations of the form

(1) ngai+2f}.kajak = 0.

A pre-Koszul algebra is said to be homogeneous if each f;=0 in each relation (1).
Now the tensor algebra T{x;} is filtered with F,T{x;} spanned by all monomials of
length <p, with 1 assigned length 0. If «: T{x;} — A is any presentation define
F,A=o(F,T{x;}) and Ep ,A=(F,A/F,_1A),.+q. If « is a pre-Koszul presentation
then EJ ,A is called the associated homogeneous pre-Koszul algebra of 4. Note that
E°A is generated by images b; of a; in E? .4 and is defined by the relations
2.k Sikbibe=0. Of course 4 is homogeneous if and only if E°A~ A as algebras.
In this case 4 may be bigraded with the first degree the length.

Let A be a homogeneous pre-Koszul algebra with pre-Koszul generators {a;}.
Since A is bigraded, H*A=Ext¥ (F, F) is trigraded. Furthermore, the generators
{a;} form a basis for the set of indecomposable elements of 4 and so H':**4
=H?'1*4 has a basis {o;} where o; € H*:1:?4 corresponds to a; € 4, ,. We say that
A is a homogeneous Koszul algebra if H*A is generated, as an algebra, by the set
{e;}. This is equivalent to the condition that H*?*4 =0 unless s=p. To see this,
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observe that CP(4)"* is generated by p-fold products of elements of C(4)!*.
Finally we say that a pre-Koszul algebra A4 is a Koszul algebra if E°A is a homo-
geneous Koszul algebra.

The following proposition is useful in recognizing Koszul algebras.

PROPOSITION 2.1. If A and A’ are homogeneous Koszul algebras then A @ A’ is
also a homogeneous Koszul algebra.

Proof. Let {a;} and {aj} be Koszul generators for 4 and A4’ respectively. Then

{a; ® 1} U {l ® aj} generate 4 ® A’ subject to

(I ®@a)(a ®1) = (—1)*Eue (g @ 1)1 ® aj)
together with the relations induced by the relations of 4 and 4’. Hence 4 ® A’ is a
homogeneous pre-Koszul algebra. Furthermore, H*(4 ® A)=H*A ® H*B and
so A @ A’ is a Koszul algebra. )

2.2 ExampLES. (1) The tensor algebra T{x;} is a homogeneous pre-Koszul
algebra with generators {x;} and zero relations. The elements {x;} span the indecom-
posables of T{x;} and (using the notation of (1.9)) H*T{x;} = N{sx;} where N{x;} is
the null (or trivial) algebra generated by {x;}. Hence T{x;} is a homogeneous Koszul
algebra. Furthermore, H*N{x;}=T{sx;} and so N{x;} is also a homogeneous
Koszul algebra.

(2) The free commutative algebra 4{x;} is a homogeneous pre-Koszul algebra
with generators {x;} and defining relations x;x; — (— 1)3¢& ¥ de€ %;x _x. =0. If char F#2
then A{x;}=F[x;"] ® E[x;"] where {x;'}, {x; }<={x;} are the elements of even and
odd internal degree respectively and F[x*] (E[x~]) is the polynomial (exterior)
algebra. If char F=2 set {x;*}={x;} and {x;"}= @. It is classical that

H*F[x*] = E[sxf] and H*E[x{] = F[sx{].
Hence F[x;i*] and E[x;] are homogeneous Koszul algebras. Proposition 2.1
implies that 4{x;} is also a homogeneous Koszul algebra.

(3) If L is a graded Lie algebra then the universal enveloping algebra U(L) is a
Koszul algebra and any basis {a;} of Lis a Koszul set of generators. The defining re-
lations are a;a;,— (— 1)3¢8 % 9¢€ %4q.q, — [a;, a;,]=0, and E°U(L)=F[b{*] ® E[b;]is the
associated homogeneous Koszul algebra.

(4) If L is a graded restricted Lie algebra and char F=2, then the universal
enveloping algebra V(L) is a Koszul algebra and any basis {a;} of L is a Koszul
set of generators. The defining relations are those of (3) and af + £(a;) =0, where ¢
is the restriction; E°V(L)= E[b;] is the associated homogeneous Koszul algebra.

(5) The mod p Steenrod algebra A [10] has Koszul generators {P*} U {8P7}, i>0,
jz0 (f p=2, P’=Sq’ and BP!, B omitted) and relations

1. PO=1,
2. B-P'=BP,
3. B2=0,

and the Adem relations
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4. if a<pb

pe.pb _[az“:,]( )a+t( 1)(b—t)_1)Pa+b—c,P¢’
a—pt

5. if a<pb then

[a/p] b—
Pe.BPY = Z (- 1)a+t( 1)(17

(a=1)/p] (p 1)(b t)
a+t—-1
+ Z -D ( a—pt—1

)BPu+b t Pt

)Pa+b—t,BPt’

where the binomial coefficients are taken mod p and [x] is the largest integer =<x.
Since P°=1, A is not homogeneous. The next example shows that A is actually a
Koszul algebra.

(6) The mod p Steenrod algebra A, for simplicial restricted Lie algebras (see
[4, 7.1, 8.8] for the case p=2) is a homogeneous Koszul algebra (the proof of this
is given in 5.3). In fact A4, has the same generators and relations as (5) except
P°=0. Therefore A, is isomorphic to the associated E°4 of (5) and hence 4 is a
Koszul algebra.

(7) Let A be the Z,-algebra generated by 4 letters {a, b, ¢, d} with defining
relations ac=cd=0 and bc=cb. Then [ab|c|d] € B(A) is a nonbounding 3-cycle of
length 4. Hence A is an example of a homogeneous pre-Koszul algebra which is
not Koszul.

2.3. We shall now show that the cohomology algebra of a homogeneous Koszul
algebra admits a very explicit description.

Suppose {a;};e; is a Koszul set of generators for an algebra 4. Let B be an
F-module basis for 4 consisting of 1, a;, and certain monomials a;, - - - a; , a, €{a}.
A set

SeU=U hxxh L=1

is called a labeling set for B if for each a € B—{1} there is a unique (i3, ..., i) €S
such that a=a;, - - -a;,. The pair (B, S) is called a labeled basis for A. Clearly such
bases exist. Suppose further that 4 is a homogeneous Koszul algebra. Then each
monomial a.a, of 4 has a unique expression of the form

k, 1
2.4) aa = 3 f(; )aa
@nes \b J
where the summation is taken over all i, j such that (i, j) € S. We shall call (2.4) the
admissible relations for 4 (with respect to (B, S)). Let B*={1, «(i), «(iy, . . ., i)}
denote the dual basis, i.e., if (iy, ..., i,) € S—{1} and a € 4 then

iy, ..., i), ay =1 ifa=a, --a,,

= 0 otherwise.




1970] KOSZUL RESOLUTIONS 45

In keeping with our previous notation o; will denote the cohomology class of the
cocycle [«(i)] € CH(A)V*.

THEOREM 2.5. Let A be a homogeneous Koszul algebra with Koszul generators
{a:}ic1, labeled basis (B, S), and admissible relations (2.4). Then the cohomology
algebra H* A is generated by {c;};c; subject to: if (i,j) € S then

K,
(= eyt S (—l)w(l. .)aka,=0

1
k,DeU -8 J
where v, ,=deg «,+(deg o, — 1)(deg o, — 1).

Proof. By hypothesis H*A is generated (as an algebra) by {«;}. To determine the
relations among these classes observe that C?~1(4)? is spanned by elements of the
form [a(iy)|- - - (i, ij41)| - - - |(i;)] Where exactly one factor has length 2 and the
remaining factors are cycles of length 1. Thus the relations of H*(A) are defined by
8[e(i, j)]=0 for (i, j) € B*. Applying (2.4) and (1.8) we have

Bl ) = (< la@lei+ S (=1t () islath

I
k,DeU -8 .I
The signs are introduced by the map 6 of (1.2).

3. Koszul complexes and resolutions. Let 4 be a Koszul algebra with a fixed
Koszul set of generators {a;}, i € I. Let R and L be right and left 4-modules respec-
tively. The main purpose of this section is to define the Koszul complex Ky (R, 4, L),
a small subcomplex of the bar construction B,(R, 4, L), whose homology is
TorZ (R, L). This is done in (3.7). In case R=F=L, K4(F, A, F) is shown to be a
differential subcoalgebra of By(F, A, F)=B4(A).

The splitting 1 —v o e: 4 < I(A4) induces a natural injection i: E?4 <> I(A4) which
extends to a natural injection
3.1 i: B,(E°A), < B,(A).

Each element of H, ,(E°A) may be represented by a cycle of B,(E°A), of the form
2ifilby,|- - -|b,] where b, € E?A and i(b,) € {a;}. This representation is unique
because there exist no nonzero (p+ 1)-chains of length p (a (p+ 1)-chain has length
at least p+1). Hence there is a natural injection

G2 Ji Hp, o(E°A) <> By(E°A),.
Finally the composition i o j induces a natural injection of modules
3.3 o R® H, (E°A) ® L~ B,(R, 4, L)
given explicitly by
(r @ {2l b1} & 1) = r © 3 fla - la,] ©

We shall presently define the Koszul complex to be the module R @ Hy «(E°4) ® L
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with a differential such that (3.3) is a map of complexes. First we need to analyze
the nonbounding cycles of B(E°A) more carefully. For each integer k>0, let

IF=ILx---xI, I =1
where [ is the indexing set for {a;}.

LEMMA 3.2. For b=73, fi[bi,|- - - |bi,] to be a cycle of B,(E°A), it is necessary and
sufficient that, for eachj (1<j<p—1) and each (ky, ..., k;_ ) €', (kjsg,. ., Kkp)
€ I*~7-1, the following condition holds

2. (=1rufbyb,,, =0
i
where e, =deg [by,|- - -|b;,] and where the summation is taken over all i such that
(il) ceey ij_1)=(k1, ceey kj—l) and(l',+1, ceey ip)=(k]+1, ceey k,,).
Proof. Since E°A is bigraded, B(E°A)=B,(E°A), , is trigraded (see 1.6). Hence

p-1
%= ij (=D filbi| - - 1By o] - - - 1By]
=1

where
[b‘ll Tt lb‘lb‘; +1I ce Ibip] € Ep—l EOA)P
=E, ® - -QF;_;  EIAQEM;, ®---Q EA,_;_;,

(each 4;=A). Hence d9b=0 if and only if for each j(1<j<p—1) and each
(kys..., k;—1) €', we have

D (= Deufilby |- - |biby, |- < |By,) = O
i

where the summation is taken over all isuch that (i, ..., #_;)=(ky, ..., k;—;) and
(f5425- - -5 ip)=(kj+2, - - ., Kp). But this is equivalent to

> (=1yufibyby,,, =0
i

summed over the same values of i.
COROLLARY 3.3. If c=3, filby,|- - - |bi,] is a cycle of B(E°A),, k=(ky, . . ., kn) € I™,
and k'=(kpn+1s ..., kp) €IP~™ then

()] o= D> filbgloc-lby)

H31.....im) =k

is a cycle of B,_n(E°A),_n and

@ o= 2 filby|-|by]

Him +1,....8p) =k

is a cycle of B,(E°A)n.
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Proof. Let ¢, =deg [bs,]- - |by). Then

ack (— l)e"f;[bﬁl T lbhbi, +1I o Ibfm]

Gm41seeer ip)=k’

Ms ‘M-

[blti e Ib‘!—llz (_ l)e"ﬁb‘jbiy +1 bl; +2| Tt |blmJ
i

i=1 (1....,lj-1eld-1
(luz ..... Ip)elm=4-1

where the innermost summation is taken over all i such that (i;,...,i;_;)=
s o5 bim1)s yaas e oo dmoimars - - o5 ip)=(jras -« o5 Iy Kms15 - - -5 kp). Since dc=0,
Lemma 3.2 implies that each of the summations over i is zero. Hence dc,.=0. A
similar argument shows dc,,=0. This completes the proof.

Suppose x € H, ,(E°A) is represented by 3, fi[b,,|- - - |b;,]. Since

a(z‘:f;[bu" o Ibt,.]) =0

in B(E°A) it follows that in B(A)
oS Alal- - la]) = 3, Z —1eufilay| - -laya, |- - a,]
i i j=1

p—1
=> > > flayl---layl---lay]
i =1 k

for certain f;, € Fand a;, € {a;}. Now define a differential d for R @ Hy «(E°A) @ L
by

(3.4)

dr®x Q1) = 3 (~1)*ray ®{ 2. [bul-- |bi,1} ®!

(3.5) +(=1)r @ {Z D finlbi] - |by, |- -|b,,]} ®1
_z (—1)eEr+e 1 @ { Z [bs,] |b,,_l]} R a,l.

ip=m

It follows from Lemma 3.1 and Corollary 3.3 that each of the bracketed expressions
in this formula is a cycle of B(E°A). It is clear from (3.1), (3.4), (3.5) and (1.7) that
doi=iod. Hence d*>=

3.6. ExaMpLE. To illustrate (3.5) let A be the mod 2 Steenrod algebra (see (2.2)
Example 5) and let R=Z,=L. Then the cycle

x = {[Sq*|Sq?|Sq°1 + [Sq®|Sq*| Sq*]+ [Sq°| Sq*|Sq* 1}

of By(E°A)s,, represents an element of Hj 3 4(E°A). Using the Adem relations
Sq25¢%=0, Sq2Sq°=Sq°+ Sq*Sq', Sq>Sq*=Sq°+ Sq°Sq', formula (3.5) yields
dx={[Sq*|Sg°] + [Sq°|Sq']}, a cycle of By(E°A),,s.

3.7. The Koszul complex Ky(R, 4, L) is the complex with module K (R, 4, L)
=R ® H, ,(E°A) ® L and with differential d, given by (3.5). The following is the
main theorem of our theory.




48 S. B. PRIDDY [November

THEOREM 3.8. If A is a Koszul algebra then Tor, . (R, L) is the homology of the
Koszul complex Ky(R, A, L).

The proof is given in §10.

Since Tor4 (4, L)=L the complex K,(A4, A, L) is a resolution of L by free left
A-modules. We call K,(A4, A; L) the Koszul resolution of L. Similarly K.(R, 4, A)
is the Koszul resolution of R (by free right 4-modules).

Using (3.7) we may restate (3.1) as

PROPOSITION 3.9. There is a canonical injection of complexes
¢t K(R, A, L) <> By(R, 4, L)
given by
(re {Zﬁ[bill - -lbi.,l} ®)=r® 2. flay) - la] @ 1L
i i

Following the notational convention By(4)=B(F, 4, F) let K,(A) denote
K.(F, A, F). The complex K,(A) inherits the structure of a differential coalgebra
from B,(A) via the following commutative diagram

H, (E°A) = Z(BE°A),) —— B,(E%4), I + B,(4)

|2 o [
Z(,Z B(E°A), ® ES(E"A)S) > S B(E°A), ® B(E°4), 25 S B(4)® B4)

+s=p +s=p T+s=p

[ 18
H,.(4) ® H; (A4)

r+s=p

where Z(-) denotes the submodule of cycles and 4 denotes the external homology
product which is an isomorphism by the Kiinneth theorem. Let A=h~oD, then

K, (4) - By(4)

: ¥

S K KA-25 S B4 ® B4

r+s=p
commutes and since ¢ is an injection it follows that K,(4) is a differential coalgebra.
Hence we may state

PROPOSITION 3.10. The map «: K(4) — B4(A) of Proposition 3.9 is an injection
of differential coalgebras.

4. Co-Koszul complexes. In this section we obtain complexes for computing
cohomology algebras and modules for Koszul algebras. Formally, these complexes
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are dual to those studied in §3; however, they seem to be more tractable. Again let
A be a Koszul algebra with a fixed Koszul set of generators {a;}, i € I, and let Rand L
be right and left 4-modules respectively.

The co-Koszul complex K*(R, A, L) is defined to be the graded F-dual of
K (R, A, L). Since A is assumed to be locally finite over a field F, K*(R, 4, L) is a
complex for computing Ext¥ (L, R*)=Tor% (R, L)*. We shall first describe the
general structure of this complex and delay an explicit description until 4.4.

In case R=F=L let K*(A) denote K*(F, A, F)= H*(E°A), the graded F-dual of
K(A)=K(F, A, F)= H,(E°A). Now C(E°A) is generated as an algebra by the
elements of CY(E®A)'=(EYA)*—each of which is a cycle—and so it follows that
there is a natural projection p: CP(E°A)? — CP(E°A)?/Im& = H?*?(E°A). Further-
more, the isomorphism 6 of (1.2) induces an isomorphism 6': H??(E°A) —
H, ,(E°A)* such that the following diagram of algebra morphisms commutes

CHES AP —— > (BL(EA),)*

P,

H??(E°A) = C?(E°A)?[Im8" —— Z(B,(E°A),)* = H, ,(E°A)*

where j* is dual to j of (3.2). Hence the algebra structure of K*(A) inherited from

H**(E°A) is dual to the coalgebra structure of K,(4). Thus the differential § of

K*(A) is determined by its action on K'(4)= C1(E°A)*. Let i, be the composition
* * i* Q%

By —"— 1ty — s 1y @ 14y T2 (B @ (B34
where 7: I(A) — E?A is an F-splitting of i obtained by choosing an F-basis for 4
which extends {a;} and where p, is the multiplication map of 4. Then using (3.5),
(1.2) and (1.5) we find that for g € K'(4)

@.1) 3B = ; (—1)2ee 585 ]

where g4(8)=2,B; ® Bj.
We shall now obtain the structure of K*(F, 4, L), leaving to the reader the

obvious generalization to K*(R, A4, L). Let ji, be the composition

* i* @ L*
[t 4« ®L*i>(E{’A)* ®L*

where p, is the structure map of L as a left 4-module. Choose an F-basis for L and
thus a dual basis for L*. Now for A € L*, let

@.2) AN = ; (—1)%=88, @ A,

where p¥(X)=>, B, ® A,. Dualizing (3.5) for K.(F, 4, L) we see that K*(F, A, L)
=K*(4) ® L* is a differential left K*(4)-module and §(1 ® A)=A,(}). Sum-
marizing
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THEOREM 4.3. Let A be a Koszul algebra then

(1) The cohomology algebra H*(A) is the homology of the co-Koszul complex
K*(A). As a differential algebra, K*(A)= H*(E°A) with differential & determined
by (4.1). If L is a left A-module then

(2) The module Ext* (L, F) is the homology of the co-Koszul complex K*(F, A, L).
As a differential left K*(A)-module, K*(F, A, L)=K*(A) ® L* with differential
determined by (4.2).

Proof. Part (1) is implied by Theorems 3.8 and 3.9 and duality. Part (2) follows
from the preceding paragraph.

4.4. Applying Theorem 2.5 we see that the algebra structure of K*(4)= H*(E°A)
admits a very explicit description; using (4.1) we can extend this description to
include the differential algebra structure of K*(A4). Let (B,, S) be a labeled basis
for A4 (see (2.3)). We can assume the relations for A4 are written in admissible form
with respect to (B,, S), i.e.,

k, 1 k, 1
(@.5) aa, ; f( . )a,,,+«§es f(l,’ j)aia,
where f(%;) and f(i*}) are in F. Let B} denote the dual basis for A*. A basis Bgo , for
FE°4 is formally obtained from B, by replacing the letter a with the letter 5 and
similarly B%o, from B} by replacing « with B. Admissible relations for E°4 with
respect to (Bgo,, S) are
b= 3 1} )
d.nes \L J
Let B, denote the cohomology class of [8(i)] € C(E°A)**.

THEOREM 4.6. Let A be a Koszul algebra with Koszul generators {a;}, i € I, labeled
basis (B,, S), and admissible relations (4.5). Then the co-Koszul complex K*(A) is
the differential algebra generated by {B;}, i € I, with

(1) a relation for each (i, j) € S

k,1
(yepp S (1er(F )ed =0

(k,)eU-S
where

vun = deg fu+(deg B~ )(deg o= 1) and U =) I';
(2) differential o
Ba= 3 (-1rer (D))

(k. HeU-S
Proof. Since E°A is by definition a homogeneous Koszul algebra, the algebra
structure (1) of K*(4)=H*(E°A) is given by Theorem 2.5. To evaluate the
differential apply (4.1) noting that
k, 1
apa) = 3 (= tyes-aeen-nr (Mg o

The signs are introduced by 6 of (1.2).
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5. A sufficient condition. In order to apply the preceding theory one must have
effective means to determine whether a homogeneous pre-Koszul algebra is in fact
Koszul. The following sufficient condition is often easy to use since it is com-
pletely algebraic and requires no homological calculations.

Let A be a homogeneous pre-Koszul algebra with pre-Koszul generators {a;},
iel. Let (B, S) be a labeled basis for 4 (see 2.3); if ae B, (iy,..., i,) €S and
a=ay---a; then (i1, ..., iy) is called the (S-) label of a. The set U=\JZ_, I" is
ordered first by length and then by the lexicographical ordering derived from the
order of I. Since S< U, S inherits an ordering.

5.1. We call (B, S) a Poincaré-Birkhoff-Witt (PBW) basis if

M) Gi,-..,0) and (ju, ..., ;) € S implies that (is, . .., ix, j1,...,J)) €S or else
the label of each monomial appearing in the admissible expression (see 2.4) of
a=ay, - - -a,a; - - -a; is strictly greater than (iy, . . ., i, j1, - - -5 J1)»

(@) fork>2,(iy, . .., ix) € Sif and only if for each j (15j<k) (is, - . ., i) € S and
Gis1s---> i) ES.

If A"has a PBW basis then A4 is called a Poincaré-Birkhoff-Witt (PBW) algebra.

5.2. ExampLEs. The following algebras of (2.2) are PBW algebras

(1) T{x;} with B = {1, all monomials x;, ® --- ® xin},'
(2) F[x;] with B = {1, monomials x&mx¢»1---x51;¢, =0,1,2,...},
(3) E[x;] with B = {1, monomials x&rxr~t- - -x§; ¢ = 0, 1},
A, with B = {1, monomials (B%P51)(81P %) - - (Bé-1P%)B%k;
si=1,2,...,6=0,1,8 2 ps;,1+e&}
(if p = 2 set ¢ = 0).

@

THEOREM 5.3. If A is a PBW algebra then A is a homogeneous Koszul algebra.

The proof of 5.3, which is a generalization of that given in [8, 8.4] for 4., is given
below. The idea is to filter the cobar construction C%?=C5(4)?* using the labels
of a fixed PBW basis (B, S) for 4 and to show that off the diagonals s=p the
quotients of this filtration have trivial homology. It then follows from a standard
argument that H*?(4)=0 unless s=p. First, however, we indicate several changes
in [8, 8.4] necessary to account for signs and the fact that we are no longer using
the special basis of 4;. Let B*={1, (i), o(iy, . . ., i»)} denote the basis for 4* dual
to B (see 2.3).

If I'is a label of length p then define F;C*? =submodule generated by the elements

[oiss - - -, ikl)la(ik,+1, cee ikz)l e '|°‘(ik, 141 -5 ip)]
where oy, ..., 0k,), ..., @ik, _,+15- .., 0p) € B* and IZ(iy,. .., i,). This defines a
complete increasing filtration of C*:* as a module. For each label I it is easy to see
(using condition (1) of 5.1) that F;C*-* is a subcomplex. Let F;_,C=J;,; F,C.
Then 8 induces a map

8: FIC/F‘I—IC_) F]C/F‘]-]_C
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which by 1.8 and (1) and (2) of 5.1 is given by (let k,=0, k,=p)

s[a(il’ LR ikl)l e Ia(iks—l“‘l’ e ip)]

= > > (=Wmiaiy, i) |l yats s B5-1)

|°‘(ij’ ceey ik,,,)l . ‘|°‘(ik,_,+1, .+ +s ip)] (mod F;_,C)
where

Ym,y = deg [oiy, .. o, )| - |y _y 415+ - 5 B5-1)]
+deg a(ikm-l’ ey ij_l)'deg a(ij, ceey ikm)'
5.4. Proof of Theorem 5.2. Fix p>0 and let 1 =s<p. To each element

x = [oliss oy iy ass - s )l |y g s s )]

of length p and homological degree s we assign an integer ai (x), called the admis-
sibility index, defined as follows: Let ai (x) be the smallest integer k;, | Sj<s—1,
such that o(iy,_; 41, -5 fj415 - - -5 B;,,) € B*. If no such integer exists then set
ai (x)=p. Now define a contracting homotopy

O: Flcs.p/FI—lcs,p —> F]Cs—l’p/FI_lcs_l'p

for 1 =s=p by the following formula:
If

x = [a(y)|oiz)] - - - |ali)|eiysas - - o5 by D - [0y g 415 - -5 Bp)]
with ai (x)=j and k;=j<p set
O(x) = (= 1)=[aliy)|eliz)] - - - |ediy—)|eiys 15 -« o5 By )]+ |y g 415+ - -5 Ep)]
where
yx = deg [a(iy)|- - - |e(iy)]+deg a(k,) deg o(ij 11, - - -5 b, )

Otherwise set ®(x)=0.
A straightforward verification now shows thatif 0 <s<p and x € F,C*?/F;_,C*?
then 8®(x) + P&(x)=x.

6. Applications to universal enveloping algebras. In this section we derive the
Koszul resolution K,(F, U(L), U(L)) for a universal enveloping algebra U(L). The
resolution ¢oincides with May’s generalization of the classical Koszul resolution.
Comparisons are also given for L, a restricted Lie algebra over a field of charac-
teristic p=2.

6.1. Graded Lie algebras. Let L be a graded Lie algebra [6] (including, of course,
the classical case of L concentrated in degree zero). In 2.2, Example (3), the universal
enveloping algebra U(L) is defined and shown to be a Koszul algebra with asso-
ciated homogeneous Koszul algebra E°U(L)=E(L™) ® A(L*) where E(L") is
the exterior algebra on the elements L~ <L of odd order and A(L*) is the free
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commutative algebra on the elements L* <L of even order. Recall that a typical
element {x,,..., x,> € E(L~) has bidegree (n, >F_, deg x;—n) and similarly a
typical element x; - - - x, € A(L*) has bidegree (n, D7, deg x;—n).

Using the notation (1.9), E(sL*) is a trigraded F-algebra with a typical element
{8X1, ..., 8%,» € E(sL*) having tridegree (n,n, >F., deg x;—n). Similarly the
divided power algebra I'(sL~) is a trigraded F-algebra with a typical element
¥r,(8%1)- - -9, (sx,) e '(sL~) having tridegree (p,p,q) where p=3>7_,r and
q=>"_,r;degx;—p. We may consider I'(¢.L~) and E(sL*) as commutative
differential F-algebras with zero differential and with the homological degree given
by the first gradation. The complexes B(E(L~)) and B(A(L*)) are also com-

" mutative differential F-algebras under the shuffle product [3, Theorems 12.1-12.2]
and it is classical that the differential algebra maps

g:1: T(sL~) — B(E(L"))
defined by g,(y,(sx))=[x|- - -|x] (r factors) and
g2t E(SL*) — B(A(L™))
defined by g,{sx)> =[x] induce homology isomorphisms
g0 TGL7) T HyEWL), ot EGLY) 2> Hy(A(L")).
Now the shuffle product also induces a map [3, p. 313]
g0} BE(L") ® BAL") = BE(L™) ® A(L")
given by
ga([xll e |xn] ® [yll o |ym]) = (_ l)mn[xll' o 'xn] * [yll e Iym]
which yields a homology isomorphism
g0t HW(E(L) ® Hy(AL*) > Hy(E(L™) ® ALY)).
By the definition 3.7
Ku(F, U(L), U(L)) = H(E(L™) ® A(L*)) ® U(L).

Hence we have the following isomorphism of complexes

(6.2) g+ T(L™) ® E(L*) ® U(L) = Ky(F, U(L), U(L))

where g,=(gs ® U(L)) > (g1+ ® go» ® U(L)) and where the differential of the
left-hand side is dictated by the differential of K. (F, U(L), U(L)). Now (6.2) and
the embedding of Proposition 3.9 result in an embedding

I'(sL™) @ E(sL*) ® U(L) — B(F, U(L), U(L))

which coincides with that described by May [4, p. 143]. Hence (6.2) is an iso-
morphism between May’s Y(L)=I'(sL~) ® E(sL*) ® U(L) and the Koszul
resolution K (F, U(L), U(L)).
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6.3. Graded restricted Lie algebras (char F=2). Let L be a graded restricted Lie
algebra [6] over a field of characteristic p=2. In 2.2, Example (4), the universal
enveloping algebra V(L) is defined and shown to be a Koszul algebra with asso-
ciated homogeneous Koszul algebra E°V(L)=E(L). The Koszul resolution is
defined (3.7) and

Ky(F, V(L), V(L)) = H(E(L)) ® V(L) = I'(sL) @ V(L).

The embedding of Proposition 3.9 again shows that K,(F, V(L), V(L)) agrees with
May’s resolution X (L) [4, Remark 10, p. 140].

7. Application to the Steenrod algebra. Let A denote the modp Steenrod
algebra (2.2, Example (5)). In this section we compute the co-Koszul complexes
K*(A) for Ext,(Z,, Z,) and K*(Z,, A, H*X) for Ext, (H*X, Z,) where X is a
simplicial spectrum [1] with finitely generated reduced cohomology groups H*X
with coefficients in Z,. These complexes provide a homological description of the
results of [1].

7.1. The prime 2. Let p=2, then with respect to the generators {Sq*, Sq2, S¢°, . . .}
A is a Koszul algebra. This is immediate because the associated graded algebra
E°A (2.2, Example (6)) has a PBW basis B={Sq%- - -Sq%: a;,,=2a;, k=1} (5.2,
Example (4)) and hence is a homogeneous Koszul algebra by Theorem 5.3.

The mod 2 Adem (defining) relations for 4 are

b—1 [a/2] —]—
Sq°Sq® = ( . ) Sqe+b+ z ( )Sqa+b—1SqJ
=1

for 0<a<2b. If we also let Sq' denote the image of Sq* in E°A then the relations
of E°A are
W (p—j—1
SqS b —
74 z ( a—2j
Let B* be the basis dual to B and let o; denote the element [Sq*] € H1'~(E°A)
where Sg'* € B* is dual to S¢'. Now Theorem 4.6 shows that as a differential
Z,-algebra K*(A) is generated by o;, i >0, subject to the relations: if a=2b>0

)Sqa+b—quI_

i=1

{2(a +b)/3} a_j_ 1

0gq°0p =
i=2b

with differential

SE

where {x} is the greatest integer less than x.

It is now easy to see that there is an anti-isomorphism of differential Z,-algebras
@: (K*(4), 8) — (E'S, d'S) extending the map of generators given by o, ;> A
(i20), where (E'S, d*S), known as the A algebra, is the (E?, d*) term of the
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Adams spectral sequence (derived from the lower 2-central series filtration) for the
simplicial group sphere spectrum FS [1]. One merely checks that the relations and
differential given above carry over to those described by Wang [13, 1.5.4, 1.6.5]

n—j—1
Adgis14n = z ( . ))‘t+n—1)‘2i+1+;’,

7Z0 J
n—j-—l)
dix, = Ay i1
n jgzo ( j+1 n—-j—1%

More generally if L is a left A-module (of finite type over Z,) then by Theorem
4.3, K*(Z,, A, L) is the differential left K*(A)-module K*(4) ® L* with differential
determined by

81 ®A) = A N), AeL*,

where A, is induced by the coproduct of L* as a left A*-comodule (see 4.2). Now L*
has the structure of a right 4-module (transposed to the left 4-module structure of
L), using this structure
AN =D o, ®\Sq, AeL*.
i>0

In particular if L=H*X for a simplicial spectrum X with finitely generated
cohomology groups we have an anti-isomorphism ¥ (extending @) of differential
left K*(A4)-modules and differential right E1.S = ®(K*(4))-modules

‘ v
K*(Zz, A, H*X) s E'X

~

K*(4) @ H X H,X ® E'S

l’ 70 (®® H*X) ‘l’

where 7: B ® B’ — B’ ® B is the twisting map for Z,-modules.

.Setting X= A4S, the simplicial Eilenberg-MacLane K(Z,) spectrum, we see that
the co-Koszul resolution K*(Z,, A, A) corresponds to (E*A4S, d*A4S).

The relationship between K*(4) and the cobar complex C*(4) is given by

) *: T*A) — K*(4),

the surjective map of differential algebras which is dual to the injection ¢: K,(A4)
— B,(A) of Proposition 3.10. In order to explicitly describe *, recall that
C*(A)=T(sI(4*)) with diagonal differential 8* and that according to Milnor
A*=2Z,[&,, &, ...] where & is dual to Sg?'~'Sq? ~*. . - Sq* with respect to the basis
B. On the generators of C*(4), «* is given by

HF(Ix) =0, ifx = €, n>0,

=0 otherwise.

Thus *[£f1]- - - |ér]=0,,- - -0,,.

n
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A simple calculation shows that for m>0, n=0,

FOF[ERE] = " QD) (1 ® 61+ 6 ® 1)]
= Z ('.l)azm+iom+n—l =0
i=o \I

which under the anti-isomorphism @ yields the original presentation of the defining
relations [1, §2.4(iii)]

i+j
Z ( . )’\i—1+mAj—1+2m =0.
i+j=n 1

Setting m=0, one obtains the differential d*S [1, §2.4(iv)]

= 3 (T w22
i+j=n L

Hence the elements of C*(A) involving &, i > 2, are not necessary for determining
the cohomology algebra H*(A) and the co-Koszul complex K*(4) is obtained by
factoring out (in the precise manner stated above) these superfluous elements.

7.2. The odd primes. Let p be an odd prime. Then 4 is a Koszul algebra with
generators {P*} U {8P7}, i>0, j=0(2.2, Examples (5), (6)). A PBW-basis B for 4 is
described in (5.2, Example (4)). Let B* be the basis dual to B and let =; denote the
element [Pi*] e H1:1:21p-D-1(E°4) where P'* € B* is dual to P'. Similarly let p,
denote the element [BP/*] € H:1:2/®?-1(E®4) where BP’* € B* is dual to BP’.

The co-Koszul complex K*(A) is most easily described by analyzing the surjective
map of differential algebras *: C*(4) — K*(A4) transposed to the inclusion of
Proposition 3.10. Since A*=Z,[¢;, &,5,...] ® Elrg, 71,...], ¢* is given on the
generators of C*(A4) by

"*([x]) =m ifx = ﬂs i>0’
= PpPj ifx = Tof{»jgo’
=0 otherwise.

The classes ;, p; generate K*(A4) and the relations are now obtained by evaluating
W*8* on the classes [7o63€1], [£5€1], m21,n20, and [rom1£5£7], [71€5€1], m20,
n=0. (Here &* is the differential of C*(4).) For example,

(i +j

*8¥([rof3€1) = >, i )‘*([—f”"'”lfof’{‘”]+[Ei’”*’fol&?*‘]) =0

i+i=n
hence

i+j
1 Z ( l.J)(ﬂpm+j'Pm+1_Ppm+i'7rm+i) =0 (mz1,n20).
itj=n

The other relations are obtained similarly

() Z (lfj)”pm+1'7"m+n—¢ =0 (m=1,nz=0),
i+j=n \ 1
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i+j
@) Z ( -J)T’pm+j+1Pm+i=0 (m,nz0),
ivj=n \ 1
i+j
@ Z ( iJ)Ppm+1+1'Pm+z =0 (m,nz0).
itf=n

The differential of K*(4) is obtained by evaluating i*8* on £} and 7,£}

®) = 3 (’Jlff)ﬂ,m (1>0),
i+j
© o= 3 (V)en-pm @20
i+i=n

Results (1)-(6) correspond to those of [1, §2.4'] under the anti-isomorphism of
differential Z,-algebras @: (K*(A), 8) — (E'S, d'S) extending the map on genera-
tors given by m; 1 > A, pi—> —pi -1 (2 0).

8. Matric Massey products. We now briefly examine the role of matric Massey
products in the preceding theory. Recall [12] that for an algebra A there is a 1-1
correspondence between any basis for H;4 and a minimal set of generators for 4
and between any basis for H,4 and a minimal set of defining relations for A.
Hence it is clear that if 4 is a homogeneous pre-Koszul algebra then H*?4 =0 for
p>1 and H?>?4=0 for p>2. Generally, however, matric Massey products may
appear (see 2.2, Example (7)) and a homogeneous pre-Koszul algebra need not be a
homogeneous Koszul algebra. A basic result of May’s theory of matric Massey
products [5] states that every indecomposable element of H*A can be built up via
matric Massey products from the indecomposable elements of 4. In this description
matric Massey products take values in the indecomposable elements of H*A4 and
so there is no indeterminacy. A trivial consequence of May’s result is

PROPOSITION 8.1. Let A be a homogeneous pre-Koszul algebra. In order for A to
be a homogeneous Koszul algebra it is necessary and sufficient that every matric
Massey product of H*A be zero.

9. Duality. For certain homogeneous Koszul algebras A the algebra H*H*A4
may be naturally identified with 4. In this section we examine this duality phenom-
enon and its relationship to the dual Adams spectral sequence for the sphere
spectrum for simplicial Lie algebras.

For any bigraded algebra A4 let D%74=H*%*%4. We call D* the diagonal co-
homology functor; clearly D*A is a subalgebra of H*A4. Note also that D*4 is a
homogeneous pre-Koszul algebra.

PROPOSITION 9.1. There is a natural map of bigraded algebras ®: D¥*D*¥A — A,
extending the natural isomorphism ¢: A¥* — A, .. If A is a homogeneous pre-Koszul
algebra then ® is an isomorphism.




58 S. B. PRIDDY [November

9.2. ExampLEs. It follows from 2.2, Example (1), that D* D*T{x;}=T{x;} and
D*D*N{x}=N{x;}. Similarly in 2.2, Example (2), D*D*F[x;*]=F[x}] and
D*D*E[x}1=FE[x*].

If 4 is a homogeneous pre-Koszul algebra then A is Koszul provided H*
reduces to D* in the obvious sense. Thus with this abuse of notation:

COROLLARY 9.3. If A and H*A are homogeneous Koszul algebras then
O: H*H*A =5 4.

Proof of Proposition 9.1. Since D*4 is a homogeneous pre-Koszul algebra, it
suffices to show that the natural isomorphism ¢: 4¥% — A4, , extends to a map of
algebras ®;: D**D*4 — A, , for s=1 and 2.

In degree 1 let

O, = ¢: DVID*4 = A¥x =5 4, ,.
Now consider the exact sequence
0 _—> R L) Al,q ® Al.q ﬁ—) A2,2q

where p is the multiplication map and R is the set of relations for A4, 4. The dual
exact sequence shows that R*= D**4 and i* is the Yoneda multiplication map
DY*4 ® D *4 — D**4.

Thus the commutative diagram

~

(DV*A)* @ (DYV*A)* = A¥, Q@ A¥, "5 4,4 ® A1 x

R

(D**4)* = R 7 LR
shows that ¢ ® ¢ induces a natural injective map ®,: D>*D*4 — A, , and hence
the desired natural map of algebras ®,: D*D*4 — A,.

If 4 is a homogeneous pre-Koszul algebra then @ is surjective since A4 is generated
by elements of 4, . Furthermore ® is injective since the relations of 4 are generated
by the relations of A 4.

9.4. EXAMPLE. Let A; be the mod 2 Steenrod algebra for simplicial Lie algebras
(see 2.2, Example (6)). A PBW basis for H*4,; =Ext,, (Z,, Z,) is given in [8, 8.3];
hence by Corollary 9.3 H*H*A4, %, A,.

By [8, 9.1], Ext,, (Z;, Z,) =, L AS, the stable stems for simplicial Lie algebras,
thus

Ext,, 145 (2,5, Z,) = A;.

Geometrically, the analogous situation for the stable stems =,.S has been noted by
Moss [7, p. 192]: There is a dual Adams spectral sequence

E2 = Ext,,.s (Zz, Zz) = A
in which E,# E, where A4 is the mod 2 Steenrod algebra.
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10. Proof of Theorem 3.8. The proof depends on a spectral sequence: For L a
left and R a right A-module, the filtration of A induces a filtration of the bar
construction B(R, 4, L) which results in a spectral sequence,

E}:,*(R: A9 L) =R ® H*.*(EOA) ® L= Torﬁ.* (R’ L)’

the (E', d*) term of which is shown to coincide with the Koszul complex K, (R, 4, L).
Since E°A is a homogeneous Koszul algebra (H, ,(E°4)=0 for s#p) the spectral
sequence collapses (E2= E ) thus completing the proof.

The filtration of A is defined in terms of a fixed presentation « (see §2). Using this
filtration define an increasing filtration of the bar construction by

F,B(R,A,L) =0 forp<0,
F,By(R, 4,L) = RQL forp20,
FB(R,AL)= > RQFJIA)® - ®FIA)®L forpz0,r>0.

i1+ F S
Clearly F,B(R, A, L)Y= B(R, A, L) is a subcomplex and {F,B(R, A, L)} is complete
and bounded below. Denote by {E"(R, 4, L), d"} the spectral sequence associated
with this filtration. The E° term is

F,B(R, A, L) )
o — (DO A B
Es.p,q(R’ A, L) - (Fp—lBS(R’ A, L) p+a

where s is the homological degree, p is the filtration degree and p+g¢ is the degree
associated with the internal degrees of R, 4, and L. As an F-module

E2, (R, A,L)= > R ® B(E°A),; ® L,.

i+titk=q

Examining the boundary g 4.1, of B(R, 4, L) of (1.7), it is easy to see that the
differential d° is given on aclass r ® x ® /e R ® B(E°A) ® L by

Ao%r @ x @) = (—1)*¥r @ IpEoa(x) Q L
Hence

El, (R A, L)= > R ®H,, (EA)®L,

i+j+k=q

and so as F-modules EL(R, A, L)=K,(R, A, L). Now d* is the connecting homo-
morphism in homology of the short exact sequences

F,_.B(R,A,L)  F,B(R, A, L) F,B(R, A,L) o

0> 5 BR AL ' F BRAD " F BRAD %

Using (3.3) and (1.7), d* is seen to have the form of (3.5); hence E}(R, 4, L)
=K,(R, 4, L) as complexes.
To show that E2=E* observe that

d;-P.q: E;.P.Q(R’ A’ L) - Esr"l,ﬂ—T,Q‘l'T(R’ A’ L)
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and that
Ef, R, AL)= > R ® H,p(E°A)QL,=0

i+i+k=q

unless s=p and so d"=0 for r=2.
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