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1 Ehrhart theory review

vertices in 2

PCR a lattice polytope

m Ehrhart function polynomia

iplm KIMP
for m 0 1,2

VAMPLE OP i P 2 P 3 P

ip m1 4 10 19
P ipa ip2 ip3

m m
































































and Ehrhart series

Eplt Ift Ipm fit Emp
EXAMPLE

OP

P

1 4t 101 19ft

mÉt.lt m 3m
































































THEOREM
Ehrhart 1962 2p m KIMP is a polynomial in m

of degree d dim P

Ep t mÉtmipim
hitt hit

1 7 1

EXAMPLE

P i ip m 7 3m3m

Ep t 1,5
d 2
































































THEOREM
Stanley1980

In the numeratorof

Ep t mÉtmipim
thitt hit

4 7 1

the h _vector entries hihi h

are nonnegative

EXAMPLE

P Eplt
































































One can also count interior lattice points

Ip m 2h interiorMP
interiorsP interior2 P interior3 P

Ép t III Itm
1 4 10

THEOREM ÉhjgÉÉÉMaidgoyald reciprocity

Tplm 1
ᵈ
ipfm form12,3

equivalently Ép t C 1
ᵈ
Ep

1918 8
































































AMPLE

Ipo 1 OP

interiorsP
i P Ip 1 11pA 4

interiorb.P Ip 2 4ip2 10 2 P

ip3 9 3P interiora.P Ip3 70

iplm 713m3m ip m 7 3m3m ipfm

Eplt 1,5 EPH HP H
































































Two proofmethods

Method 1 Effgoffy Reduceto simplices via triangulations

triangulate

P runs

Ep t is avaluativefunctionofP

Epf Ep t Epact Ep t ftp.np t ftp.np t

i

P P P PNP PNP
































































andsimplices haveexplicitformulas

PROPOSITION Fora lattice dsimplex PCR with

vertices v1 v1 Vidt

Eph
wherehe i nTI

parakiieief.net

T1 ICD f in R
EXAMPLE cm TIC1R Epf

ii m
p

m

III
I
































































Method2 Stanley commutativealgebra
of the affinesemigroup ring

lk Ap spanhyiyf.gg a fZ nmP

clkfyo.gr yu
with Ept Hilb lkAp t

P 0,3301121

ii

para y
is

98
2092

i Px913
1kAp lkfyo.yoyn.Y.isYoyiJclkEyoy yo
































































1kAp is Noetherian

Gordan1873

lk 1p has a linear Epa if
systemofparameters
Noether1926

1kAp is Cohen
Macaulay h 0 for i 12 id

Hochster1972

the Khinteriores

Ep t C1 Ep Yt
Danilov1978
































































2 g analogues fatpoints Macaulay inverse systems
o.P i P 2 P 3 P

1 4t 101 19ft Ept
Y

ganalogue

1 42992 t Eg E t Eptq

i
































































Those ganaloguesof I nmPcome fromdeformation
11 affinecoordinatering

R Z IRE.TT I Z
a a

fiZ KhmP
2 4 deform

1 3y ayFifties

associatedgradedring

opR Z REY o.EE x y Ifatpointat8
ofmultiplicity4

Hilb geRZ g
1 28 8 why

e Iztheganalogueof Z
































































REMARK InsteadofHilbertseries forthe
fatpointcoordinatering R xn int opIZ

can use its Macaulay inversesystem

Vz g g cRlyn yn fEy by9G 0 VfG topIE

since HilbVz g Hilb RLx.in opIZ q

EXAMPLE

Z I g R Z REX 12 42 2 191 3 1,1 33 2 2

ofR Z R x x 2 12 7 3

Vz spank 1 ye ya ypyyzy a Ruby

HilbVz q 1 2g 82 his 4 Z
































































MAINDEFINITION For a latticepolytopeP R define its

g Ehrhart series Eptq E t.iemiq EhEpH 2ftiplm
where

ipm q Hilb opR
2mP g Hilb Vampig

381

iplm ZⁿnmP

AMPLE OP P

1 4t 101 19ft Ept 1,5

4411 1 E f It't EG i
































































MORE EXAMPLES of Ep tq for latticepolygons

SinceEp tq is an

Aff 2n invariantofP
can use databaseoflattice

polytopesbyBalletti2021
































































3 g Ehrhart theory
CONJECTURE

First recallthe
CLASSICALEhrhartTheorems Forddimensional latticepolytopesP

Ept RATIONALITY

RECIPROCITY
Epf ED Ép t

for latticesimplices ÉÉÉATNiTY

hi K i nTI

KETTÉGATIVITY
h 0 for i 12 id
































































ClassicalEhrhart CONJECTURES R Rhoades2024
THEOREMS

Npctg w

Ept I rationality
8
4 gait

4 15448
de 2

ftp.EpGDd Ept REaPROaTY.EpEf f1 qdmPEpt g

Forlatticesimplices forlatticesimplices Npftq
liesin IN tq

hi K i nTI
STILEGATIVITY

EXAMPLE P i

o friend i.aeianny
Ep48 iiiiitjji
































































EXAMPLES Theseconjectures areprovenfor
antiblocking polytopes P inside
polytopes with z z and Z EP ZEP

Hyatt
P

PROPOSITION ForPantiblocking everyidealopIZ for Z 2nmP

is a monomialideal ofICZ span a 2

and Eptg tmafznmpqat.tn

Hilb Ap YoYn it yet
affinesemigroupringforP figs fig
































































4 Harmonic algebra CONJECTURE

Method1 ofEhrharttheory reduletosimplices viatriangulation
seems elusive because

ip m q
Hilb opR Imp g is notvaluative as afunctionofP

EXAMPLE

P P UP
i

iph ip 1 ip.li ipnp
12 7 7 2

But ipliq ip.lig ip.ltq ip.nl4i8
1 qq2 1888 1228 139293 8
1 293 382885
































































Recall

hi iÉÉÑ
fffffff 4k It at 2ham

g
2P

ring clkfyo.fi In
PCR yo

Px913

DEFINITION

Hp YiYamp CREyo.yn.in
algebra

whereV2 harmonicspaceMacaulayinversesystem
for RLY IT opI Z
































































EXAMPLE
pc1R has harmonicalgebra

Hp
m Y Yamp CREyo.grYa

R1 YoVznpp YoVz42p

spanp 1 Yo yo
9091,9042 yiyr.Y.gs
y.ly y9i42 yyi.Yy.y YY

yyiy lyiy.yy y
y yfzypy.BYy 2y.ytyi
































































Why is Hp m Y Yamp
even an algebra

For IMAP QIspayfy.myJgeznnmpitcamefrom

In MP 2hm'P cknlmtm.JP

THEOREM for finitepointsets Z and Z clk
R.RS 9

Vz Vz VEZ

2 Z
Z Z i Minkowski

sum
































































By construction Hp m Y Yamp

has Hilb Xp t q Eft ipang Ep tg
Classical THEOREMS CONJECTURES R Rhoades202

lkAp is Noetherian
Hp is NoetherianGordan1873
withdegreebounds

ongenerators

1kAp is Cohen Macaulay
Hp is CohenMacaulayHochster1972

1lk Ap lkAnteriorp Itp HinteriorP
Danilov1978
































































CONJECTURESonHP CONJECTURES onEptq

RATIONALITY

Np.ltq NpCt
qThn2Etiq

Hp is Noetherian
1 gait dye vegfwithdegreebounds

ongenerators

Hp is CohenMacaulay fi IiIiiiimplices
Npftq liesinINLtq

Hp Hinteriorp t.YqmPEplt.gg
































































I repeat

EGBP Uweandfriends

and HappyBirthday Uwe


