
 

q
counting and

invariant theory

Vic Reiner

UniversityofMinnesota

Summer School in

AlgebraicCombinatorics
Krakow 2022



Lecture
1 Invitation to g counts

Monday representationtheory
quotients of Boolean algebras

2 Representationtheory review

Tuesday reflectiongroups

3 Molien'sTheorem
coinvariantalgebras

Thursday

4 CyclicsievingPhenomena
CSP

Thursday Springer'sTheorem n

see ECCO2018 lecture notes

5 More CSP's

Friday the deformation idea



GOAL Enhance the structure

of the coin variant algebra

Springer's
Theorem

to explain some

interesting counting formulas

CSP's cyclic sieving
phenomena

S Pfannerer's talk has more
to say

on CSP's



We've already seen an instance of a CSP

HIÉoÉEM Foranysubgroup G of Gu consider

the set X 24g G orbits Oof
subsets AE RI

the generating function

X q rotrig rag rag
where re G orbits O on

and the 71221 action on X
induced by complementation

A n Ch A

sending an orbit O Is O as A A e o

Then xeX tax XG
g

If T rnrs.tn
self complementary
G orbits O
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This is an example of what Stembridge1994

called a q 1 phenomenon

A set X with an actionof 7422 4 c

and a polynomial X q
suchthat

Xen X

XED xeX G x

He found several interesting examples



More generally

DEFINITION Saythat a
R Stantonwhite
2004

finite setX

with the action
of a cyclicgroup

a lie am 74mL

and a polynomial X q

exhibit a cyclicsievingphenomenon
CSP

if forevery ode
C one has

x ex cdcx x Xg
g Ed

where f gym primitive
mthrootof 7
in E



Proto EXAMPLE

set X L k elementsubsets
of Cn

o
action C 7472 Ijn
polynomial X g I q

binomial
coefficient

infant
qfaitorial

where n
q

n

q
n 13 131,121,123g

n g Haq q If
g number

THEOREM This X
RSW2004 er

C
EXER 1.4.3
givesa'bruteforce X q
proof

exhibit a CSP



EXAMPLE n 4 12 2

X E 11232 1,3

if 22.33 afu
115341 3,43 12,4

X
egoes

t.io 1 I

ftp.t
Ctq q

I
I q 292 93 84
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GET i

Egg
6 1 1

gg
1 7 2 41 1 1 2 1 1 Hi 2 it
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7 9 III x'l



ThatPhoto EXAMPLEhasmanyproofs

one ofwhich generalizes to reflectiongroups via

THEOREM In afinite reflectiongroup
Springer G a Gina GLU
1972

Say c e G is a regularelement if
it has an

eigenvector vet say it Sir lying on

none of the reflectinghyperplanes

Then its cyclicsubgroup
C e e e I 74m71

gives us
an isomorphism of Gx C

representations

comvariantalgebra regularrepresentationAG

axial An fu I Preg

a U
Gacts ar

beforeby G left translates
linearsubstitutions high

C actsbyscalar C right translates
substitutions

h had
ccxi Gxi 2NEWIS



Here is a general CSP corollary

THEOREM When a finite reflectiongroup
RSW2004

Gr GLA actstransitively on a set X

every regular
element c e G gives a CSP

X E GA for some subgroup H

e sa on I 74m72

XG I E.IT H ITe qdij.Hilb axt.q

In other words

xe X dax XG q ga

where gEtimassetsgH dgHgH



Howdoes this generalizethe
Photo Example

x 2 E EEE
G Gn actstransitively on k

subsetsof Iw

H G Gnk is the stabilizerof 1,2 k c in

The n cycle c iz n inside Gu

is a regularelement acting on
Kd

it has an eigenvector n

Ig
where get

with cc f v

lying on no reflecting hyperplanes x ex

since its coordinates are distinctXEX3

I rt f 47 on 1123

r
É 02 I

n 4 xp E3 n3
XFX2



Whatabout Xq We claim

XG CH chin

nitwit gifts
HilblaTF

Hib 01 7 8
since just as
E Elin I ii eye

degrees

one also has
1 2 k I

z
G E flexi in enfants

1 2 n n

8

like Yu s en k kn th



RECAP
THEOREM When a finite reflectiongroup

Gr Gln G actstransitively on a set X

every regular
element c e G gives a CSP

X E GA for some subgroup H

e sa on I 74m72

Xg Ii Ée gdi Hilbert g

Photo EXAMPLE

X E G Greek
U

C titty inside

XCq ftp.Hilbfa
GtGn e

q

Hb d q



OI Howtogetthe CSPTHEOREM fromSpringer's

Our favorite technique comparisonoftraces

skiff
Springer gave us a Gx C rep isomorphism

co invariant algebra regular rep AG

GE Cfn fu I Preg

Taking H fixed subspaces leaves
a C repisomorphism

where we can compare the trace of
ed

on both sides



GLACE AG as C reps

compare the trace of ad on both sides

LET RIGHT
GE I is a graded One can identify

f vector space and g
H
E GHG

cdacts via scalar ga A
in the kth homogeneouspiece

permutation
representation of C
on X GH where

Also can show cd ga IgH

attic
Hilb ax f

H
g

Hence edacts on
right with trace

Hence ed acts on left xeX can

with trace XG Jagga Mk


