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1 Stirlingnumbers
k cyclepermutations in iink fignless Stirling of istkind
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Triangle recurrences
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Generating functions
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2 Algebras Hilbertfunctions series

A A A A A_

with Ai Aj Aitj

a gradedassociative 1kalgebra

afield

hasHilbertseries
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EXAMPLES
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c nik are also aHilbertfunction

fortwo relatedcohomologyalgebras A bothwith

HilbA Élan i t int east lith it

THEOREM A H Confn Q k
a _a ed Zitz for j

V IAffld configurationspaceof a labeledpointsin

KITE.ITiiEnXxixik xijxjktxikxjk kiajaka n
to

groupcohomologyofpure
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OrlikSolomonalgebraoftypeAn reflectionarrangement
































































THEOREM Samepresentationworksfor ConfRd d 24,6 even

F949 notjust0 112

and similarly for d 3,57 odd onehas

A Confn Rd 1k

TEEF.FI fii Cxif xi xik afYik risk kicken

IgradedVarchenkoGelfandring

oftypeAnreflectionarrangement gift 8

NOTE WewillrescalethegradingonbothalgebrasA todividebyd1

making deglx p ratherthan xijeHᵈ ConfucRd
































































WhydobothA have HilbA t littlest ith it animist

FCohen'sproofshowsbothpresentations

A
A xijbkicj.sn XijXik XijXjktXikYjk

kicjskenkExijkiajen Xif XijXik XijXjktXikYjk kicj k n

TatenP L presentations

withinitialtermsunderlinedingreen giving

standardmonomial1kbases for A

squarefreeproducts of atmostonevariablefromthesesets
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Are the Stk also a Hilbertfunction

Yes
p.tk g nyt IiSG

Dtiin i ti Hilb Ait

where At is the Koszuldualalgebra

foreitherof thequadraticalgebras

A H Confuted 1

Air xijlieicjenfxijxik Xijxjktxiktjklieig.sken d 2,46
I
1k i isisen xit xijxik Xijxjktxik.tk isiajsken d 3 5 7
































































3 Koszul algebras theirKoszulduals

Let A A A At

be a standardgradedconnected
associative 1kalgebra meaning

AIf f
I for a homogeneous sided ideal I

on spanfix in A

DEFINITION A is a Koszualgebra if 1k A At
Priddy1970

has a linear free A resolution TEA Ago

Afs
β AG β AfDB A kno
































































KoszulityofA
isstrongerthan beingaquadraticalgebraA Kx X Ia

allowedPriddytowritedown anelegantandexplicit
linear A resolution of based on A

gradeff.at

where A Kye Yn Ja where I It VEV Vor
quadratic Foralgebra

an

exactnessofPriddy'sresolution HilbAt Hib A f 1

i e HilblA
H.tt t
































































Moregenerally any groupGofgradedsymmetriesofA alsoacts on A

andhasvirtualGittaracteridentities recurrences

Hilbeg A t Hilbeg A t 1 in R G Ct

Fgf Ltheaters

or equivalently

Aci A Ai AzoAis A tis A in RCG

I Koszul recurrence for intermsof
Yep
































































EXAMPLE

A Gagne
1km n

Effigy
is Kosal

is itsKoszuldualA
Iggy

1124

NITES where Ifc TV
andPriddy's complex sua Kosal complexresolvinglb over ly
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Howtoprove analgebra A is Koszul

THEOREM When A is commutative or anticommutative

Folklore Kansas I Mixy xn I

fetchEase and I hassomequadraticGrabnerbasis

then A is Koszul

e g A ConfRd 1k is Koszul

ijbleig.sn XijXik XijXjktXikXjk kiaja kend 29,6

is Eigen if XijXik XijXjkt ik jk l iaj k n d 3,517

A lkyipic.iq LYijThe i nik LYij.YiktY.sk

icjakenisitsKoszuldualwhere Caib I if fr
REMARK Supersolvablehyperplanearrangements are lurkinghere
































































COROLLARY A H ConfaRd 1k fordevenorodd have

Hilb At t H.tt

tfe
t EDt

ESG 1 i n 1 t

i e dim A S int i n 1
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Topological
REMARK A H confined 1k for d 3

has A I H.CRConf.IR 1k

csepointed
loopspace

studied e.g byCohen Gitler2002

QUESTION

Canthishelp usbetterunderstandthe G reps on A
































































4 Representationtheory

A H ConfaRd 1k carryactionsofthesymmetricgroupG
on 42 in

QUESTION What dothe G representations

onthegradedcomponentsofA A looklike

Canonedecomposethem
intothe

G irreduciblerepresentations

indexedbypartitions 7 77 24
of n

A H'confRd Stirlingrepsof 1stkind have

generatingfunctionformulas involvingplethysms
Sundaram Walker1997

A verycomputable as G reps in SAGEweak
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VESTIONWhataboutAC
n 2 4

shik

forAcn H'Confulird

ie Stirlingreps dimAln Sc 1 i n i

ofthe2ⁿ kdind I
1 2,46 __ even d 3,517 odd
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THEOREM ThetriangularStirlingrecurrences

Hmm'daÉm 25 ahh cut kn t ni cen ik

Sink Scat kn t k Slutsk

lift toshortexactsequencesofgradedG representations

describinghow AfD and Afr branch restrict fromGtoG

definingpermutation

repofG I
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This reflects a generalKoszulalgebrabranching relation

OROPOSITIONARS2023
e.gHCE.IR itConferGivenKoszulalgebras BC A

withsymmetries H G 8m

and a KH module U

one has a sequence of characteridentities in
R H

A 19 Bi Uno Bin for A

A Bi U A t forA

REMARK Supersolvablearrangementslurkinghereagain
































































Representation Stability

DEFINITION AsequenceofG representations Vn n 42,3
7182013

are calledrepresentation
stable if

someHand
partitions A 714 7H

multiplicities Ca Ca Ct

suchthat n N one has y
9 THEOREM Fixing220 H ConfnRᵈ prepresentation

stable

Churfarb
2013

THEOREM Theabovestabilitystarts at n 31 for 23,57 odd
PHerzh R 4 for d 24,6 even
































































THEOREM
Assuming AM z

are Kosal then
CARLA

Acn
a tep

stablepast n c i samefor Aln In1,2

Coronary ForAcn H Conf.GR
A

the Afn arerep stablepast n 3i for 1 3,57 odd
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THEOREM
ARS20234

Ford 24,6 even

Hilb H'ConfnRd t isdivisibleby att ford 24,6 _even

because multiplicationby Xist tk makesH'confu
Rd A

a Gequivariantexact cochaincomplex

It H H It 0

Yuzinsky2001

Hilb A t isdivisibleby i t t ford 24,6 _even
becausemultiplication on therightbyytyzt Yu

givesGequivariantinjectivemaps

A Ai At
































































Permutationrepresentations

The G representations on A It confnRd are

notpermutationrepresentations

But whend2,46 even

A turnedoutbepermutation
representationssurprisingly

often

for i 0,1 and a permrepfor F 2

for n 7,23,4 5

butfailedfor an with we
checkedwithTKarn's
BurnsideSolver

QUESTION Is there a reasonwhythis occurs
































































Thanks for your attention
and thankyou Combinatexas
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